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On Three and Two-Dimensional 
Disturbances of Pipe Flow 


A system of ordinary, coupled differential equations is set up for three-dimensional dis- 
turbances of Poiseuille flow in a straight pipe of circular cross section. 
treated equations are shown to be special cases arising from particular assumptions. 
It is shown that in the nonviscous, and therefore also in the general case, there exists, in 
contrast to the analogous problem in Cartesian co-ordinates, no transformation reducing 
the given problem to a two-dimensional one. 


The commonly 


A fourth-order differential equation ts 


derived for disturbances independent of the direction of the main flow. The solutions, 
which are obtained, show that those two-dimensional disturbances, termed cross dis- 
turbances, decay with time and do therefore not disturb the stability of the main flow. 
Explicit expressions for the cross disturbances are obtained and a discussion of their 


nature is given. 


Introduction 


HE transition of laminar to turbulent flow of a vis- 
cous, incompressible fluid has for a long time attracted attention. 
In particular, the effect of small, incidental disturbances on the 
main flow has been studied. A review of the methods and results 
can be found in the books of C. C. Lin and H. Schlichting [1, 2].* 
Notable results have been achieved mainly in the case of two- 
dimensional disturbances of Couette flow and to a lesser extent of 
Poiseuille flow. Occasionally one has attempted to extend results 
established for plane flows to the cylindrical configuration without 
sufficient justification. 

The present paper should establish that in the case of pipe flow 
a proof of stability against two-dimensional disturbances allows 
no final conclusion about the sensitivity against three-dimensional 
ones. This contrasts with the problem of three-dimensional dis- 
turbances of plane Poiseuille flow, which allows the reduction dis- 
cussed in the following text. Investigations of the stability char- 
acter of cylindrical Poiseuille flow will have to be based on a system 
of coupled differential equations to be presented in the sequel. 

In his paper [3] H. B. Squire was able to show that an or- 
dinary differential equation 


d‘v 


dy! 


d% 
= 2(a? + B?) = a (a? + Bt)%p 
dy 


=~ (e* + By | ~ Wry (1) 


dy 
= iak 4(w - of = 
dy? 


governing a three-dimensional disturbance of plane Poiseuille-flow 
W(y) can be easily transformed by means of the substitution 


1 Also, International Business Machines Corporation, New York, 
? Also, Allen B. Dumont Laboratories, Clifton, N. J. 

* Numbers in brackets designate References at end of paper. 
Presented at the Summer Conference of the Applied Mechanics 
Division, University Park, Pa., June 20-22, 1960, of Taz AMERICAN 
Society or MecHaNnicaL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1960, for publication at a later date. Discussion 
eceived after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, August 27, 1958. Paper No. 60—APM-12. 
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to the well-known equation for two-dimensional disturbances; 


. (2) 
Ra = Ra; 
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That means that a stability proof of equation (3) holds good also 
for a three-dimensional disturbance, determined by (1). We will 
show now that there is no such possibility in the case of Poiseuille 
flow in a circular pipe. 


The Three-Dimensional Problem in Cylindrical Co-ordinates 

Starting with the Stokes-Navier differential equations, we ob- 
tain four equations governing the behavior of disturbances 
q,(a, 6, W) superimposed on a main-flow in the z-direction, W = 
1 —r? 


. 2 , . 
= {ea SST * 
ol oz R r or 
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Elimination of the pressure p and introduction of the conventional 
expressions for the disturbances, 
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a,(a, 0, ©) = @,(u, v, w) exp {i(az + Be — act)} (5) 


leads after some calculation to the basic system of ordinary, but 
coupled, differential equations: 


iaR(W — c)hiau — w’) — 2iBRv = (a - 5) (iau — w’) 


282 
-- eo + Ee (6a) 
r 


r3 
iaR(W — c)\(arv — Bw) + 2BRru 


= A(arv — Bw) — _ (av — iaBu) — 2av’ (6b) 
r 


iaR(W — c\iBu — rv’) + iaRv(3r? — 1 +c) 


x) (iBu — v) — rAv’ (6c) 
r 


with 


As becomes clear from the derivation, only two of the first 
three equations are independent. For purposes of specialization, 
however, it is useful to establish all four equations of system (6). 

The boundary conditions for system (6) are that the velocity 
components q; vanish at the pipe walls and remain finite in the 
center: 


u(1) = v(1) = w(1) = 0, u(0), (0), w(0)... finite. (7) 


While in the Cartesian case it is easily possible to eliminate two 
of the three unknown velocity components, this system does not 
seem to lend itself to further simplification without additional 
assumptions. Yet it is instructive to see how the commonly 
treated equations arise as special cases of (6). 

In the first place, one can make the assumption of rotational 


re) 
symmetry, = = 0, or 8 = 0, with o(r) + 0. [v(r) = 0 would be 
1p 


the case of axial symmetry.] Then equation (6b) reduces to the 
ordinary differential equation for G(r) = rv(r): 


1 
iak(W —c)G = G" —— G’ - a@ (8) 
r 


which was treated by Sexl [4] and Pekeris [5]. 

It admits of simple solutions, satisfying the boundary conditions 
for Im(ac) <Oonly. The inference is that the case of rotational 
symmetry is no more subject to turbulence than that of axial 
symmetry. 

Equations (6a) and (6d) lead to the well-known Orr-Sommer- 
feld equation, the starting point of a number of investigations of 
axial flow. One need merely satisfy the equation of continuity by 
the substitution: 


ia 1 
u= ——f, a (9) 
r r 


Then iau — w’ = 


1 
—Il/r (r “= f'- a's) and one obtains: 


, " 1 
iaR(W — c)g(r) = g” ——g’ — arg (10a) 
Tr 
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or) =f" — =f’ ~ otf (100) 


It should be noted that only in the special cases of plane 
Couette and of pipe flow the fourth-order differential equation 
reduces to a system of two equations. The case of Couette flow 
was treated first by L. Hopf [6], that of Poiseuille flow by Sexl 
[4, 7]. More recent discussions are given by Pekeris [5], Synge 
[8], Wasow [9], Pai [10], Thomas [11], Sex! and Spielberg [12]. 
All papers give stability of pipe flow against disturbances of the 
special type investigated. These investigations, however, have 
not exhausted the manifold of possible two-dimensional dis- 
turbances. To complete the picture we will have to investigate 
“cross disturbances” in later sections. 


Associated Two-Dimensional Disturbances for Nonviscous 
Flow 

Whereas system (6) in its most general form seems hardly 
tractable, a reduction to separate equations in u, v, and w is 
possible for the limiting case of nonviscous fluids. 1/R can then 
be considered as vanishing, so that system (6) is modified to: 


ia(W — c\iau — w’) = 2iBv (lla) 


ia(W — c)arv — Bw) = —2Bru (11b) 


iBv + (ur)’ + iarw = 0 (11e) 


Elimination of » and w leads now to an equation of the second 
order for the velocity component u, first arrived at in a different 
manner by Sex! [7]. 


PET da 
wT (Bt + at?) 
4B2r?2 


~ pepe + 8? — Bt — 2a°82r? — a*r? — art 
=-—<€ 


—=0 (12) 





cabo r(B* + at?) 

It is clear that the two integrals of (12) cannot by themselves 

do justice to the system and the boundary conditions 

u(l) = u(1) =0 uO), u’(O).... finite (13) 
They can, however, be expected to represent asymptotically (for 
large 2) two solutions of a fourth-order differential equation, not 
explicitly derivable from (6). (Compare the analogous problem 
in Cartesian co-ordinates treated by Squire [3].) If a complete 
solution for u, involving four particular integrals, could be found 
and adjusted to the boundary conditions, v and w would follow 
from lower-order equations of system (6). 

At this stage it is quite natural to consider whether it is not 
feasible to circumvent such an elaborate procedure by an analogon 
to Squire’s theorem. In other words, following Squire, we ask, 
can one, quite generally, associate with each three-dimensional 
disturbance, given by the variables and parameters (q,, a, 8, c, R) 
a two-dimensional one (@;, &, ¢, R), which satisfies the same dif- 
ferential equations and boundary conditions. For in that case 
the stability of all two-dimensional disturbances, encompassing 
all associated three-dimensional disturbances, would establish 
stability for the three-dimensional case as well. 

Unfortunately the answer must here be negative, even though 
in the Cartesian case it turns out to be positive. An affirmative 
reply would mean, for instance, that a three-dimensional dis- 
turbance [u(r), a, B, c] of the nonviscous flow, governed by (12), 
could be accounted for by the equation for two-dimensional per- 
turbations following from system (11) or from equation (12) for 


B =0. 
Transactions of the ASME 





(0)... finite; #1) = 0 


A condition necessary for this possibility would be that for any 
three-dimensional disturbance [u(r), a, 8] there existed a trans- 
formation 


fi = filu(r), a, 8,c,r]; & = &a, B, c) (15) 


which, substituted in (14), lead identically to equation (12). 
Such a transformation can be written, on account of the assumed 
smallness of u(r), e.g. by Taylor’s theorem, as: 


a = f(a, B,c; r) + ofa, B, cc; r)u(r) 


fla, 0, c, r) = fla, B, ce, 1) = 0, gia,O0,c; r)=1 (16) 


Substituting of (16) in (14) then leads to the relation 


l . 
u” + u'[29’/g + l/r] + u G g + g'/g — 1/r? — a? 
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i Bes f 1 . 
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which should be identical with (12). Equating the first coefficients 


ar 


leads to g(r) = - Equating the second coefficients 


(B? + qr?) /;" 


and comparing equal powers of r results in the relations: 


af — aat = 0; (1 — c\B4 — #) =0 


3a‘B? + (1 — c) a®at — a*) — 2a*a?G? = 0 | 


3a72B* — a8 + (1 — c)(2a*a*B? — 3a*B?) = 0 


384 + B2 + (i — c)a*B* + 40°86? — 3a28*) = 0 | 


Obviously there is no way of satisfying this system except the 
trivial one, a? = @?,8 = 0. We can conclude that the much more 
complicated nonviscous problem, formulated in the system (6), 
will, if anything, be even less amenable to a reduction to two- 
dimensional equations. 


Disturbances Independent of z (“cross disturbances”) 

As shown above, any real solution of the stability problem for 
pipe-flow will have to take into account the full system (6). 
Nevertheless it has always been of interest to consider special 
cases, such as that of axial symmetry (v = 0) and that of rota- 


tional symmetry ° =O,v0+ 0). The corresponding investiga- 
ie 
tions point to stability in each case. 

It is interesting, however, that so far there exists no treatment 
of disturbances which are independent of the direction of the 
main-flow, z. 

This assumption, hardly more artificial than the others, is 


; ce) ‘ : : 
characterized by > = 0ora = 0. To obtain equations in the 


2 
perturbation components u, v, w we have to take equations (6b), 
(6c), (6d) with a = 0, since equations (6a) and (6b) would now 
be interdependent. 

iRéw + 2Rru + 


Aw = 0 (19a) 


iRd(rv’ — iBu) + iRdbv 
= [4 _ 2 
or 


iB 
u’ +u/r+—v=0, 
r 


1 

+ | cio —v)—rAv’ (19d) 
r2 

=ac = 6, + i; (19¢) 
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The disturbences governed by system (19) might for convenience 
be termed “cross disturbances,” since they are identical for 
cach cross section of the pipe. They evidently correspond to 
perturbations created uniformly along parallels to the cylinder 
axis. The parameter 6 = ac is the coefficient of ¢ in the expres- 
sions (5) and of course does not vanish with a. Its imaginary part 
6, is the determining factor of the stability problem, positive 
values indicating growth, negative values pointing to decay of 
cross-disturbances with time. It should also be noted that equa- 
tions 19 are not independent of the main stream W = 1 — r’, 
even though the latter does not explicitly appear in the system 
(19). System (6) and its consequences have beer derived 
specifically for Poiseuille flow, W = 1 — r*. 

To satisfy the equation of continuity, we introduce the stream 
function y (r): 
i 
8 
The governing differential equation for the amplitude functions 
u(r) and vo(r) is now: 


Wi" + Bley” + W"/rX —28* — 1) + W’/rX28* + 1) 


v 8x6? — 4) = ina (= ¥-vV/r- v’) (21) 


r‘ r? 


u(r) = Vr)/r; u(r) = y’ (20) 


oo 


The z-component is determined by equation (19a). Conse- 
quently the first step must be to solve the fourth-order differential 
equation (21). 

It should be noted bere that the parameter 8 is restricted to 
positive integral values to insure uniqueness of the perturbations. 


Solution of the Differential Equation (21) and Computation 
of the Eigenvalues 

Introducing the operator 9 = 32/Or? + 1/r 3/dr — 82/r?, 
we can rewrite equation (21) as follows: 


o-(v" +ty-£ ) = -iR5 0-y 


It is seen easily that the operator-equation 0-f = 0 has the 


solutions r° and r~®. The remaining differential equation 


y+ ry - = y+ indy = 0 


can be solved by means of the Bessel functions 
Zal kr) = Cod g( kr) + c1Y gl kr) 
with 
k= V/iRb; k? = —Rb, + iRb, 
Now we have the general solution of the differential equation 
(21). 
y = or? + ead (kr) + cr? + c4¥_g(kr) (24) 


However, in view of the boundary conditions (7), the coefficients 
The remaining conditions are 


Wi1) = 0; (1) =0 
Replacing the derivative in accordance with the recursion formula 


(26) 


¢; and c, must vanish. 


(25) 


Jg'(z) = —B/zJ (2) + Jp i(z) 
we obtain the equations 
a + Cod g(k) = Q; a8 + C2[BJ g(k) = kJ g+i(k)] = 0 7) 


The existence of nontrivial solutions for c; and c. demands that 
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the determinant of the system (27) vanishes. That leads to the 
simple boundary condition: 


Jan(k) = 0 (28) 


The boundary problem has therefore been reduced to the problem 
of determining and investigating the zeros of a Bessel function of 
order 8 + 1 and complex argument k. The manifold of all k», 
satisfying (28) gives immediately all possible values for 5; and 6,. 
It is possible to show that equation (28) admits real solutions ko 
only [13, p. 482]. 

Based on this fact, we can demonstrate the stability of Poiseuille 
flow with respect to cross disturbances. For the relation (23b) 
then implies k,,2? = —Ré;,, + iR6,,, 


6,,, = 0; bim = —k,,2/R (29) 


rm 


It follows that for any 6 and R the imaginary part of the ‘“‘time- 
parameter’’ is negative. 

The conclusion is that Poiseuille flow is indeed stable against 
any two-dimensional perturbances. 

Corresponding to the zeros of Jg+: there exist an infinite num- 
ber of eigenvalues 5;, 52, djs . . . They can quite easily be 
calculated for the special cases of small and very large values of 
8. In the instance of small 8 we can limit ourselves to the Bessel 
functions of second and third order. 

Their first zeros are given by: 


6 =1 p=2 


B+1=3 


For large 8 we have (compare [2, p. 143]): 
k=8+1+1856VB+1+... 
ke =B+14+3245VB+14+... 
k= 8+1+4382 VB +14... ete. 


The corresponding eigenvalues can be easily established, for in- 
stance: 


B=1; 
—_"s 

Large B: ki? & (8 +14+185 V8 + 1)? B? + 28 
+ 3.7B‘/ + 3.24872 + 4.86'/ 
6 = —82/R — B/R(3.78'7+2+4+. 


The boundary condition ¥(1) = 0 leads to c: + exJg(k,,) = 0; 
(, = —CJ,(k,,), so that the stream function for the eigenvalue 
k,, becomes: 


61 = —26.32/R; B= 2; 5, = —40.70/R 


. -) ete. 


Vn = lJ p(kar) — Jp(km)r?} (30) 


This equation and its derivative allows to determine the ampli- 
tude functions for a representative eigenvalue k,, as: 


u = ¢/r{ J g(kmr) — Ja(k,,)r} (31a) 


k 
v = ic/r {sla _ g onl kur) - Jka (31b) 


Now we are in the position to compute the z component w(r). 


The Final Expressions for the Velocity Components 


With iR6 = —k,? and ru = wy the equation (19a) becomes 


w" + » + (kn? — B2/r?)w = —2Ry (32) 
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This differential equation is solved by the method of variation of 
constants; we bring the lengthy calculation in the Appendix. 
Omitting the argument k,,r in the sequel, we obtain the solution: 


2R k 
w=C7 Ez 2 J's 4 Jos (33) 
The equations (31a), (31b), (33) represent the amplitude func- 
tions u, v,w. To get the actual disturbance we need only multiply 
u and w with the real, v with the imaginary part of the exponential 


term. 


& = Ce- (km*/R)t oog (Be)-— {Jp ~ r®J 9(k,,)} (34a) 


5 = Ce~ (km*/R)t gin (Be)-— {r?9J (km) — Jp + (ke/B)rJ p+} 
(34d) 


2 k 
Ww = Ce~ km*/R)t cog (Be) elt) —Jg- = Joab 


(34c) 
The velocity distribution in the circular pipe is given by 


v, = d; v, = Wir) +o 


Ve = Bb; 


Physical Discussion 
For any given 8 a consultation of tables of Bessel functions will 
allow an evaluation of the flow distribution. In the following we 
will discuss the extremes: 8 small (e.g., 1 or 2), 8 large (8 >>1). 
Constant factors will be deleted for simplicity. 


First eigenvalues: k, (fundamental). 


(a) 6B =1, ky = 5.135, or 


~ 5.135" 
The boundary condition becomes J2(k,) = 0 and the argument 
z takes on values between 0 and 5.135 as r varies from 0 to 1. 


u =Ji/r — Ji(ki), Ji(ki) = —0.339 


u = J,/r + 0.339, u’ = —k,/r-J: and the extremes are at 
r=OQOandr=1. Atr = 0 we have J;/r = k,/2 = 2.567. For 
z = 2 = 3.832 we have Ji(~) = 0. As J: > 0 throughout the in- 
terval, u decreases monotonically. 

The actual behavior of u, v, and w is best established from a 
set of tables [14]: 


u(r) 
906 


579 


Ji(z) Ji(z)/r 
0.0 2.567 
0.247 2.47 
0.448 2.24 
1.876 

1.432 

0.515 

0.141 
—0.129 
—0.288 
—0.339 


“ 


COMNSO RW 
COSCO NNN 


—0.339 


moocossose 


J 
or) = kJ: + Jilkm) — 5 = kJ: — u(r) 
v'(r) = ki(kidi — J2/r) v'(0) = 0, (1) < 0 


As can be seen, the extremes of v must lie in the interval 0 < z < zp, 
where J; > 0. 
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J(z) 
.0 
.032 
.119 
. 242 
.364 
.486 
444 
.338 
. 184 
0 


w(r) = rJ,(k,,) — Ji — 


Ps ky 
rJs -_ Js 
9 


- 


: ky 
w'(r) = Ji(k,.) — bid — 


9 
- 


k, 
Ji(k,,) — Ji/r - = rd 


- 


k,? 
Jiiki) > 0 
9 


w'(0)<0; w'(m™)>0; w(l)= - 


w(r) reaches its maximal value in the neighborhood of J: max. 
ky 


For the numerical calculation we use w/r = —wu 9 J; 


—0.289; w(2/10) = —0.576; 
uw(3/10) = —0.850; 


w(0) = 0.0; w(1/10) = 


—0.471; 
w(1) = 0.0 


w('/2) = —1.230; w(* 1.260; w(*/») = 


We skip the analogous calculations and tabulations for the second 
parameter value 8 = 2 and represent the results in the form of 
graphs which show the behavior of the perturbations as functions 
of r. As we shall presently see, the curves for 8 = 2 exhibit al- 
ready the features that are characteristic for large parameter 
values, Figs. 1, 2. 
3 

(b)B>1; &h=B+14+186V8B41+4+... 

the first positive zero of Jg+;): 


As our approximations in the appendix show, nearly the whole 
main flow remains undisturbed. Only near the walls we have to 
expect perturbations. The larger § is, the smaller is the region 
where the disturbances are noticeable, the nearer are the extremes 
of the amplitude functions to the walls. 

As an example, we examine the amplitude functions for 8 = 22. 


k, = 23 + 1.856 1/23 = 28.28 
We obtain the following expressions for the amplitude functions: 
u(r) = Ja/r — Jalky)r™ = Jn/r + 0.083(r*") 
ky 
g 
k 


1 
—Tu— tI = 
9 J: 


v(r) —ut+ Ju = 


w(r) —ru — 14.14rJ 2, 
We omit the calculations and show the behavior of the three 
amplitudes in the following sketches (Fig. 3). 


Eigenvalues of higher order. 

We can extend the above considerations to eigenvalues of higher 
order in an appropriately modified manner. 

Suppose k; is the second zero of Jg,,. The argument z will now 
vary between 0 and k;. The corresponding zeros of Jg are 2; and 


22 


u = 1/r[Jg(ker) — Jg(ke)r®)] and Jg(k2) > 0. Hence u, which 


is positive around 0, will be negative at r = 2,/ke. It follows that 
there is a zero of u(r) to the left of z,. All together u has 3 zeros 
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and 2 extremes (one positive, one negative), the latter of which 
practically coincide with the extremes of the Bessel functions J,. 

ur) =~ —y’ > —u’. For large values of 8 we have a coinci- 
dence of extrema of u and zeros of v. As similar calculations show, 
v has 4 zeros and 3extremes. The z-component w(r), being initially 
(around r = 0) negative, becomes zero in the neighborhood of 2;. 
Again, as in the case of u, there are 3 zeros and one positive as well 
as one negative maximum. The higher zeros of J9,: give rise to 
amplitude functions whose behavior is quite analogous. For a 
zero of index n the functions u and w have n + 1 zeros and n ex- 
trema of alternating signs, v has n + 2 zeros and n + 1 maxima. 

If the order of zeros is not too large, nearly the whole main flow 
remains undisturbed. In the peripheral region the feasible dis- 
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Fig. 3 Perturbation amplitudes for large 8 


turbances have a certain resemblance with the overtones of an 
appropriately fixed stretched string. 

As we will see, it is precisely the perturbations with large index 
m (k,, relatively large number) which are the least important. 


” 


Time dependence of the disturbances. 
The time dependent factor of all three components is the ex- 
k..* ; : ; 
R t}. The time 7 required for a re- 
duction of the amplitude by a factor of 1/2 can be taken as a 
measure of the damping. 


ponential term exp (- 


T = (R/k,,?) In 2 = 0.693R/k,,? 


As R becomes large, that is, for the case of small viscosity, the 
damping effect decreases. Furthermore, we see that the stability 
of the flow is primarily determined by small eigenvalues, damp- 
ing increasing very strongly for larger values of k,,. At any rate 
the damping decreases for increasing R, a result which agrees with 
the experimental fact, that increasing R usually means inclination 
toward turbulence. 


Discussion of the velocity vector. 

The velocity vector of a disturbance v consists of a component 
in the plane of a cross-section g and a component in the z-direc- 
tion, perpendicular to the first one. According to our basic as- 
sumption the vector v is the same for every cross-section q 
(independent of z). 


v=v, + v, = (de, + de,) + we, le;| = 1 
We again consider the “basic oscillation’”’ corresponding to the 
first zero k,. Neglecting the time-dependent and constant fac- 


tors we get 
386 
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: 2k ky? 
v,? = u*® + sin® (By) | - ~ wp + — J9 | 
8 8? 
u(r) and v(r) are constant on every circle r = ro. In the following 
we count the angle ¢ from an arbitrarily taken diameter g = 0. 
From the equations (34a) and (34b) we obtain: 
For 


= (2n + 1)x/2: 
Bo = (4n + 1)r/2: 


Bp = (4n + 3)r/2: —ve, 
Between the special directions for which v, is entirely radial or 
transverse we have to consider both respective components (of 
magnitude dandi). Denoting the angle between v, and the radial 
direction by a we have the relation tan a = 0/a% = v/u.tan (Bg). 
This means, v/u being constant for any specific value of r, 
that the angle B¢ is also a measure of the deviation of the com- 
ponent v, from the radial direction. The component u has no zero 
within the pipe, but v vanishes where u attains its maximum 
value. 

For such a special value of r there exist 28 points where both u 
and v vanish. As the following diagrams (Figs. 4, 5, 6) show, 
these points constitute centers of rotational motion for the fluid. 
We see furthermore that the disturbances corresponding to large 
values of 8 qualitatively duplicate the behavior obtained for the 
case 8 = 1. We then simply have to consider 28 identical sectors 
which in their peripheral part exhibit the appropriately modified 
rotational motion. 

The z-component, w(r), which is superposed on the main flow, 
behaves similar to u, but is distinguished by a relatively quite 
large amplitude. On account of its dependence on the trigono- 
metric function cos (Be), the velocity distribution in the z-direc- 
tion has a lamellar structure with §-directions of maximal ac- 


Fig. 4 Perturbation vector v, in an arbitrary cross section, 8 = 1 
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Fig. 5 Perturbation vector v, for 8 = 2 
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Fig. 6 Perturbation vector v, for large 8 


celeration and §-directions of maximal retardation of the main 
flow in alternating sequence. 

It is clear that the azimuthal orientation of the flow pattern is 
physically determined by the nature of the initial excitation. Of 
course, the actual perturbation is a superposition of all Fourier 


components, with smaller values of 6 being predominant. 
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APPENDIX 1 
Solution of the Differential Equation (32). 


1 
w’ + (k,? — 62/r?)w = 
r ’ 


—2Ry (32) 
lo solve this equation we must deal with the homogeneous equa- 
tion 

(36) 


” , a ° - = 
Wy" + ~ wa + (k,,? — 8?/r?)wy, = 0 


It is of the Bessel type and has the solution: 


wy = Ze(k,r) = ad g(k_r) + CY e(k,r) (37) 
In the following we wil! omit the argument k,r. Differentiation 
with respect to r is indicated by a prime (’), differentiation with 
respect to the argument z = k,,r of the Bessel function by a dot 
(-). These derivatives are related by kaJ, = J,’. 

Varying the constants of solution (37) we arrive at the system: 
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o'Ip + 02'Y¥, = 0 
ai'Jg’ + o2'Y,' = —2Ry 
Its determinant is, if W denotes the Wronskian determinant of 
the Bessel functions, given by: 
A = JsYs' — Js'Vg = k,,W = 2/ar 
and the ¢,’ become: 


, 


ey’ = CRa[rJg¥, — r°*'Jp( kn) 
C,' = CRr[r° + J g(k,,)Jg -_ rJ g*) 
To obtain the expression for w(r) we have to make use of the fol- 
lowing relations for arbitrary Bessel functions X,, ¥, [13, pp. 
133-135] : 
S 2X fla) 8 (lz)dz = */2(2X (lz) 2, (lz) — X, Xr — XoXo] 
(38) 


S 2X, (z)dz = 2”t1X,,:(2) (39) 


In particular 
S 2X,* lz)\dz = }, 227 X,? — XX uj} 
and we get 
S (rd e¥ _ ro +1 (kV g dr = ! (2 pV ~ = Ja iY eu 
r§+i J (k,.) You + Ky 


1 
— Jan¥oan) — 5 (40) 


S [r? HS ek, iJ g _ rJ a(k,,))dr 
= 1/k, Jak, WF HT 4s — VarXJ,* — J pad avi) + Kz 


Thus we obtain the third perturbation component in the form 

ji k nd ak > eee Vs -_ Yp+iJ a) t 

V+ Ye pitpu¥ a — Ig JpaYoun + Jan¥oudlf 
+ KiJg + KeYg (41) 


w = CRr 


The boundary conditions w(0) finite, w(1) = 0 require K, to be 


zero. Expression (41) can be simplified by means of the recursion 


formulas: 
JanYp - Y si = 2/az 


2/8 id gsi} a= JJ paY pe T J an¥g-1) 


= n[(E +4) (24-4) 
-to[ (8 40+) (8 29-0) 
; (4 — Js) (é Y, + vs) | 


, , , 4, 
= 2S g( - YsJ¢ Tv JY sz) = J 
wz 
4 B 
: x So. Spe 
wiz (inp 7#~ Ym) 


(42) 


arrive at: 


p= CR/k,,?(2r° J p(k») + BJ = 2J g+1] eg KJ 


Thus we 


The second boundary condition allows us to eliminate one con- 
stant 


wil) = 0—~-K, = — 


so that we get formula (33) of the text. 


SEPTEMBER 1960 / 3O7 





APPENDIX 2 
Discussion of the Behavior of the Amplitude Functions for 
Large 8 
If 6 >1, the first positive zero of Jgu is 
k=68+1+186VB+1+... 
The first maximum of Jg+: is given by 
m=8B+1+081VB+4+1 


The argument z again takes on values between 0 and k;; cor- 
responding r-values are given by 


r=z2z/k 
Similarly we obtain the first zero 2 of Jg 
a=8+186VB +... 
and the first maximum m: 
m=6+0.81 vB 


From the theory of Bessel functions we know that Jg and Jg+: will 
increase monotonically up to their first maxima, decreasing 
monotonically afterward. 

Now 


m—-m=1+08(V8B+1—-—V8)-1;h —-m~1 
so that the respective r-values are approximately Ar ~ 1/k;. 


The Bessel recursion formula becomes: 


=m: Jgu = J — Jpsi(m) < Jg(m) 


+1 = = 
i: Jg = ae J p11 > Jaxi(m) > Jg(m) 


Thus we obtain: 
z= 2: Jeon = —Jg>0 
z2=hk: Jp = Jon <0 
0<z2sm: Jg> Jpn 
ms2Sh: Jgu>Jep 
Furthermore, we know from the theory of Bessel functions that 
Jau(m) < Jg(m) 


There must exist a point m < 2 < m where Jgii(%) = Ja(2). 
In the following we assume that |r°Jg(ki)| < Jg(m), Jas:(m) 
in the neighborhood of m,m. Here r < 1 and r?< 1 for large 
values of 8. 
We infer from a Taylor expansion: 


Jaki) = Splzo + 1) = Jp(zo) + Ip(zo) + */2F p(20) 
1 — 2% 
220 


\Ja(ki)| < Jps(m) < Jg(m) 


1 
= — J p+i(20) —— J p+1(20) = J p+i(20) =P. 
22 


We can now proceed to approximate the extrema and zeros of the 
amplitude functions, to get an insight in the general behavior of 
these functions. 

From the theory of Bessel functions we know that J,(p/n) is 
monotonically decreasing with increasing n(n > 1). Further- 
more we can discard the numerical values of J,(p/2) e.g., J20( 10) 
= 17 X 10~’. Practically we can also neglect |r°Jg(k:)| in, at least, 
388 
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the interval 0 < r < 0.8. Hence the amplitude functions will 
reach their maxima increasingly removed from the center of the 
cylinder, as 8 becomes larger. 

To obtain information about the maximum M of u(r) we deter- 
mine the zero of u’. Since r®Jg(k:) can be neglected in the 
neighborhood of m and m, the maximum will be determined by 
Jp/r. 


k 
u’ = y'/r te y r= - Je - Jg/r? - (8 - 1)J (ki 8 -? 


kA; 
= = Js — Jp/r* 


u’ =0—-2J, = Jg~J,>0 or (sg _ 1)Jg = 2J g+1 


For z < 8 — 1 we have Jgs < Jg and for z > @ + Jay > Jp. 
It follows that 8 -- 1< M <3. 

If we neglect 1 against 8 from the start, one can establish"the 
zeros of y rather than of ¥/r. For y’ = 0—~ Jz, < 0. From 
these considerations we gather that the maximum of u will lie 
in the immediate neighborhood of m. The g-amplitude function 
w(r) = —y'/Bis 
* 


8 


As shown above, the maxima of ¥ and u have nearly the same 
We have therefore 


v= 


J p+1 = v/r 


position. 
(0) = 0 

vu(M) 0 

v(1) = 0 


that means at least 2 extremes. 
With 8 > 1 we can approximate v’ as follows: 


k,? 1 
oe gintaV-wWr 


v 


2? 


3 78 - 64 | 


~ alg] 


v’ = O-> (2? — B*)Jg + BU g(ki)r® = 0 


: Bp 
= 1/r? Ee _ 5 y Jan + 


We infer that for 
z2<B—~J,>0 
and for 


Jp <0 
crm 2 _ >0 


so we can have no extremes in these intervals. 
Furthermore we have 


hy 
B 


for all positive values of Jz > v < 0, especially for z = m, v < 0. 

For z = 2 is v’ < 0, as shown above. 

v has a negative maximum in 8 < z < M; then it takes on posi- 
tive values and has a positive maximum in M < z < 2, as can be 
seen from our approximations. 

All factors of w(r) are monotonically increasing in the interval 
O0<z<m 


T= -— 


Jp + J pki )r®- 


z 
wa —ru— % Jon 
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The maximum W,, can therefore be only on the right side of m. 
The derivative gives a better approximation 


k 
w! = Bro gki) — kip — — hip — > Jpn 


1 
= Br?-Je(ki) — Bk ( - + :/28) Ja + Bki(1/B + */2)J on 


J alk | 
w’/Bk, = ee rom — of : + “/28) + (1/8 + */2)J pn 
1 


Neglecting the first term because of the large number in the de- 
nominator we have for w’ = 0: 


1 (2 
z 


If z > m we can neglect 1/z and 1/8, respectively; 


Zz , 
+ 5) = (1/8 + '/2)Jpu — W,, < 2 


—Js, = J a1 
< 


—J +i > Jg 


that means that the maximum w,, is between Z and 2p. 
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The sketches of Fig. 3 and the following tables for the numerical] 
values of the amplitude functions for 8 = 22 as a model show that 
our approximations are in excellent agreement with the calculated 
results. 

25.28 


24.25 


v(r) w(r 
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On the Indeterminateness of the 
Boundary Conditions for the Mixing 
of Two Parallel Streams 


Results obtained from a study of the indeterminateness of the boundary conditions for 
laminar ‘“‘free’’ mixing of two parallel streams under constant pressure are presented 
in this paper. A method is given for the determination of the interface velocity, the 
location of the interface in the mixing region, and the transverse force acting on the 
dividing wall as a consequence of the mixing. Based on available numerical data, calcu- 
lations have been made for two free-stream velocity ratios, 0.5 and 0. It is shown that 
values of interface velocity obtained here differ appreciably from those obtained using 
other proposed boundary conditions (the third condition). In addition, for a free- 
stream velocity ratio of 0.5 the interface deflects toward the higher velocity stream, while 
for a zero free-stream velocity ratio it deflects toward the zero (lower) velocity stream. 


K. T. YEN 


Professor, 

Department of Aeronautical Engineering, 
Rensselaer Polytechnic Institute, 

Troy, N. Y. 


= two-dimensional problem of laminar mixing of 
two parallel streams under constant pressure, Fig. 1, has been 
considered by many workers [1].!_ The equations of motion for 
the flow in the mixing region take the form of boundary-layer 
equations, but the boundary conditions differ from those for the 
boundary-layer problem. If the stream function is assumed to be 
of the form 


V2, vy) = (pUz)'2F{ly(U/vz)'7} = (vUz)'*F(n), (1) 


where U = (U, + U,)/2, an ordinary differential equation of the 
third order for F(n) is obtained. However, there are only two 
boundary conditions apparent. They are u —~ U, and U; as 
y— +o and — &, respectively. 

For the third boundary condition, necessary for a unique solu- 
tion, several proposals have been made. The simplest one is 
F’(0) = 1 [1], which implies that the z-component of the veiocity 
along the interface is the mean of the two stream velocities. 

Kuethe [2] applied the following boundary condition proposed 
by von Karman: 

UiVi + U2. = 0 (2) 


to the turbulent mixing case, which has the same indeterminate- 


'‘ Numbers in brackets designate References at end of paper. 
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ness of boundary conditions. In Equation (2), V; and V2 are the 
y-components of the velocity at the upper and lower “edges’’ of 
the mixing region, respectively. 

In a recent paper [3], Crane proposed that this third boundary 
condition be taken as 


W(m) = 0 


with mm to be determined experimentally or by some other 
means. 
It is clear that this additional boundary condition depends on 


y 





Nomenclature 


= transverse force exerted on dividing wall by fluid 
(Ui + U2)/2 
z-components of free-stream velocity of upper and 
lower streams, respectively 
free-stream velocity ratio 
x and y-components of velocity, respectively 
y-components of velocity at upper and lower edges 
of mixing zone, respectively 
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Cartesian co-ordinates 

y(U /vx)'/* 

value of 7 at which y = 0 

” — No 

(U, — U2)/(Ui + U2) 
coefficient of viscosity (u = pv) 
stream function 

density 
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the kinematic conditions actually imposed on the streams. For 
example, one stream may be free and the other stream restricted 
in some manner (such as by a rigid wall). In a limiting case, the 
“free’’ mixing of two streams may be considered. In this case, the 
two streams would extend to infinity with no solid boundary re- 
straint (except that of the dividing wall). 

In this paper, the free mixing of two streams is considered in 
some detail. Von Karman’s condition, Equation (2), is shown to 
be the correct one for this problem. A method is given to deter- 
mine the location of the interface of the two streams in the mixing 
region. Based on the numerical results of reference [5], two ex- 
amples are presented to illustrate the use of this method. 


Basic Relations 
The equations of motion governing the laminar mixing of two 
streams of incompressible fluid under constant pressure, Fig. 1, 
are [1] 
O*u 
— 
oy? ’ 


Or Oy 


Let a stream function ¥(z, y) be introduced such that 


oy oy 


, ; (5) 
Oy Or 


It is convenient 


and w = 0 at the interface of the two streams. 
to express the stream function in the following form: 


Wiz, y) = (WU z)'*F(n — mo) = (vUz)'*F (ns), 


where 
U = (U; + U:)/2, 9 = yU/v2)'” 
and 7 is a constant to be determined such that F(y-.) = 0, at 
n+ = 0. From Equation (3), the equation for F( ms) is 
2F’''(ne) + F(ne)F’'( ne) = 0 (7) 
The boundary conditions are 


(Ss 
(9 
(10 


Some solutions of this prob- 


(U, — Ud) (Ui + I 


where A : 
lem have been given by Lock [4]. 


In reference [4], the case 
pu = 1 corresponds to the problem considered here. The asymp- 


totic behavior of the solution is 


—(1+A)m. — a, > ©, (11 


Fins 

Fine) > (1 — A)ne — B x (12) 
From Equation (5) 

v = —'!/(vU/r)'/*|F(ne) — nF'(ns)} (13 
Hence the asymptotic behavior of v is 


v— 1/(vU/z)'*\a + nll +A}, me > @, (14) 


‘4B + nol — Aj, 


Thus the value of 7, will have direct bearing on the velocity com- 
ponent v at the edges of the mixing region. The problem now is 
to determine m according to the condition of free mixing of the 
This is considered in the next section. 


v— '/(vU/z "> — 2 (15) 


two streams. 
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Free Mixing—Consideration of the Third Boundary 
Condition 


Free mixing of two parallel streams occurs when no restraint 
(except that of the straight dividing wall ahead of the mixing 
region) is imposed on the streams. At infinity, it is expected that 
all disturbances should vanish. 

Consider the momentum equilibrium in the y-direction for 
fluid within the control surface shown in Fig. 1. Both A and C 
are chosen to be large, while B is chosen such that boundary 2-3 
is sufficiently far away from the singular point 0. The result is 
that the following equation must be satisfied for any choice of B 


and C: 


2 4 3 3 
of, vdr + of, v'dr +p f, uvdy — ¥ T,, dy + L = 0, 


(16) 


where L is the transverse force in the y-direction exerted on the 
dividing wall by the fluid. It will be assumed for the present 
purpose that, as A and C approach infinity, the contribution from 
the first two integrals in Equation (16) vanishes. In order to 
justify this point, an improved solution of the mixing problem 
Such an analysis by using parabolic co-ordi- 
nates is given in reference [5]. It also will be evident from the 
analysis in reference [5] that the transverse force L is due to the 
change in the static pressure over the wall asa result of the mixing 

If the functions u, v, and 7,,, obtained from the solutions of 
Equations (6) to (10) are substituted into Equation (16), the fol- 
lowing equation is obtained: 


must be obtained. 


1 2 asititen 
sau f F’'ne){nF’(ns) — F(ns)}dn = w(U, — U2) — L 


(17) 


Upon integration by parts and by using Equation (7), the integral 
in the foregoing equation reduces to 


hf. F'(ne)\ 9F'"(ne) — F(qe)idn = —4d 
+ }(1 + A) la + mol + A)) 


—(1—A)[B + 1 —AT}a 
” 


— fa + ml + A)}* — [8 + mol — dd}? 


Hence in order to insure convergence for the integral in Equation 
(17) the following condition must be satisfied: 


1+A B + mo(1 — A) 
1—h a+ nl + dA) 
For a given A, relation (18) can be used to determine mp. 
In the foregoing analysis, only the first-order solution of the 
mixing problem is considered. If the stream function is assumed 
to have the form 


V2, y) = (vUr)'/*| F( me) + 27 Fine) + 2 Fe) 4 


= (), 


't is evident that in order to have v = Oat ne 


F,(0) eT 0 (20) 


In addition, fF,’ = F,;' = = 0, as Me —~> © and —o. 
Thus each of the functions F, F,, F:, ete., in Equation (19) has 
three required boundary conditions and the problem is made de- 
terminate. 

From Equations (8), (9), (14), and (15), it is evident that the 
boundary condition as represented by Equation (18) is equivalent 
to von Karman’s proposed condition, Equation (2). 
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Equation (17) now becomes 


2L = wU{8A + (2m + a + B)(2Am + a — B)} 


(21) 


Numerical Examples 
Because of limited available data as given in reference [4], 
only two numerical examples can be given at this time. 


I U2/U, = 0.501; i.e., r = (1/3) 


From the results of [4], a = 0.2829, 8 = 3.4 (estimated) and 
from Equation (18) the value of 7 is found to be approximately 
1.42. This gives a velocity at the interface of approxi- 
mately 0.9063 as compared with the mean value of U; and Us: 
of 0.75 assumed by Gértler, and the value of 0.7657 obtained 
by Lock [4]. From Equation (21), L = —5.74pU. 


II U2 = 0; i.e., A = | 


In this case, Equation (18) becomes a@ + 2% = 0. From [4], 
a@ = 0.5289 and 6B = 1.2386. Thus » = —0.2645, approximately. 
Hence the velocity at the interface is 0.65 as compared with 
Gortler’s value of 0.5 and Lock’s value of 0.5873. From Equa- 
tion (21), L = 3.233uU;. 


Conclusions 


It has been shown that the solution of laminar free mixing of 
two streams under constant pressure can be made determinate by 
considering the condition of conservation of momentum in the y- 
direction. The main results thus obtained are given by Equations 
(18) and (21). Equation (18) is equivalent to von Karman’s 
proposed condition, Equation (2), and serves to determine the 
value of mo, at which Y = 0. Thus the location of the interface 
is obtained. Based on available numerical results, two examples 
have been calculated for (U:/U,) = 0.5 and 0. The values of in- 
terface velocity obtained here are found to differ appreciably from 
previous results based on other third boundary condition. 

The fact that the interface velocity varies appreciably with the 
choice of the third boundary condition indicates the importance of 
this boundary condition. It appears that the choice of the third 
boundary condition cannot be made in an arbitary manner with- 
out introducing some first-order errors. 
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Equation (21) gives the transverse force L acting on the divid- 
ing wall as a result of the mixing. It is of interest to note that for 
(U:/U,) = 0.5, this force is negative and the interface of the two 
streams in the mixing region deflects toward the higher veloc- 
ity stream. On the other hand, for (U2/U;) = 0, the force acting 
on the wall is positive and the interface deflects to the side of 
the stationary fluid. 

In practice, free mixing may be difficult to achieve. The 
technique given here, however, can be modified readily to yield 
the third boundary condition and the location of the interface for 
other practical cases. If the upper stream is bounded by a rigid 
wall, for example, the third boundary condition is simply (1 + 
A)mo + a = 0, from which 7 can be determined immediately. 
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Effect of Turbulence on 
Local Transport From Spheres 


The present investigation was undertaken because of the paucity of data concerning the 
effect of level of turbulence upon local thermal transpert from spheres in a free stream. 


A series of measurements was made of the local thermal transport in the forward 
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hemisphere and a part of the after hemisphere of a silver sphere 0.5 in. diam. The 
measurements were made in an undisturbed atr stream and at several positions in the 
wake of a grid inserted in the air stream. The apparent level of longitudinal turbulence 
was varied between 0.013 and 0.15 for Reynolds numbers up to 3600. Atan apparent 


level of turbulence of 0.013 and a Reynolds number of 3600, the local thermal transfer 


varied by a factor of eight around the sphere. 
lence to 0.15 increased the over-all thermal transfer 20 per cent. 


Increasing the apparent level of turbu- 
The local thermal 


transfer varied by a factor of five at the latter level of turbulence. 


Mass experimental measurements have been made 
of the gross convective thermal transport from spheres, and these 
have been well correlated by McAdams [1]? for conditions of tur- 
bulent flow. The predictions of Johnstone [2] and measurements 
of Tang [3] show a divergence from the correlation of McAdams 
which may be in part the result of differences in levels of turbu- 
lence in the stream. 

Studies of local thermal transport from spheres are limited. 
Cary [4] investigated local thermal transport from a 5-in. iron 
sphere in an air stream at Reynolds numbers between 0.44 x 10° 
and 1.5 xX 10°. Similar information was obtained by Lautman 
and Droege [5) for a 9-in. copper sphere in air at Reynolds num- 
bers between 1.3 X 10° and 10 x 10°. The work of Lautman and 
Droege was repeated by Xenakis and co-workers [6] with a 9-in. 
sphere and with 6 and 12-in. spheres in air at Reynolds numbers 
between 0.87 X 10° and 1.8 x 10°. More recent work by Wads- 
worth [7] gave information on the local transport to a copper 
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sphere in a relatively narrow duct for Reynolds numbers be- 
tween 0.15 & 10° and 3.5 & 10°. Hsu [8] studied the local ther- 
mal transport from spheres under conditions of thermal transport 
and combined thermal and material transport. His work was 
carried out with two 0.5-in. spheres for Reynolds numbers be- 
tween 1500 and 4200, based on properties at the interface, and at 
a turbulence level in the stream of 0.054 root-mean-square longi- 
tudinal fluctuation. 

The status of the mathematical analysis of heat transfer in the 
three-dimensional boundary flow encountered at the surface of 
spheres was recently reviewed by Hsu [8]. All of the theoretical 
predictions of local transport available to the authors appear to 
be subject to limiting assumptions and to represent only an 
approximation of the behavior in the boundary flow about a 
sphere. 

Sibulkin developed an exact solution of the thermal transfer 
at the stagnation point of a sphere [9] and also calculated the 
local thermal transfer associated with the forward half of 
the sphere by integral methods [10]. Korobkin [11] applied the 
Karman-Pohlhausen integral method [12] to the prediction of 
the local thermal transfer. Fréssling [13] developed both an exact 
and an integral method to predict the local transport. Eckert 
[14] and Drake [15] submitted approximate methods for deter- 
mining the local thermal transfer on a surface of revolution. 

The present experimental investigation was concerned with 





Nomenclature 


A = area, sq ft 


Reynolds number, dU /v 


¥ = polar angle from stagnation point, 


diameter of sphere, in. or ft 

differential operator 

thermal transfer coefficient, Btu/ 
(sq ft)(sec)(deg F) 

thermal conductivity, Btu/(sq ft) 
(sec )(deg F /ft) 

Nusselt number, Ad/k 

local thermal flux from surface, 
Btu/(sec )(sq ft) 

tota] thermal flux from surface, 
Btu /sec 
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radius, in. or ft 

radius of sphere, in. or ft 

temperature, deg F 

gross or free-stream velocity, fps 

co-ordinate axes with origin at cen- 
ter of sphere, in. 

apparent turbulence level (frac- 
tional ) 

thermal boundary-layer thickness, 
ft 

kinematic viscosity, sq ft/sec 

normalized temperature 


deg 
0 = partial differential operator 


Subscripts 

a = air 

i = solid-gas interface 
w = thermocouple wire 
yw = polar angle 

o = free stream 


Superscript: 
* = space average 
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rates of local thermal transport from a silver sphere 0.5 in. in diam. 
Measurements were made at Reynolds numbers between 900 and 
3600. Local transport was determined from the radial tempera- 
ture gradients encountered within the boundary flow. This in- 
vestigation constitutes a portion of a study of the effects of the 
level and scale of turbulence in the stream upon thermal and ma- 
terial transport at relatively low Reynolds numbers. 


Methods and Equipment 


The temperature distribution in a turbulent sir stream near an 
electrically heated, silver sphere 0.5 in. in diam was determined 
experimentally at a free-stream temperature of 100 deg F and at 
gross velocities between 4 and 16 fps. For each of the velocities 
investigated, the apparent level of turbulence was varied between 
0.013 and approximately 0.15 root-mean-square longitudinal 
fluctuation. 

The equipment which furnished the air supply has been de- 
scribed in detail [16]. The air stream approached the working 
section in a 12-in. X 12-in. steel duct and was reduced, within a 
distance of approximately 2 ft, to a 12-in. X 3-in. jet in which 
the sphere was suspended. The undisturbed vertical stream 
emerging upward from the constricted section yielded an ap- 
parent level of transverse turbulence of 0.013 [17]. The tem- 
perature of the undisturbed air stream was known within 0.1 deg 
F relative to the international platinum scale [16]. The velocity 
of the stream was established [8] within 0.5 per cent and did 
not vary more than 0.2 per cent during any one investigation. 
The velocity of flow was substantially constant throughout the 
greater part of the cross section of the emerging jet. 

In order to increase the level of turbulence, a steel plate 0.1875 
in, thick with 0.875-in. holes on 1-in. centers was inserted in the 
air stream at the exit of the jet. Sections of steel duct 3 in. x 
12 in. in cross section, in lengths varying between 3 and 12 in., 
were added on the downstream side of the perforated plate in 
order to permit investigation at several distances downstream 
from the plate. Davis [18, 19] made an extensive investigation 
of the characteristics of the longitudinal and transverse fluctuat- 
ing velocities downstream from a grid of the same dimensions. 
His data were employed in the present study to estimate the 
character of the turbulence as a function of longitudinal position 
along the axis of the jet. The parameter empluyed in this dis- 
cussion was the longitudinal level of turbulence expressed as the 
ratio of the root-mean-square of the longitudinal component of 
the fluctuating velocity to the average velocity. 

From an experimental standpoint, the results presented here 
are in reality an evaluation of local thermal transport as a function 
of polar angle for several different longitudinal positions in the 
wake of a grid constructed with 0.875-in. holes drilled on 1-in. 
centers. Results, based upon measurements of Davis [19], on 
the longitudinal and transverse levels of turbulence as a function 
of position downstream from such a grid, are shown in Fig. 1. 
The downstream distance reported here is measured from the 
downstream face of the grid to the stagnation point of the 
sphere. 

It should be recognized that, for distances closer than 5 in. to 
the grid, marked inhomogeneities [20] in the flow field existed. 
Furthermore, there were significant variations in the mean speed 
from point to point in the wake of the grid. The turbulence levels 
based upon Davis’ data, which are set forth in Fig. 1, are for the 
conditions of flow existing along the axis of the wake. Davis’ 
measurements clearly indicate that at distances up to 12 in. no 
influence of the wall penetrated more than 0.5 in. into the stream. 
For this reason, it is believed that the data shown in Fig. 1, 
which are based directly upon the measurements of Davis [19], 
are a reasonable approximation of the conditions of flow existing. 
The authors’ choice of root-mean-square longitudinal fluctuating 
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velocity as a single parameter to describe the conditions of flow 
in the wake of the grid is open to discussion. For this reason, it 
has been called the apparent level of turbulence, and correspond- 
ing scales of the downstream pusition are included on the figures. 
The molecular properties for air used in this work were based 
upon a set of critically chosen values [21]. 

The 0.5-in. silver sphere employed in this investigation was 
described by Hsu [8]. It was provided with a resistance heater 
which uniformly covered the surface of an inner core. Four 
0.005-in-diam thermocouples were imbedded in the surface of the 
sphere to measure the surface temperature. The sphere was 
supported by two horizontal stainless-steel tubes 0.096 in. in diam 
through which the leads for the heater and thermocouples were 
introduced. Guard heaters were provided to avoid thermal losses 
along the supporting tubes. 

The supporting tubes produced a turbulent wake which added 
to the difficulties when making measurements at angles greater 
than 150 deg. The effect of the supporting tubes upon the 
boundary layer of the sphere at 90 deg was estimated by comput- 
ing from potential theory the increase in velocity at 0.25 in. from 
the center of a 0.096-in. cylinder. This increase was 0.64 fps 
for a free-stream velocity of 16 fps. In addition, studies with a 
0.5-in. porous sphere [8] and a 1-in. silver sphere supported from 
a single tube at the axis of the wake gave no noticeable difference 
in boundary flow from that encountered in these studies at polar 
angles measured from stagnation to at least 150 deg. 

A 0.0003-in. platinum, platinum-rhodium thermocouple 
mounted upon a probe [8] was used to measure the temperature 
of the air in the boundary flow. The thermocouple was parallel 
to the supporting tubes and the junction was in the plane of the 
great circle on the sphere perpendicular to the tubes. The probe 
tips to which the thermocouple wires were attached were */, in. 
apart, so that the wake of the probe did not interesect the sphere. 
The position of the thermocouple relative to the surface of the 
sphere was known within 0.001 in. The temperature of 
the thermocouple was determined within 0.02 deg F relative to the 
international platinum scale. Fluctuations in air temperature in 
the boundary flows were of the order of 0.05 deg F, except in the 
wake where fluctuations of as much as 0.2 deg F were encountered 
as a resuli of vortex rings being shed by the sphere. Traverses 
were made in the horizontal direction at all polar angles, measured 
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from stagnation, except at the stagnation point where a vertical 
traverse was made. 


Analysis 


In order to compare the temperature distribution about a 
sphere under several conditicns of forced convection it is con- 
venient to consider a normalized temperature distribution in the 
boundary flow [8]. Such a normalized temperature is particu- 
larly helpful when measurements at several different surface tem- 
peratures, as in the present case, are to be compared. This quan- 
tity was defined for present purposes as 


(1) 


In cases in which the temperature ¢ refers to a particular tem- 
perature, subscripts are used to indicate the particular tempera- 
ture. For example, the temperature of the thermocouple wire at 
the junction is represented by t,, and the temperature at the in- 
terface between the sphere and the boundary flows by t;. The 
normalized temperature is marked with the same subscript as the 
temperature T,, or T;. Equation (1) is only one simple means of 
making a first-order correlation of the temperature distribution 
in the boundary flows about a sphere. 

The space-average surface temperature (;* presented in equa- 
tion (1) was evaluated as follows: 


1 A 
A Ff. i, dA (2) 


[22] it was found that the local temperature 


In earlier work [22] 
variation from point to point on the sphere was less than 1.0 deg F 
at a temperature difference, ¢;* — ¢.., of about 60 deg F. It has 
since been found to be, with but one exception, less than 0.3 deg F. 
Thus for present purposes, the sphere may be treated as an iso- 
thermal body with but small error. 

In the present study the Reynolds number was based upon 
properties of the free stream, as indicated in the following 
equation: 

aU 


Re, = : (3) 
v 


0 


Local thermal flux at the surface of the sphere was established 


from 
of 
~_ k; ( ) (4) 
or /; 


¥ 


Q = 


The quantity (d¢/dr); y represents the radial temperature gradient 
at the interface for a constant polar angle. In dealing with 
macroscopic quantities, a knowledge of the total thermal flux 
from the sphere is necessary. This was established from the 
measurements of the electrical power required to keep the sphere 
under steady conditions. Appropriate correction for the areas of 
the supporting tubes was made [22]. In addition, for comparison 
with the local transport, the total thermal flux from the sphere 


may be obtained from: 
9- Fda - £. (2 1A 
Q > 0 Qd. = 0 K; or Poe 


A local Nusselt number based upon the molecular characteris- 
tics of the fluid at the interface was defined by: 


Qa 


(dt/dr); yd 
= uf (6) 


w 
Similarly, a macroscopic or space-average Nusselt number was 
evaluated from 
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The second equalities in equations (6) and (7) result directly from 
the substitution of equations (4) and (5), respectively, into the 
definitions of the local and space-average Nusselt number. The 
last equality in equation (7) is established by the evaluation of 
the space-average temperature from equation (2) and the as- 
sumption that thermal conductivity at all points around the 
sphere is equal. 

For the purposes of portraying the distribution of the local 
thermal transport around the sphere under a variety of condi- 
tions of flow, a relative local transport defined as the ratio of the 
local Nusselt number to the space-average Nusselt number at the 
same level of turbulence and Reynolds number was employed. 
The expression for this ratio given in equation (8) follows directly 
from the last equalities of equations (6) and (7): 


A 
Nu, (ot rie B, (t; — t, \d A 
= eg A 
Nu, t-te) B, (dt/dr)iy dA 


It is apparent from equation (8) that a knowledge of the radial 
temperature gradient about the sphere and of the surface tem- 
perature is all that is required for the evaluation of this relative 
local transport. The ratio compares the transport at a point on 
the sphere directly to the space-average thermal transport for the 
entire sphere under the same conditions of flow. The use of equa- 
tion (8) to evaluate directly the quotient Nu,;/Nu,* avoids any 
systematic bias which might result from the independent evalua- 
tion of Nu, from the second equality of equation (6) and of Nu,* 
from the first equality of equation (7). The actual local thermal 
transport, Nu,;, was evaluated as the product of the relative 
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local transport, Nu,;/Nu,*, as determined from equation (8), and 
the macroscopic transport, Nu,*, established from the first 
equality of equation (7). 

In Fig. 2 typical experimental measurements at three polar 
angles are illustrated. The traverses are shown with the ex- 
perimental points and are associated with the horizontal distance 
from the surface of the sphere. By suitable graphical manipula- 
tion, these traverse data were converted directly to correspond- 
ing radial temperature distributions and are shown by the full 
curves in Fig. 2. At the equator, which corresponds to a polar 
angle of 99 deg, the radial distribution and the horizontal tra- 
verse are coincident. It should be recognized that the data of 
Fig. 2 represent the distribution of the temperatures recorded 
directly from the thermocouple readings which are called ‘‘wire’’ 
temperatures. The solid points in Fig. 2 correspond to the ex- 
trapolated values of the wire temperature at the surface of the 
sphere. The distribution of wire temperatures around the sphere 
at a gross velocity of 16.18 fps is shown in Fig. 3. Information 
such as shown in Figs. 2 and 3 was obtained for each set of ex- 
perimental conditions investigated. 

As a result of large temperature gradients along the axis of the 
wire, significant thermal transfer from the thermocouple junction 
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Wire temperature distribution around a 0.5-in. heated sphere 
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was encountered by conduction along the wire. For this reason 
there existed a significant difference between the wire temperature 
and the air temperature. A direct measure of the magnitude of 
this difference can be obtained by comparison between the sur- 
face temperature of the silver sphere as measured by a thermo- 
couple mounted within the surface of the sphere, designated t,, 
and the surface temperature as measured with a traversing ther- 
mocouple immediately adjacent to, but not touching, the sphere, 
we 

Fig. 4 illustrates typical experimental wire-temperature data 
obtained at the equator for a velocity of 16.18 fps. The cor- 
responding temperature as determined by a_ thermocouple 
mounted within the surface of the sphere is indicated. It is ap- 
parent that it is necessary to apply a correction to the wire tem- 
peratures in order to obtain the temperature of the air. Efforts 
to compute a correction based upon available information con- 
cerning boundary flows around spheres [13] and thermal trans- 
fer to small wires [23] did not yield corrections as large as those 
shown in Fig. 4 for conditions near the sphere. 

One method of making appropriate microscopic corrections is 
available [24]. However, the detailed experimental measure- 
ments required for such corrections to the thermocouple readings 
were not available in this case nor was there available informa- 
tion concerning the coefficient of thermal transfer from the air in 
the boundary flow to the thermocouple wire as a function of polar 
angle and distance from the sphere. For these reasons, an ap- 
proximate correction in the wire-temperature gradient at the sur- 
face was made by use of the thermal boundary-layer thickness: 


(9) 


It was found, as would be expected, that the thermal boundary- 
layer thickness as evaluated from equation (9) was a function of 
polar angle, Reynolds number, and apparent level of turbulence. 

The thermal boundary-layer thickness is equal to the thick- 
ness of a layer of gas at temperature ¢; containing the same total 
internal energy above that of the free stream as the actual 
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boundary flow. It follows that this energy can be distributed 
over a linear temperature gradient in a thickness twice the 
thermal boundary layer. As indicated in Fig. 4, the correction 
to the wire-temperature gradient may be evaluated on the basis of 
the foregoing approximation. Under these circumstances the 


radial air-temperature gradient may be related to the correspond- 
ing radial wire-temperature gradient by the following expression: 


),,+( 


ot, 
or 


ot,, 
or 


ot, 
or 


wn), (S) 
26, ¥ . tv 


[* - a ‘ ] 
+ - (4° — ¢,) (10) 
. 20, . 


The difference between the surface temperature of the sphere 
and the wire temperature at the surface (t; — t,.,) is a systematic 
function of polar angle, Reynolds number, and apparent level of 
turbulence. The standard error of estimate of the experimental 
measurements from the smoothed data is less than 1 deg F. 
However, corrections to the wire-temperature gradients vary 
systematically from 2 per cent at the equator to as much as 20 
per cent at stagnation. It should be emphasized that although 
the existence of a difference between the wire temperature and 
the temperature of the air introduces some degradation in the 
accuracy of the results, it does not interfere with the precision of 
measurement. It was not possible to employ smaller thermo- 
couples because of breakage and the difficulty in construction of 
a junction to yield a uniform section of the thermocouple. Com- 
parison with microscopic corrections [24] indicates that the un- 
certainty in the evaluation of the air-temperature gradient at the 


(Sel 


Table | 
Down- 
stream 


surface of the sphere from the wire-temperature gradient at 
the surface was not more than 2 per cent. 


Experimental Results 

The experimental conditions in the air stream for the investi- 
gations reported here are set forth in Table 1. The test numbers 
are used in subsequent discussion to identify each set of condi- 
tions. The velocity given in the table is the gross velocity of the 
stream approaching the sphere. The apparent turbulence level 
was evaluated from the downstream distance from the grid, as 
already described. The temperature, pressure, and weight frac- 
tion water represent the total temperature, static pressure, and 
humidity of the air stream. Table 2 presents the thermal trans- 
port from the 0.5-in. heated silver sphere for the conditions listed 
in Table 1. Values of macroscopic Nusselt number, deter- 
mined directly from the first equality of equation (7), are re- 
ported for both free-stream and surface conditions. These data 
are based upon direct measurements of the energy addition to 
the sphere and measurements of its average surface tempera- 
ture and are not related to the measurements of the temperature 
in the boundary flows about the sphere. 

Typical experimental values of wire temperature as a function 
of horizontal and vertical distance from the surface are given in 
Table 4 in the Appendix. Table 5 in the Appendix gives the nor- 
malized surface temperatures based upon measurements made with 
the internal thermocouples, the ratio of the thermal boundary- 
layer thickness established from equation (9) to the diameter of 
the sphere, and the ratio of the local Nusselt number at the in- 
terface to the space-average Nusselt number at the interface as 


Experimental conditions in ai: stream 


distance Apparent 


from 

Velocitv grid, 
tps in 

4.03 
16.14 
8.06 
16.13 
8.03 
16.15 
7.97 
8.00 
16.07 


‘Levi 
no. 
161 
160 
110 
109 


89 
90 
92 
93 
91 


0.013 
0.013 
0.054 
0.051 
0.094 
0.088 


0.146 
0.146 
0.135 


no grid 
no grid 
3.04 
3.04 


.09 
.08 
.06 


06 
07 


turbulence 
level,* 
fraction 


Weight 
fraction 
water 
0.0122 
0.0091 
0.0048 
0.0035 
0.0052 
0.0053 
0.0060 


0.0060 
0.0051 


Pressure, 
psfa 
2068 


2055. 
2069 

2064. 
2067 . 
2080. 
2073. 
2077. 


Temp, 
deg F 
100 
100 


100. 
100 


100. 
100. 


100. 
100.0 
100.1 


CDOon NK NO KD 


* Longitudinal level of turbulence expressed as ratio of root-mean-square of longi- 
tudinal component of fluctuating velocity to average velocity. 


Table 2 Thermal transport from a 0.5-in. heated sphere 


———Macroscopic——. 

Reynolds 
no., 
free 

stream 

909 
3643 
1807 
3638 
1806 
3640 


Free 


Nu.* 
18.23 
36.98 


25 .99 
36.53 


26.01 
37.44 


Test 
no. 
161 
160 


110 
109 


89 
90 


92 
93 
91 


1807 
1808 
3641 


27 .44 
27 .59 
40.94 


Average 
surface 
tem 
deg 
177.0 
206 .6 


175.5 1 
175.2 1 
175.4 1 
173.4 1 
171.5 


1 
171.1 1 
167.1 1 


Total thermal flux,* 
Btu /sec 
(experimental! ) 
0.7972 XK 1n-* 

2.1247 


.1146 
.5617 


.1146 
.5616 


.1146 
.1148 
5621 


0.5806 
0.5837 
0.6124 


* Determined directly from first equality in equation (7). 
* Total observed energy addition was corrected for area of supporting tubes. 
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Fig. 6 Local thermal transfer at stagnation 


determined directly from equation (8). The main body of the 
table presents the normalized wire temperatures as obtained by 
application of equation (1). 

The vertical temperature distribution at stagnation for several 
different conditions of flow is shown in Fig. 5. These data are 
based upon wire-temperature measurements. The correspond- 
ing values of surface temperature measured with the internal 
thermocouples are indicated. The local thermal transfer at 
stagnation is presented in Fig. 6 as a function of the apparent 
level of turbulence for the experimental conditions investigated. 
It was necessary to interpolate the experimental data to the 
Reynolds numbers indicated in the case of a level of turbulence 
corresponding to the free stream. 

The experimental data are compared with the thermal transfer 
at stagnation predicted by Sibulkin [9], Korobkin [11], and 
Fréssling [13]. These latter values were reported for the molecu- 
lar properties of the fluid at the average of the temperatures exist- 
ing at the interface and in the free stream: All the data in Fig. 6 
are expressed in terms of the quotient of the local Nusselt number 
and the square root of the free-stream Reynolds number. The 
agreement of the experimental values for the several levels of 
turbulence is satisfactory, whereas the difference between several 
of the theoretical evaluations is significant. 

It should be recognized that the decrease in the local Nusselt 
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Fig. 7 Effect of polar angle upon relative local thermal transport 


number at stagnation with an increase in the apparent level of 
turbulence is at variance with earlier experimental results for 
cylinders [25]. However, other measurements on cylinders [26] 
indicate a progressive decrease in the effect of level of turbulence 
upon thermal transfer with a decrease in Reynolds number. The 
measurements of Giedt upon cylinders [25] were made at much 
higher Reynolds numbers than were covered in this investigation, 
and it is not surprising that somewhat different trends are found. 
Furthermore, there is no assurance that the effect of turbulence 
level is the same for cylinders and spheres. 

The influence of polar angle upon the relative local thermal 
transport, as determined from equation (8), 1s illustrated in Fig. 7. 
These data show the differences induced by various apparent levels 
of turbulence for a Reynolds number of 3640, corresponding to a 
gross velocity of 16 fps. The standard error of estimate of the 
experimental values shown from the smooth curves drawn is 
0.074. Itis improbable that the variation in local transport with 
respect to polar angle is as simple near separation as shown in Fig. 
7. However, the experimental data did not permit the details 
of behavior in this region to be established with certainty. 
Similar behavior was encountered at other gross velocities. It is 
of interest to note that in the forward hemisphere an increase in 
the apparent level of turbulence decreases the relative local ther- 
mal transport, whereas in the after hemisphere it increases the 
transport. 

The direct influence of apparent level of turbulence upon local 
thermal transport is shown in Fig. 8 for a Reynolds number of 
3640. It is apparent that an increase in the level of turbulence 
causes an increase in the average Nusselt number for all the con- 
ditions covered in this investigation. However, as was also shown 
in Fig. 6, the local transport near stagnation first decreases, 
reaches a minimum, and then increases again as the apparent 
level of turbulence is increased. In the after hemisphere an in- 
crease in the apparent level of turbulence causes a rapid increase 
in the local thermal transport. 

The experimentally determined local thermal transport for 
levels of turbulence of zero and 0.15 is presented in Fig. 9 as a 
function of polar angle. These data are for a Reynolds number of 
3640, corresponding to a velocity of 16 fps. The theoretical 
evaluations of Eckert [14], Drake [15], and Sibulkin [10] and 
the experimental data available from the work of Cary [4], Laut- 
man [5], Xenakis [6], and Wadsworth [7] are included. As in 
Fig. 6, the theoretical values were reported for the molecular 
properties of the fluid at the average of the temperature existing 
at the interface and in the free stream. The function Nu;*/Re,.'/ 
was not even approximately independent of Reynolds number 
beyond the separation point, and for that reason only limited 
data aside from those of the authors are shown for this region. 

As a matter of convenience to the reader there are recorded in 
Table 3 values of the local Nusselt number as a function of ap- 
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Table 3. Local thermal transport from spheres 
Polar angle, — Apparent Turbulence Level 
deg 0 0.05 0.10 0.15 
Gross air velocity, 8 fps 

Re. = 1807 
(23.0). 3 23.8 

(48 .4)¢° 5.3 44 

(47.3) ; 44 

37 

l 


(39.0) 
2) 


3.9) 8 


2 
0 
| 
s 


(22 2 
( f 
( 5) j 30.4) 
(2.9) 2. (38.2) 
Gross air velocity, 16 fps 
Re. = 3640 
32.2 34.0 (38. 
54.4 (57.3) 
53.4 (56.2) 


(30.1)* 

0 (65 56.2 

30 (63 .: 55.0 
60 5 50.4 48.2 (50.5) 
90 26 26.4 27.0 (29.2) 
120 8.é 10.9 13.5 (17.8) 
150 19.4 (35.1 (55.8) 
180 - 23.0 39.8 (61.4) 


* Space-average Nusselt 
equality of equation (7). 

* All values in parentheses are extrapolated values. 

© Local thermal transport Nu; computed from Nuy/Nu;* and 
the values of Nu;* recorded. 


number Nu,* obtained from first 


parent level of turbulence and polar angle. In addition, values 
of gross Nusselt number for each value of apparent level of 
turbulence are included. These data serve to illustrate clearly 
the marked effect of apparent level of turbulence upon the local 
transport. It should again be emphasized that the apparent 
levels of turbulence are, in so far as the experimental work is con- 
cerned, only a chosen single-valued parameter which is directly 
related to the downstream distance from the grid used in this 
experimental work. The corresponding values of downstream 
distance from the grid are included on all diagrams in which the 
level of turbulence is an independent variable. 
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Fig. 9 Comparison of local thermal transfer from several sources 
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Table 4 Typical temperature traverse data 
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Vertical Traverse” below Sphere 
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Table 5 Local conditions around sphere 
Test 161 Test 110 
Polar Angle from Stagnation Point Polar Angle from Stagnation Poim 
0 30° 60° 90° 
1.95 1.90 1.60 0.92 


0.01910 0.01927 0.02347 0.03259 ° 0.09330 0.01361 0.0158 0.02683 


ed 
Surface Temp. 0.987 0.989 991 1,000 f 0.983 0.985 0.992 


Radial Distance a 
from Surface, in. Normalized Wire Temperature Normalized Wire Temperature 


0.629 0.662 0.903 0.927 

0.548 0.568 0.7% 0.880 

0.260 0.312 0.570 0.031 

0.0643 0.133 : 0.763 

0.00610 0.0371 0.7% 

fs) 0.00663 0.662 
C 


0 


. 
ao 
wv 
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0.845 0.85% 0.882 0.922 
0.607 0.760 0.713 0.618 
0.362 0.397 0.52 0.71% 
- 0.%9 - 
- 0.195 
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® Values of %u,;/7'« obtained from Equation (8). 


Test 89 Test 92 


Angle from Stagnation Point Polar Angle from Stagnation Point 


° ° 


° ° ° r 


60 90 120 x 90 
1. 1.55 0.90 0.27 
0.01392 0.01603 0.02686 - 


Normalized 
Surface Temp. 0.953 


Radial Distance 
from Surface, in. Normalised Wire Temperature 


0.835 0.281 0.901 
0.707 0,038 

0.775 

0.713 
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Test 93 Test 160 


Polar Angle from Stagnation Polar Angle from Stagnation Point 

30° 60° 90° 30° 60° 90° 120° 

Pa; | Pt” 1.76 1.52 0.86 2.00 1.73 0.86 0.30 
4/4 O.C1LO9 O,0Mk? 0.01675 0.02772 0.00960 0.01128 0.01990 - 


Normalized 
Surface Temp. 0.963 0.985 0.992 0.988 0.993 1.002 1.007 


Radial Distance 
from Surface, in. Normalized Wire Normalized Wire Temperature 


0.805 . 0.927 0.918 0.943 

0.k76 ) 0.585 0.u99 - 

0.170 ; 0.237 90.17 - 
0.053 0.0366 - 
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Table 5 (Continved) 


Test 109 


Polar Angle from Stagnation Point 


Test 90 


Polar Angle from Stagnation Point 


° 60° 90° 120° 


o° 30 150° o° 30° 60° 90° 


1.55 0.82 


0.3k 
0.02004 - - 


1.74 0.61 


0.00965 


ub Pu, 1.70 1.60 1.57 1.43 


G/da 0.01006 0.01278 0.01010 0.02061 0.01242 0.02054 


Normalized 
Surface Temp. 0.986 0.988 0.993 1.002 1.007 0.986 0.988 0.993 1.002 1.007 


Radial Distance 


from Surface, in. Normalized Wire Temperature Normalized Wire Temperature 


0.851 0.880 
0.496 
0.162 
0.0279 
0.00466 


0.917 
0.677 
0.LL1 
0.2 
0.0805 


0.837 
0.432 
0.0892 
0.0193 
0.00293 


0.791 0.846 
0.438 0.490 
0.106 0.146 
0.0252 0.01 
0.00341 
0.00136 
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Test 91 


Polar Angle from Stagnation F 


° 
30° 60 90 


1.48 1.32 0.76 


0.01135 0.01332 0.02093 
Normalized 


Surface Temp. 0.988 0.993 1.002 1.007 


Radial Distance 
from Surface, in. Normalized Wire Temperature 
0.862 
0.602 
0.359 
0.230 


0.895 
0.767 
0.1 
0.583 
0.517 
0.458 


0.822 
0.542 
0.271 
0.0902 
0.0423 0.101 
0.0171 0.0642 
0.007Kk5 0.0368 0.406 
0.0172 0.315 
0.00820 0,238 
0.00296 0.175 
0.0868 
- 0.0343 
- 0.00596 
fs) 
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0.00596 
U 


20° 
Ores 
RSRGA 


. . 
oo000 
6 


BEEBE 


eee 


.°) 
0 
oO 
0 
0 
1) 
0.00 
0.050 
1) 
0 
Q 
0 
0 
0 
te) 


ob 
88 


402 / serTeEmMBER 1960 Transactions of the ASME 





Hydrodynamic Entrance Lengths 
is. HAN # for Incompressible Laminar Flow 


Associate Professor, 


Department of Mechanical Engineering, ® 
The Ohio. Stote University, IM) Rectangular Ducts 
Robinson Laboratory, 
Columbus, Ohio 
The problem of determining the hydrodynamic entrance length in a rectangular channel 
is solved by the method of linearizing the Navier-Stokes equation. The resulting 
equation ts regarded as an equation to generate a mathematical expression for the axial 
velocity in the entire region, making smooth transition from a uniform profile to the 
fully developed one. From this expression, the entrance length, defined as where 99 per 
cent of the fully developed center-line velocity is attained, is calculated for channels of 
six aspect ratios. The pressure drops are also calculated and presented herein. A 
comparison is made with the limited amount of experimental and theoretical data. 


= a viscous fluid enters a duct with a uniform solved by Atkinson-Goldstein [1]! starting with the boundary- 
velocity distribution, it will ultimately, at a certain axial distance _layer equations and by Schiller [2] using an integral equation and 
downstream, assume a velocity profile which is invariant with re- an assumed transition profile. More recently, the problem for a 
spect to the axial-flow co-ordinate. Theoretically, the required circular pipe has been solved by Langhaar [3] and by Shapiro, et 
distance to attain that velocity profile, commonly referred to as_ al. [4]. The latter paper concluded that the solution given by 
the fully developed profile, is infinitely large; however, forengi- Langhaar [3] yielded the most accurate result when the axial 
neering calculations, the axial distance required for the center- distance parameter (z/D Re) is more than 0.01. For flow be- 
line velocity to attain say 99 per cent of the fully established tween a pair of parallel and infinite plates, a solution was obained 
velocity is defined as the entrance length. A knowledge of the — by Schlichting [5]. His method consists of smoothly joining two 
entrance length is of importance in many engineering applica- asymptotic series solutions, one based on Blasius’ solution of the 
tions; e.g., in the estimates of pressure-drop and heat-transfer boundary-layer development, expanded in a series toward the 
parameters in ducts of finite lengths, or in any flow-intake de- downstream direction, and the other based on the Hagen- 
vices. Poiseuille solution of a parabolic velocity distribution, expanded 

While the problem is of engineering significance and of aca- in a series form toward the upstream direction. An approximate 
demic interest, there are few available solutions; namely, circular 
and between parallel plates. The solution for a circular pipe was 

! Numbers in brackets designate References at end of paper 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, Atlantic City, N. J., November 29-December 
4, 1959, of Tae American Society or Mecwantcat ENIGNEERS 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be under- 
stood as individual expressions of their authors and not those of the 
Society. Manuscript received by ASME Applied Mechanics Di- 
vision, May 22, 1959. Paper No. 59-——A-82 Duct configuration 

















Nomenclature 
area . Reynolds number (D, U/v) » = kinematic viscosity 
side dimensions, one half of = dummy indexes = density 
coefficients me ‘th : ‘ 
ii ter (D u,v,w = velocities of fluid in z, z, and y- = dimensionless entrance length 
diameter = x are: “-F a 
— , , te directions, Fig. 1 (L,/D Re), equation (1) 
-rimeter ; i. 
eine se as ll = co-ordinates, Fig. 1 
ction facto : Subscripts 
: ; = average velocity 
functions of (8a) as defined by ° F ap = apparent 
equations (15) and (16) parameter 
correction factor in equation 
(22) : 
V? = Laplacian operator { - + — 
length oz? oy? 
p = static pressure of fluid = absolute viscosity > = forz= o,r=y=0 


aspect ratio (a/b) e = equivalent 


= center line, (z = y = 0) 


a? a? ) = fully developed 
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solution similar to Schiller’s integral analysis was recently given 
by Sparrow [6]. The results of these analyses can be summarized 
by the following equation for the entrance length L, to attain the 
fully established center-line velocity: 


L, = 2(D Re) 
For circular pipes: 


Langhaar [3 |? 
Schiller [2] 


For parallel plates: 
Schlichting [5 |* 
Sparrow [6] 


The purpose of this paper is to report a solution to the entrance 
problem for a rectangular duct based essentially on Langhaar’s 
method. 


Analysis 
Assuming the fluid incompressible having constant physical 
properties, the boundary-layer equation of motion in the axial 


direction is 


Ou ou ou 1 Op O7u O*u 
‘ v 2) 


Pv +w = =——- 
Oz ox oy p oO oz? oy? 


and the equation of continuity is 


ou Ov 
om, silo, eames. ile = (3) 
oz ox ” 

referring to Fig. 1 for configuration details. 

The usual boundary-layer analysis which assumes a small region 
close to the duct wall in which the shearing stress is large, leads to 
the following conclusions: 

(a) That (0%/0z*) may be dropped in comparison with 
(02u/dz*, 02u/dy?). 

(b) That, within the duct, the transverse velocities v and w 
are small compared to u. 

(c) Consequently the pressure gradient term Op/0dz is inde- 
pendent of cross-sectional co-ordinates and is hence a function of 
z only. 

Observing the foregoing simplifications, one then multiplies 
equations (2) and (3) by (dz)(dy) and integrates across the sec- 
tion; the result is the well-known von Karman integral equation: 


re) 1 Op 
wdxdy = — dzdy + v (V2u)drdy (4a) 
Oz J4 p Oo Ju A 


f, udz dy = 4abU 


It is well established that a solution to equations (4) con- 
stitutes at least a first approximation to the solution to equation 
(2). The actual work in obtaining a solution to equation (4) as 
has been done by Schiller and Sparrow is to assume the flow as 
divided into a friction region and a potential core. For the fric- 
tion region, the velocity varies from zero at the boundary to the 
core velocity at the border line making a smooth connection; 
for the potential core the velocity is constant with respect to the 
cross-sectional co-ordinate, while for the circular and parallel- 
plates configurations, the division of flow region is easily ac- 
complished; i.e., the dividing lines are a circle and straight lines, 
respectively. 

For cross sections other than those, this preliminary step, i.e., 


(4b) 


2? When the center-line velocity is 99 per cent of the fully developed 
value. 
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division of flow regions, is difficult and we shall take advantage of 
a technique introduced in reference [3] which consists of lineariz- 
ing equation (2) by replacing the left-hand side convective terms 
by (vB*u). The resulting equation is 

o%u O*%u 1 
Lien aot en A = 
az? + Yr, Bu + - 


Py 
- 4 (5) 
oz 


where 6? is a function of z only. 

The justifications for the substitution by v8?u are discussed in 
reference [3]. The nature of equation (4) is such that the solu- 
tion, as can be easily examined, assumes the form of a fully de- 
veloped velocity profile when 8 = 0 and assumes a uniform 
velocity profile at 8 = «, thus providing a smooth transition. 

We shall therefore regard equation (5) as a velocity function- 
generating equation. 

The use of equation (5) to generate a transition-velocity profile 
is seen to have the advantage that it does not require the use of a 
finite “boundary-layer thickness’’ in treating this type of prob- 
lem. In general, the solution to equation (5) is not obtainable in 
closed forms. Where this is the case, it is best to treat equation 
(5) as an analogous membrane equation and using the Rayleigh- 
Ritz approximation procedure. It must be noted further that the 
present analysis is only an approximate one, because of the fact 
that in the entrance region the vorticity along z-axis is ignored. 
This is also the case of Carrier’s [9] analysis of flow distribution 
along a corner, composed of two mutually perpendicular planes. 


Velocity Profiles 

Referring to Fig. 1, the equation used to generate a con- 
tinuous velocity profile is equation (5). In order to bring out the 
essential features of the solution to equation (5). we first write 


Ae} 5 > (+), ie me 
vi ™ p oO m,n=1, 3,5 mn 


cos (mmwx/2a) cos (nmy/2b) (6) 


1 Op 
p o 


valid for |x| < a, |y| < b. 

Since the velocity u is to satisfy the conditions of zero velocity 
on |z| = a, |y| = 6, the following Fourier series development for 
u will obviously meet the requirements: 

© © 
u= _ Cun COS (max/2a) cos (nwry/2b) 
m,n odd integers 
in which C,,,, are to be determined. 

Substitution of equations (6) and (7) into equation (5) yields 
the coefficients C,,,; and the velocity expression u in equation 
(7) becomes 


(a) (Fa) * 


mtn _ 
(-—1) ? cos (mmz/2a) cos (nry/2b) 8) 
= = evar os ¢ 


mar \? nw \? Re 
mn oa - ob +8 


The pressure-drop term is eliminated by the continuity relation, 
equation (4b); thus integrating u over the section one obtains 


e-(oe F- 


(-1) 2 


mn([m? + n*y? + (2Ba/m)?] 
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U= 


cos (mirx/2a) cos (ntry me / 





j 7 a \ 
i. “ >> 5... min*([m? + n*y* + (2Ba/m)*} 
This expression would approach a uniform profile as Ba — =, i.e., 


, u . 3 
lim ( = ) = lim - 
8B--@ l 8--@ 4 


stn 
> (—1) ? cos (mmz/2a) cos (may/2b) 
mn=1,3 28a 


Sled E + (cm + mv |(®) )] 


> Tor EN 
js onfia (oem 
> ; 


mw? J {—1) ? 


4 (aaThs.. mn 


} - 1 
cos (mmz/2a) cos (ny bos * , 2. a a} =] 


“ 


for |z| < a and |y| < b. 

The velocity at the fully established section is obtained directly 
by letting 8 = 0 in equations (8) and (9) which of course satisfy 
the corresponding equation (5) with 8 = 0. 

From the foregoing, it is seen that the velocity u expressed by 
equation (9) satisfies the following conditions 


(a) Continuity. 

(b) Zero velocity on the boundary. 

(c) Assuming a uniform velocity profile at 8 = @. 
(d) Becoming fully developed velocity at 8 = 0. 


(e) Having a smooth transition from (c) to (d). 


Fig. 2 contains the velocity contours, as computed from 
equation (18), an alternate of equation (8) in a duct of aspect 
ratio 0.5, and for three different (S8a)-values 6.0, 2.0, and 0.80. 
These contours are for distances of (z/D, Re) = 0.00172, 0.0156, 
and 0.0460 as can be seen from data in Table 1, discussed later. 


Variation of 8-Values With z 

The remaining problem is then to determine how § is to vary 
with z. It is apparent from a physical consideration that, at the 
entrance, 


z=0, (u/U)=1 or B= (10) 


and for fully developed flow, 
z= @, (u/U) — (u/U),,, 


If one takes the Navier-Stokes equation (2) and setez = y = 
0, i.e., at the center line of the duct, the equation becomes 


or B=0 (11) 


Que 1 Op 
Uo = 


- 12 
oz p o (12) 


+ WV%x)o 


where up denotes the center-line velocity. 
Now multiply equation (12) by dz dy and integrate across; the 


result is 
2 2 12 
(~) drdy = -——— | dedyt+v | (Vu)sdzdy 
Oz A 2 p oO A A 
(13) 


Subtracting equation (13) from equation (4a), the following is 
obtained: 


re) 
> f (u® — up?/2)dzdy = rf [Vu — (V%u)eldzdy (14) 
* Ja A 


It is to be noted that both integrands in equation (14) are now 
functions of 8 only. Using the following notations: 


1,(8) = f, (u? — w*/2]drdy (15) 
; \ }-1 
148) = }v f, 10% — (Wreldzdy} (16) 


equation (14) may be put in the following form: 


d 
a (1;) = 1/I, 
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Fig. 2 Velocity contours in a duct of 2:1 aspect ratio 
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8 
or z= ) at T,d(1,) (17) 
Equation (17) thus provides the necessary relationship be- 
tween zand 8. This numerical work consists, for a fixed value of 
7, of the following steps: 


(a) Assign a series of 8-values to equation (9). 
(b) Calculate the integrands J, and J». 
(c) Plot J: against J; with 8 as a parametric value. 


r) 
(d) Numerically integrate f, I.dI,; i.e., calculate the area 


underneath the J; ~ J; curve. The area then represents a z- 
value corresponding to the 6-value at the end of the integration 
process. 


The §-vaiue in turn defines the ratio of the center-line velocity 
to that at the entrance. In this way, the relationships between 
B, (u/U)o, and z are determined. 

In carrying out the procedures as outlined, all numerical work 
was accomplished by an IBM 650 at the Numerical Computa- 
tion Laboratory of the Ohio State University Research Founda- 
tion. All together, six aspect ratios were used, and for each, 36 6- 
values were selected for evaluating the integrands J; and I2. In 
actual computational work, the double-summation expression as 
indicated by equation (9) is reduced to a single-summation ex- 
pression in equation (18): 


(18) 


where 


n 


—1 
16(—1) 2 coe (=) 


2a 





n=1,3,5... n[n* + (28a/r)*] 


cosh {= [n? + (2Ba/m)*]” : t 





cosh iz [n? + (28a/x)1"5' 
2y 


- 1 (ae Ba 32 
Py 


=: Sooner ie? ; = 
=) (a le Ree 


tanh \= [n* + (2Ba/m)*}' h 
“<7 





= [n? + (28a/m)?)" 
2y 


which also satisfies equation (5), the necessary boundary condi- 
tions, and the equation of continuity. The infinite summation 
was replaced by a finite summation with the index n varying from 
1, 3,5... to 199. Error was estimated that the integrands /, 
and J; retained an eight-place accuracy. 

It may be noted that, for the parallel-plates system defined by 
Y = 0, equation (18) yields the following one-term expression: 


u 1 
7 (cosh Ba — cosh a2)/| cosh Ba — B (sinh 6a) | (19) 
‘a 
The principal numerical results are tabulated in Table 1 for 
six aspect ratios. The (8a)-values are plotted in Fig. 3. 


Pressure Drop 


In the analysis made by Langhaar [3], the method of calculat- 
ing the pressure drop was to multiply the boundary-layer equa- 
tion (2) by u dz dy and then integrate across the section. From a 
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Fig. 3 Variation of (8a)-value with (7/D.Re) 
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physical viewpoint, this method amounts to an energy balance 
taking into account the energy dissipation as heat. An equally 
valid procedure is to integrate the boundary-layer equation 
directly, and calculate the pressure-drop term. The latter proce- 
dure is based on the momentum principle. When the boundary- 
layer equation is solved exactly, these two procedures lead to 
identical results. Since equation (5) from which the velocity 
profile is obtained is a linearized form of the Navier-Stokes equa- 
tion, it can be regarded as a function-generating device. The 
solution represented by equation (9) or (18) with the Ba-values 
tabulated in Table 1 satisfies the momentum principle, equation 
(4a), exactly and the boundary-layer equation (2) only par- 
tially. It is therefore natural to expect different pressure-drop re- 
sults when calculated according to these two methods. 

In the present analysis, the pressure drop is directly calculated 
from equation (12); i.e., based on the momentum principle, hence 


E Uo 2 
(Demo — p,)/(pU?/2) = [ (+) _ | 


‘ z 
+ ™ (" (—yupde (20) 
> 0 


The reason for not using the energy principle is that it involves the 
use of the integral f,u* dz dy for which the numerical work 
would be excessive. The results of the calculated pressure drops 
are also tabulated in Table 1. 
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Fig. 4 Entrance lengths and pressure-drop correction factors. (Note: 
The experimental point A should be lowered to a value of 2.3 for K, as 
the authors of [8] have so informed.) 
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Table 1 
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—y = 0.50——— 


F. 
0 
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263 
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0.0752 
0.0735 
0.0660 
0.0427 


0.0227 
0.0099 


Results and Discussion 


Entrance Length. Since, in the present analysis, the velocity pro- 
file as expressed by equation (9) or (18), changes from a uniform 


profile to that of the fully developed flow gradually, the entrance 


Dimensionless velocity, pressure-drop, and axial dist ' 
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length L, is therefore defined, as is conventionally done, as that 
length where the center-line velocity u is 99 per cent of the fully 
established velocity u.. The latter is given by equation (18) 
with z = y = 8 = 0. Data contained in Table 1 are used for 
determining the entrance lengths and the results are shown in 
Table 2. 

The values shown in Table 2 are also plotted in Fig. 4 for the 
purpose of interpolation. The variations of the center-line veloci- 
ties (we/U) for different aspect ratios are shown graphically as 
function of the dimensionless distance (z/D,Re) in Fig. 5. 

For a comparison with the existing data, the values reported by 
Schlichting [5] and Sparrow [6] are recited here. The entrance 
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Fig. 5 Center-line velocity variations 
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lengths are 0.0100 and 0.0065 for y = 0, according to these 
sources. Hahnemann and Ehret’s [7] value is 0.0064. Compari- 
son with Sparrow’s data is not made because of the different ap- 
proaches used between his analysis and that herein employed; 
while the value indicated by Schlichting [5] is in complete agree- 
ment with the present result. A further comparison is made in 
Fig. 6 in which the center-line velocities for y = 0 from Schlicht- 
ing [5] and computed from equation (19) are shown. The agree- 
ment in values is quite satisfactory, noting that a log-scale 
has been used for the dimensionless distance (z/D,Re), thereby 
magnifying possible discrepancies. 

Pressure Drops. ‘The pressure drops as expressed in equation 
(20) and tabulated in Table 1 are not convenient for engineering 
use. For this purpose, the following two equations are used to ex- 
press the pressure-loss terms: 

(Pao — p,)/(pU?/2) = (C,,/Re)(2/D,) (21) 

and 
(Pex-) — p,)/(pU?/2) = (C,,,/ReXz/D,) + K (22) 
In equation (21), the ratio (C,,/Re) is the ordinary friction 


* The nature of their analysis is unknown as their paper is unavaila- 
ble to the author. 














From Ree. (5) 
———— Present Anacrsis 























factor f. For large z,C,,—~> C,,,. The value of C,,, is, in the case 
of a circular tube, 64; and, in the case of a pair of parallel plates, 
96. The values of C,, are obtained from Table 1 and plotted 
in Fig. 7 for different aspect ratios with the dimensionless distance 
as abscissa. In equation (22), the symbol p,.:-) is used to denote 
the pressure of a fluid upstream of the duct entrance. Thus the 
difference between p,._) and pp.» is one velocity head (pU?/2). 
The use of equation (22) is convenient when the duct length is 
greater than the entrance length L,. It treats the entire duct 
length as if in the region of the fully developed flow and the 
pressure drop so calculated is modified by a correction factor K. 
The K-factors are reduced from Table 1 and shown in Table 2 
and Fig. 4 for interpolation. 

Eckert and Irvine [8] reported an experimentally measured 
value of 2.3 (average of 8 measurements) in a duct of aspect ratio 
(1/3); Schlichting [5] and Goldstein [1] give values of 1.601 
and 1.614 for y = 0. These latter values as noted in Fig. 4, are 
lower than the values of 1.850 as obtained in the present analysis. 

The discrepancy between the present value for y = 0, of K = 
1.850 and K = 1.601 given by Schlichting [5] can be traced back 
to the different asymptotic friction factors obtained from these 
two analyses: 

Since in the present analysis, the pressure drop is evaluated 
directly from equation (12). For y = 0, the equation reads 


Fig. 6 Comparison with Schlichting’s [5] data for y = 0 




















Fig. 7 Apparent coefficient C., 
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ee O7u 
— = — P+r(2 (23) 
oz p eo dz? Jo 
and the center-line velocity is given by equation (19) with z = 0. 
For large Ba-values, i.e., small z, it can be seen from Fig. 3 that 


(Ba)? = [1.72 K 10~2/(z/D Re)] (24) 


Olio Ou (Ba ) 
d2 &Ba) 2d 
equations (19) and (24) give, for large (Ga), 


Ouse U 
(Ba) (Ba)? 


o( Ba) 
Oz 


Hence, 

— ws (1/(1.72 « 10 
Oz 

from which the following is obtained: 


il + 7.61(2/D Re 


ue = [ 


In equation (23), the term (0%u/0r*)) vanishes faster than Ouo/0z 


as given by equation (26), and can be ignored. Therefore 


aa 
-) [lL + 7.61(2/D Re)” *|[7.61(2/D Re) }'/ 41/2) 


(28) 


Accordingly, 


») 


(pmo — P,)/('/2pU?) 15.2(2/D Re) (29) 
valid for small z. 

The apparent coefficient of friction as defined by equation (21) 
is therefore 
(30) 


—~ 15.2 


C,,(2/D Re 
On the other hand, Schlichting’s solution gives, for small z, the 
center-line velocity as 


ue = U[l + 6.91(z/D_ Re) 
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for which the apparent coefficient is given by 

C,,(2/D Re)'/* + 13.8 (32) 
which is in agreement with the value determined by Shapiro [4] 
for circular pipes. 

It is to be noted that although Schlichting’s work‘ was based on 
Blasius’ solution, his solution as well as that of the present 
analysis are both invalidated as z approaches zero. The relative 
merits of both sets of data cannot be ascertained in the absence of 
experimental data. 
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zero. This then further accounts for the increased pressure drop. 
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Stability of a Turbine-Generator Rotor 
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Including the Effects of Certain Types 
of Steam and Bearing Excitations 


The effects of certain steam forces and bearing oil-film forces on vibration stability of a 
turbine-generator rotor are considered. A matrix method for systematically calculating 
the characteristic equation of a real rotor is developed with the aid of complex notation 
The matrices are 4 X 4 in size. Pedestal effects are not included. A simple example is 


worked out and the results are compared to those obtained by another author. 


Complete 


agreement ts obtained in the determination of the characteristic equation. 


Introduction 


Tuc problem of rotor instability has been a trouble- 
some one for many years in the design of steam turbine-generator 
rotors. There have been many instances in which rotors have 
been found to vibrate with large amplitudes at or near the so- 
called ‘first turbine critical speed,’’ while the rotation velocity 
was considerably higher. This behavior is in contrast to the usual 
type of shaft resonance in which both the vibration and rotation 
frequencies are known to be the same. It is really a problem of 
vibration instability, and in the past it has been solved in a prac- 
tical way by making design and operating modifications which 
usually result in a change in critical speed and/or in an increase 
in bearing damping. 

As to basic information, many investigations have been made 


1 The work described in this paper was carried out while the author 
was employed by the Large Steam Turbine-Generator Department, 
General Electric Company, Schenectady, N. Y. 

Presented at the Summer Conference of the Applied Mechanics 
Division, University Park, Pa., June 20-22, 1960, of Tae AMERICAN 
Society or MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, July 9, 1959. Paper No. 60—APM-9. 


in an attempt to understand better the fundamentals of rotor in- 
stability. This includes both laboratory investigations and 
analytical studies. Most of these have been concerned with 
“oil whip,’”’ both the critical-speed type, and the half running- 
speed type. From an analytical viewpoint, even if one or more of 
the available methods [1, 2, 3, 4, 7, 9, 11]* for dealing with the 
oil-whip problem were precisely correct, it would still be im- 
possible to apply them per se to the calculation of vibration sta- 
bility of a large turbine-generator rotor. This is due to the com- 
plexity of such a system, with its multiple rotors and bearings, 
and dynamic behavior which is considerably more involved than 
that of the rather simple one and two-bearing configurations that 
have been studied in the past. This paper is concerned, there- 
fore, with the extension of previous work on oil whip to include 
the actual dynamic characteristics of an entire turbine-generator 
rotor. 

Owezarek [8] has described the possible harmful effects of a 
certain type of steam force (at right angles to the shaft displace- 
ment) which can feed energy into a whirling shaft. It is postu- 
lated that this force, when acting together with oil-whip forces, 
may produce a more substantial instability than oil whip alone, 
and cut down even further the speed range in which smooth 
operation can be obtained. The form of this steam-force term is 
such that it is readily included in this analysis along with all the 


other dynamic forces. In fact, the method described herein is 


? Numbers in brackets designate References at end of paper. 





——— Nomenclature 


A recurrence matrix relating adjacent station vectors on 

shaft, given in Equation (20), mixed units 

steam-force constant, lb per in. 

matrix of shaft properties given in Equation (22), 
mixed units 

constant defined in Equation (14), lb per in. 

matrix of shaft properties given in Equation (23), 
mixed units 

matrix defined in Equation (25), mixed units 

modulus of elasticity, psi 

imaginary part of characteristic equation, defined in 
Equation (45), in. lb? 

real part of frequency function g, given in Equation 
(14), lb per in. 

real part of characteristic equation, defined in Equation 
(45), in. Ib? 
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complex frequency function given in Equation (14), lb 
per in. 

area moment of inertia of shaft cross section, in.‘ 

denotes imaginary part, ~/—1 

oil-film constant, lb per in. 

oil-film constant, lb per in. 

complex shaft moment, in. lb 

mass, lb sec?/in. 

real part of characteristic equation in sample problem, 
Ib 

imaginary part of characteristic equation in sample 
problem, lb 

complex station vector defined in Equation (18), mixed 
units 


(Continued on next page) 
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such, that any force in a rotating system can be included with 
equal facility, provided it is linear with the shaft displacement or 
its derivatives. 

The bearing-force terms used herein are based on the work of 
Poritsky [9] and Boeker and Sternlicht [1]. This representation 
is the most satisfactory one available although, as has been 
pointed out in [1], it is primarily suited to vertical shafts with 
axisymmetric bearings. In this analysis the displacements, veloci- 
ties, and accelerations are measured from a steady-state operating 
point (the position that the shaft would have if there were no 
lateral oscillations) rather than the bearing center as with a verti- 
eal shaft. This bearing formulation is best suited for lightly 
loaded bearings, and it is fortuitous indeed that such bearings 
are the critical ones (it is known from many years of operating 
experience that lightly loaded bearings are those which are most 
prone to vibration instability). It should be noted that Schnittger 
{12} has successfully used a modification of this bearing-force 
representation in his paper concerning instability of a double-spool 
gas-turbine rotor. 


Analysis 

The analysis developed in this paper is one in which the charac- 
teristic equation of the vibrating rotor is systematically gen- 
erated in a method which is somewhat similar to the Myklestadt- 
Prohl technique [10]. This equation may then be studied by 
known methods for its stability characteristics [9]. Alternately, 
it may be examined ia greater detail by actually solving for its 
roots with the aid of existing digital-computer programs. 

In this analysis the bearing pedestals are regarded as being 
rigid; flexibility exists only in the oil films that support the shaft 
This permits a comparatively simple formulation of the governing 
equations, and it enables one to generate the characteristic equa- 
tion in a rather straightforward manner. Pedestal effects such as 
elasticity, damping, and mass could also be included; however, 
this would lead to a considerable increase in complexity. Prior 
practical experience both with respect to turbine operation and 
also with similar computational problems indicates that it is not 
warranted at this time. 

The analysis is concerned with the onset of instability. Thus 
the motion of the rotor is assumed to be of small amplitude, allow- 
ing for a linearization of an otherwise nonlinear system of equa- 
tions. 

The method is developed with the aid of complex notation, as 
originally employed by Poritsky [9]. This allows for a concise 
statement of the governing equations, in spite of the fact that the 
rotor motion has components along two mutually perpendicular 


axes. The only instances in which complex notation will not be 


used are in those places where improved clarity can be achieved 
by writing out the real relations. 
Forces Acting on Shaft. The forces considered in this section re- 
sult from oil-film behavior, steam flow, and rotor inertia. 
Bearing Forces. Using a notation similar to that of Boeker 
and Sternlicht [1] the components of bearing force V* in the z 
and y-directions are 


2k 


V2 = ——#-k's— hy 


wW 


2k 


V=- y — k'y + kez 


w 


in which k and k’ are constants and w is the speed of rotation. 
The quantities z and y are shaft-displacement components 
measured from the steady-state equilibrium position and the dot 
notation indicates the time derivative. Even for a steady-state 
whirl it can be seen that the first two terms represent conven- 
tional dashpot and spring-restoring forces while the third term is 
a coupling term which is capable of feeding energy into the 
shaft. It is precisely this term, and a similar one that appears for 
the steam forces, which lead to the present instability problem. 
By introducing the complex displacement z, 
z=2+y 

where 7 is the 4/—1, and defining a complex force V,, 

V,=V,+ iV, 


one ma) consolidate Equations (1) 


9o}L 


< 


- z — k'z + ikz (4) 
w 


Now, it is assumed that the motion of the shaft is of an ex- 
ponential form 


z= ge (5) 


in which z is the amplitude, and A is the complex frequency of the 
motion. Equation (5) leads to the velocity and acceleration ex- 
pressions: 


2=)z, 2= % (6) 


Substituting the first of Equations (6) in Equation (4) gives 


2k 
V2 | - ( n+n) tik]: (7) 
WwW 


the desired expression for the bearing force. 





Nomenclature— 


complex vector associated with a particular power of 
frequency, A, defined in Equation (26), mixed units 

complex shear force, lb 

displacements of shaft center from steady-state equi- 
librium position, in. 

complex displacement, z + ty, in. 

shaft constant given in Equation (16), 1/in. lb 

length of shaft element, in. 

characteristic equation 

slope of shaft, radians 

complex frequency, radians per sec (rps) 

rotation frequency, radians per sec (rps) 


Subscripts 


i = defines degree of A-term with which u-vector is asso- 


ciated 
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last station on shaft 

index of station numbers on shaft 
root of characteristic equation 

real components of complex vector 
complex shear force 

left-end values 


Superscripts 
B = bearing forces 
inertia force 
S = steam force 
I, I, calculated quantities associated with starting vectors 
ITI, IV given in Equation (33) 
., dot notation indicating time derivative 
—, bar notation indicating amplitude of z or conjugate of a quan- 
tity 
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It should be noted that the constants k and k’ can be determined 
in a variety of ways. The most convenient are (a) steady-state 
pure journal rotation under a static load, and (b) whirl motion as 
with unbalance. Many papers giving calculated and experimen- 
tal data on steady-state behavior of bearings can provide data 
for the first technique. For method (b) the data of Hagg and 
Sankey [5, 6] are quite useful. The calculations of Sternlicht 
[13] provide yet another source of information for the evaluation 
of these constants. All that is required for method (a) is the 
slope of the load-eccentricity curve in the vicinity of the steady- 
state operating point. 

Steam Force. The components of steam force V*, which have 
been recognized as potentially harmful [8], are represented 
mathematically in the form: 

V,* = —ay 
(8) 


V,’ = az 


in which a is a constant. These components stem from a whirl 
displacement of the shaft. Such a displacement increases steam- 
leakage area along one half the periphery of a given turbine wheel 
and decreases the area on the other half. These area variations 
are accompanied by perturbations in leakage flow, and hence in 
the main stream flow also. The latter results in a net force on the 
shaft at right angles to the whirl displacement and in the direc- 
tion of the whirl. As such, this force is capable of feeding energy 
into the whirling motion, and may be an important factor in de- 
termination of shaft instability. As with the bearing-force com- 
ponents, Equations (8) may be written in complex notation 


Vy = iaz (9) 

Inertial Force. Using the principle of d’Alembert, the com- 

ponents of the inertia force V’ acting on the shaft may be 
written: 

(10) 

(11) 


‘nm combination, using the second of Equations (6), V,! is ob- 
tained 


= —mr 


Vi = —mg 


V, = —md% (12) 
At a given station on the shaft, say the nth station, 
Hence, it is 


All Forces. 
one or more of the foregoing forces may be acting. 
convenient to add up all the forces, yielding V,,, 


Vien = GnlA)Zn (13) 


where 
= f(A) + ib, 


2k 
—( mr + —A+t+ i’) 
w 


b, = ka +a, 


and the meaning of the subscript, n, is obvious. Henceforth, the 
subscript z will be dropped as it leads to no ambiguity. 

Recurrence Relations for Shaft. The recurrence relations to be 
used, in satisfying the equilibrium and compatibility conditions 
for the shaft, are those given by Prohl [10]. A typical section of 
the shaft is shown in Fig. 1. The recurrence relations are: 


Van = Ve + Gn2zn 
Man = M, + Vari Ant 


Onn = xs (M, + Man) + 6, 
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M 
Zan = Pm (u, + - =) Ann + 6, Anti + rm rnd 


in which A denotes length of shaft, M denotes the complex 
moment, and @ denotes the complex slope. The constant 8,4, 
is short for 

Ast 


(16 
Eeulen , 


Buss = 


Now, Equations (15) may be put into a more suitable form by 
elimination of V,4: and M,4, on the right-hand side. This re- 
sults in the equations: 


Va = Vat Gren 

Mans = AanV, + M, + Gn Anz, 

Buri Anti 
9 


V,, + BanM, a 6, + taPrsee ms 


Onsi = 


M, + Au+8, 


n+ aMat 8 
+ Ga + ) 25 


Zan = 


Bordon? V, + Cention 


6 2 


which can easily be put in matrix form. 
Matrix Representation of Recurrence Relations. 
tor F is defined 


If a complex vec- 


then Equation (17) can be written 
Raw = A,R, 
where A, is the square, 4 X 4, matrix 
eee. 0 0 In 
Ant 1 0 


BuisAwss 


‘atl 


GnAntt 


Burs GnB uti Anti 


9 2 


- 





Pretec Bonds = Aa ( 


? 


= 


6 





Furthermore, A, can be split into two parts for the purpose of 
separating out the frequency-dependent parts: 

A, = B, + galA)Cs (21) 
in which g,(A) is the same g that was defined in Equation (14) 
and B, and C, are real square matrices. 


n+l 


sibs 


Station No. 


e— 
Mm n-I 


Lk ciacsaspenge al 


Notation for stations on shaft 





Fig. 1 
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1 7 
Aan 


Bars Ane 
2 
Bari A. + 7 
6 J 








To better show the frequency dependence of A,. Equation (14) 
is now substituted in Equation (21), yielding 
2k 
— m,C,A\* — —"C,A + D, 
w 


A, = (24) 


in which D, is 


.'C,) + 1,C, (25) 
A,, given in Equation (24), is now in a form convenient for the 
development of the characteristic equation. 

At any station along the shaft the R-vector can be expressed 
as a polynomial in the frequency, A. At the nth station, we have 
a polynomial, the degree of which is at most 2n: 


2n 


A*u,, ‘ 


+=0 


(26) 


The maximum possible degree is 2n because of the quadratic 
formof A,. The wu, ; are complex vectors multiplying the powers 
of X. The station numbers are taken to increase from left to 
right, with the left end (at a bearing) denoted as shown in Fig. 2. 
By substituting Equation (26) in Equation (19), and making use 
of Equation (24), it is possible to find a recurrence relation for the 


u-vectors. One obtains first 


2n of 2n 
| - —m,C, a xX +24 i- "a C, : Aftiy, ; 
w 


1=0 1=0 


2n 
+ D, > Au,; (27) 
b 


But R,«w, by analogy with Equation (26), can also be expressed 
with u-vectors having n + 1 in the subscript: 


2n+2 


(28) 





left end 
Fig. 2 Numbering of stetions near left end of shaft 
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Since Equations (27) and (28) must be equivalent, one is led 
to equate the vector coefficients of the same powers of A. This 
gives the desired recurrence relation for u,+:,; 


2k, 
“sti. = —m,C ,Un.i-2 _ CUn.i— + Diba is 
Ww 


O<i<m+2 (29) 


Thus, ua+:,, may be easily generated from the u,-vectors at 
the previous station. Equation (29) may be used very generally, 
except for the terminating vectors where one must use the special 
relations: 


tia = 0, un. = 0 


Unni = O, Untntve = O 
which can be shown by expanding Equations (27) and (28). 

Having the recurrence relation for the u-vectors, the R-vectors 
which are polynomials in \ may be successively generated by ad- 
vancing, station by station, from the left end of the shaft to the 
rightend. The final R-vector is obtained for the end station which 
is placed a distance, A = 0, from the next-to-last station located 
at the right-end bearing. This simple trick is used to provide 
for the proper inclusion of the right-end bearing force. 

Boundary Conditions and Characteristic Equation. The boundary 
conditions on the shaft are those which give free ends just beyond 
the terminal bearings. This requires vanishing shear forces and 
moments: 

V=V,+iV,=0 
(31) 
M = M,+ iM, =0 


at the ends of the shaft. It can thus be concluded that the z and 
y-components must separately be zero: 
V,=V,=M,=M,=090 (32) 
To meet the boundary conditions at both the left and right 
ends, the Myklestadt-Prohl method of superimposing linear 
solutions is employed [10]. In this case, one starts with four 
different left-end vectors: 


The first two provide for unit slopes in the z and y-directions, re- 
spectively, and the last two for unit deflections. It can be seen 
from these that the appropriate free-end boundary conditions, at 
the left zide of the shaft, are already built into the calculations. 
Starting with each of the foregoing, a vector polynomial can be 
calculated at the right end of the shaft. Denoting the last station 
by n = l, it is clear that the complete polynomial at this station 
(and other stations as well) consists of a linear sum of contribu- 
tions from each of the four parts in (33); that is, 


R, = OR; + OR" + mRE™ + wR IY (34) 


where 6,0, 8,0, 2, and yo are the left-end slopes and deflections. 
Using Equation (34), the right-end boundary equations may now 
be expressed: 
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b.V) + OyoV Et + toV 2" aa yoV 'Y = 0 
O20M Ft + OM f+ xoM 2 + yoM VY = 0 


(35) 


where the shear forces and moments are complex elements (poly- 
nomials in A) taken from the R,-vectors. 

A considerable simplification can be made by observing that 
the R-vectors associated with Ry! can be obtained by multiplying 
the corresponding vectors associated with Ry' by i. This results 
from the fact that 

Ro"! = iRd! (36) 
Since R,,! and R," are obtained by multiplication of Ro! and Ro", 
respectively, by the same matrix product it follows also that 


R," = ik (37) 
and, in particular, that 


RU = ik? (38) 


The same result is obviously true for R/! and RY as well, 
namely, that 


RJV = ik{U (39) 


One can immediately take advantage of Equations (38) and 
(39) to obtain, by inspection, the following relations: 

Vt = ivy, Viv =iv 

(40) 


M,"=iM}, MY = im )™ 


Substituting Equations (40) in Equations (35) one obtains: 
Vi + zV Au = 0 
(41) 
AM! + aM = 0 
two homogeneous equations in the two complex unknowns & and 
2 (Oo = O20 + 1650, 2. = 2 + iyo). For a nontrivial solution to 


exist, Cramer’s rule requires that the determinant of the co- 
efficients must vanish. This leads to the equation 


A(A) = VEM?7"- Vy "MI = 0 (42) 


which can be separated into its real and imaginary parts by using 
the notation: 

V,=VativVy, 

M,=M,,+iM,, 


(43) 


This yields the characteristic equation, a polynomial in A, with 
complex coefficients 


A(A) = G(A) + iF(A) = 0 (44) 


in which 


G(A) = 


VM," — V,IM, 
— V,)"M,) + V,/"M,} 

F(A) = V,{M,!" + V, IM, 

— V,/%M,) — Vyl™M,! 


(45) 


If one or more roots, A,, of Equation (44) have positive real parts, 
an exponentially increasing motion will occur; i.e., instability. 
The behavior of Equation (44) can be studied with the aid of the 
stability criterion given in [9], or alternately one may do a more 
complete job by solving for its roots with the aid of existing digi- 
tal-computer programs. 

An important point to note about Equation (45) is that only 
the I and III superscripts appear. Thus the actual numerical 
calculations are made with only two different starting vectors; 
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the other two, used in the problem formulation, do not enter ex- 
plicitly into the computations. 

Equation (44) admits of another form which may be of some 
usefulness. By multiplying by G(A) — iF(A), one obtains the 
real equation of double degree 


G? + F2 = 0 (46 


Equation (46) has the same roots as does Equation (44), hence 
one can choose whichever equation is most convenient in com- 
putation. Multiplication of Equation (44) by G(A) — iF(A) im- 
plies that Equation (46) contains not only the roots of Equation 
(44), but also the roots of 


G(A) — iF(A) = 0 (47 


The roots of this equation are extraneous to the stability problem. 
Two interesting characteristics of the foregoing equations will 
now be mentioned: 


1 If Equation (46) has any purely real roots, they must occur 
in pairs. This follows from the fact that real roots require that 


both 


F(Areai) = 0, G(Areai) = 0 (48 


be satisfied simultaneously. Such roots would satisfy Equation 
(44), and also Equation (47), thus indicating their multiple 
nature. 

2 The complex roots of Equation (46) must occur in con- 
jugate pairs, since its coefficients are real. It can be shown rather 
simply that one of the pair is a root of Equation (44) and the 
other is a root of Equation (47). This follows when one takes 
the conjugate (denoted by bar notation) of Equation (44) 


F(A) — iG(A) = 0 


and makes use of the properties 
F(A) = F(X), GA) = G(X) 
to give 
F(X) — iG(X) = 0 (51) 
Comparing Equations (47) and Equation (51) it is clear that if 
X, is a root of Equation (44), then , is a root of Equation (47 
The utility of having an algebraic equation with real coefficients, 
Equation (46), is considerably offset by its increased degree. 


Sample Problem—Simple Shaft With Symmetrical 
Vibrations 

In this sample problem, the dynamical behavior of the simplest 
possible system will be examined—the symmetric vibrations of a 


single mass on a massless shaft with symmetric bearings. This 
example will allow comparison with results obtained by Poritsky 
(9). Asketch of the system is shown in Fig. 3. 

Formulation of the characteristic equation will be carried out 
by the method described in the analysis, modified slightly to per- 
mit introduction of the symmetry condition. Because of the 
simplicity of the problem, it will be worked out literally rather 
than for a specific numerical case. For a more complicated ex- 
ample this would obviously be impractical. To bring symmetry 
into the shaft vibrations, the calculation will proceed only to the 
center of the shaft. There, different boundary conditions from 
those given in the preceding subsection will be used. A sketch of 
the mode] that is employed is given in Fig. 4. 

Three stations are taken; the first at the left-end bearing, the 
second at the mass, m/2, and the third at zero distance beyond 
m/2. The latter fictitious station, as with the previously dis- 
cussed boundary conditions, is introduced so as to allow one to 
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Fig. 3 Notation, simple shaft with lumped mass and symmetrical 
bearings 
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With these the final R-vector for Case I can be obtained easily. 


The result is 
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and for Case III the final R vector is 


La 























BA? 
Ks hoe 


The symmetry requirements which are used as boundary condi- 
tions at n = 2 are for vanishing slope and shear force. Thus, in 


lieu of Equation (42), one obtains 


A(A) = V/{62F" — Vi"6) = 0 (56) 
with the notation: 
Vi, = Vai + Vy 


6, = 6.; + 16, 


(57) 


Equation (56) yields the modified characteristic equation 
A(A) = P(A) + iQ(A) = 0 (58) 
where now: 
P(A) = V,/0,7)% — V,10,2" — V,270,) + Vii", 
QA) = 


To obtain the final expression for A(A) the elements V,,' 
now extracted from Equations (54) and (55) 


(59) 
V,0,)% + V,J6,.% — V,'"6,7 - V8! 


Vi" .... are 


6 =1 


=» -—M», 
» | 


Vy = 0, 6,} = 0 


ly RPM 


2k 
1) Eye 
w 


6w 2 


mkB A? 


Vy" = - 


At+k 


Substituting Equations (60) and (61) in Equation (59) gives 


mkBA?* Ae 4 m (eee 
3w 2 3 


- 


2k 
P(A) = +1) a+ A+ k’ 
Ww 


(62) 


QA) = —k 


2 
_ mkBA 2 
6 
which yields an equation of third degree with complex co- 
efficients: 
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mkpd? ,, | m [ (“a= ) tat) 
ae 3 ttt ss 


2k 
+ N+ (k’ - ik) = 0 (63) 
Ww 


Allowing for differences in notation, this is the same characteristic 
equation as that given in Equation (4.3) of Poritsky’s paper [9].* 
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Elastic Shells and Plates 


This investigation is concerned with an examination of the validity of Saint Venant's 
principle in the theory of thin elastic shells and plates. 
formula derived for the displacements and their relevant partial derivatives of all orders 


With the aid of an integral 


at a fixed point of the shell middle surface, the conclusions reached may be roughly 
stated as follows: If the loads acting on the shell maintained in equilibrium are purely 
edge loads, then the orders of magnitude of the displacements and stresses are in accord 


with the traditional statement of Saint Venant's principle. 


On the other hand, tf the 


loads on the shell are purely surface loads, then the conclusions concerning the orders of 
magnitude of the displacements and stresses are the same as those of the modified Saint 


Venant principle. 


Introduction 


i main objective of the present investigation is an 
examination of the validity of Saint Venant’s principle in the 
linear theory of thin elastic shells and plates. Before describing 
the scope of the paper, however, we turn to an account of the 
previous developments concerning the principle which was enun- 
ciated by Saint Venant [1]? in connection with the problem of 
extension, torsion, and flexure of elastic cylinders. As has been 
remarked by von Mises [2] and again by Sternberg [3], what 
Saint Venant undoubtedly had in mind was the application of the 
principle to long cylinders with infinite ratio of length to diameter. 

The first universal statement of the principle attributed to 
This version of 


Boussinesq [4] has since become traditional. 
the principle which, with slight variation, may be found in books 
on elasticity, e.g.. Love [5, p. 132], infers a comparison of the 
effects of certain changes in the tractions on the boundary upon 
the solution, i.e., the displacements, stresses, and strains in the 


interior of the body. Since its inception over a century ago, 
numerous authors, starting with Boussinesq himself [4], have by 
various means aimed either to justify the principle or to point 
out its limitations; e.g. [6-7], [8, pp. 102, 138], [9, p. 150], and 
(10].* 

In his illuminating paper [3], von Mises recognized that the 
earlier forms of the statement of the principle, which refer to (at 
least) a dual comparison of the effects on the solution in the in- 
terior of the body due to the changes in the tractions on the 
boundary, are vague. He further pointed out that the customary 
statement of the principle becomes meaningful provided the 
“dual comparison’’ just mentioned is made explicit. For future 


1 The results presented in this paper were obtained in the course of 
research sponsored by the Office of Naval Research under Contract 
Nonr-222(69), Project NR-064-436, with the University of California 
at Berkeley. 

* Numbers in brackets designate References at end of paper. 

* The complete bibliography on the subject is too long to be in- 
cluded here. For other references, see {3}, [11], and [12]. 

Presented at the Summer Conference of the Applied Mechanics 
Division, University Park, Pa., June 20-22, 1960, of Tae AMERICAN 
Socrery or MecHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, April 27, 1959. Paper No. 60—APM-11. 
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reference, we recall here von Mises’ interpretation of the tradi- 
tional statement of Saint Venant’s principle which, according to 
Sternberg [3], may be roughly stated as follows: 


If the forces acting on an elastic body are confined to several 
distinct portions of its surface, each lying within a sphere of 
radius ¢, then the stresses and strains at a fixed interior point 
of the body are of a smaller order of magnitude in «¢, as 
« —> O when the forces on each of the portions are self-equili- 
brated than when they are not. (1) 


With the aid of two counterexamples, namely, the (three-di- 
mensional) problem of the half-space and the (two-dimensional ) 
problem of the circular disk, both under tangential as well as 
normal surface loads, von Mises in [2] demonstrated that in gen- 
eral the principle in the form (1) is not valid. Thus, amending 
the traditional statement, he proposed a modified principle. 

A detailed formulation and the general proof of the moditied 
Saint Venant principle were supplied by Sternberg [3]. The proof 
of this theorem, which is remarkable for its generality, rests es- 
sentially on the use of Betti’s formula for the dilatation, together 
with Lauricella’s and Somigliana’s representations for the strain 
and the displacement fields, respectively, in the three-dimensional 
theory of isotropic elasticity. As was subsequently pointed out 
by Sternberg [11], the theorem established in [3] is also valid 
for anisotropic elastic media. It is pertinent to recall here the 
remarks made by von Mises [2] and Sternberg [3] to the effect 
that the proof of the modified Saint Venant principle does not 
preclude the possibility of a stronger theorem for a special class 
of bodies, such as thin plates and shells. 

More recently, it has been shown by Boley [12] that theorems 
analogous to that in [3] may be established for other boundary- 
value problems characterized by elliptic partial differential 
equations. In order to provide estimates of errors in stresses due 
to load changes on the boundary, Boley in [12] has suggested a 
scheme which requires knowledge of Green’s functions appro- 
priate to the boundary-value problem in question. In this connec- 
tion, mention should be made of Horvay’s effort [13] in discussing 
the rate of decay of stresses due to self-equilibrated loads applied 
to an edge of rectangular regions. 

Although the analysis of the present paper is carried out in 
conjunction with the theory of thin elastic shells, known as 
Love’s first approximation (hereafter often referred to merely 
as Love’s theory), the essential results are equally valid and, in 
fact, may be carried out for any of the consistent classical theo- 
ries of shells, such as the theory known as Fliigge-Byrne, as well 
417 


SEPTEMBER 1960 





as the theories of shells which include the effects of transverse 
shear deformation. Thus, following some preliminaries which 
include a brief discussion of the validity of the reciprocity 
theorem for Love’s theory, an integral formula is established 
for the displacements and their partial derivatives at an ar- 
bitrary fixed point of the shell middle surface. This represen- 
tation formula, derived here for thin elastic shells (and plates), 
though not the same may be regarded as the combined counter- 
parts of Lauricella’s and Somigliana’s representations for the 
strain and the displacement fields in the three-dimensional theory 
of elasticity. Further, utilizing the foregoing representation 
formula, the validity of Saint Venant’s principle for elastic 
shells (and plates) is examined in a manner similar to that in 
[3]. The main results of the theorem may be stated roughly as 
follows: If the loads acting on the shell maintained in equi- 
librium are purely edge loads, then the orders of magnitude of the 
displacements and stresses are in support of the traditional state- 
ment of the principle cited in (1). On the other hand, if the loads 
on the shell are purely surface loads, then the conclusions con- 
cerning the orders of magnitude of the displacements and stresses 
are the same as those of the modified principle [3]; only in the 
special case of the flat plate, where the surface loads are parallel 
and along the normal to the middle plane of the plate, the con- 
clusions are again in accord with (1). 


General Background 


Let S be a regular surface‘ occupied by the middle surface of 
an elastic shell whose boundary is a closed regular curve C. Let 
t_ (a = 1, 2), be the co-ordinates of a point on the middle surface 
of the shell and ¢ be the distance measured along the unit normal 
n to the middle surface. Then the position vector of a generic 
point of the shell space is defined by 


Ri, &, £) = eG, &) + fn (2) 


where r denotes the position vector to the point on S (f = 0). 
Further, let’ t, be the unit tangent vectors to the £,-parametric 
curves which, for simplicity’s sake, will be referred to the lines 
of curvature on S (t,, te, and nm form a right-handed system). 
Thus the square of the linear element of the triply orthogonal 
co-ordinate system (£4, ¢) is given by 


dR-dR = a;* (: + FY age + a,? (: + a) dg? + df* (3) 


where R, and a, refer, respectively, to the principal radii of 
curvature and the nonvanishing metric coefficients of the middle 
surface. 

Let U be a displacement field, and N, and M, the forces and 
couples per unit length along the parametric curves which, in the 
absence of body forces, satisfy the differential equations of the 
linear theory of thin elastic shells within the space defined by S 
and —h/2 < { < h/2, h being the thickness of the shell. In the 
theory of Love’s first approximation,® where, as in all classical 
theories of shells the effects of both transverse shear deformation 
and normal stress are neglected, the displacements are assumed in 
the form 


U(é:, &, £) = u(&, &) + $B(&, &) (4a) 


U = Ugt, + wn 


(4b) 


‘The definition of ‘‘regular surface’ as used here is intended in 
the sense of Kellog [14], pp. 105-106. 

* In this paper, all Greek indexes have the range a, 8, y = 1, 2, and 
only the repeated Greek indexes imply the summation convention. 
Whenever one of the repeated Greek indexes is placed in parentheses, 
the summation convention is suspended for that index. 

* A comprehensive account of the theory of Love's first approxima- 
tion may be found in [15, 16] or [17, chap. 10]. 
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8 = Bata 
é (- d ow ™ ma 4 ( S Ow + Us t 
a, df: R, a, Of; =) : 


and N, and Mg, are defined by’ 


Na = Nayty + Van 
(5) 
M, = Man xX t, 


where N,,, Ma, and Vq are the stress resultants, the stress 
couples, and the shear stress resultants, respectively. The 
stress resultants and the stress couples are in turn given by 
the stress-strain relations 


7 


— [vesa0ay + (1 — P)éay] 


3 
— yp?) [vk a9) ay +(1- V Kay] 


Waly B.y'l.e 


Aa) Q, yA a) 


Ro *t., B.4"t.e 


— 


2k 7 
Mary 
Ae) 4.) Aa) 
and the shear stress resultants V,, which are determined from the 
equilibrium equations, may be expressed in terms of partial 
derivatives of the middle surface displacements ug and w. In (6), 
( )a = & )/dE_; ba, is the Kronecker delta; u and § are defined 
by (4); and E and » are Young’s modulus and Poisson’s ratio, 
respectively. 
Let 


P = Pata + pan (7) 


be a piecewise continuous surface load on® S, and let F;, (j = 1, 2, 
3, 4), refer to piecewise continuous edge loads (such as stress 
couple, shear-stress resultant, etc.) acting on the boundary 
C which produce the displacement U. Further, let U’ be another 
admissible displacement field which gives rise to a piecewise con- 
tinuous surface load p’ and piecewise continuous edge loads F,,’. 
Then the reciprocity theorem for a shell space, whose behavior 
is characterized by (4), (5), (6), and the resultant equations of 
equilibrium, may be written as 


4 
f [Pa'Ua + ps'wldo + f [> ra, | ds 
8 Cljy=1 
4 
= f [Patla’ + piw'|do +f [> ra | ds (8) 
8 CcCly=1 


where do = ajaedi,d&, ds = adé,, and the notation 


4 


> Fd,’ 


j=1 
introduced here for future convenience, stands for 


7 While the assumptions (4) differ from one theory of shells to 
another, the expressions (5), representing merely the resolution of 
forces and couples per unit length, hold for all theories of shells. 

* Recall that within the approximations introduced in Love's 
theory, similar to those in the classical theory of bending of plates, 
the surface load is regarded as acting on the middle surface. 
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4 
>> Fd,’ = Nate! + (Mae +! 


j=l 


+ M,,8,’ 4 (v. + a)" 
er a, 0&, 

and the subscripts n and ¢, respectively, refer to the normal and 
tangential directions on C. It is clear that when the boundary 
conditions on the entire curve C are the natural boundary condi- 
tions (appropriate to Love’s theory), with F; = 0, then the line 
integrals in (8), representing the work done by the edge forces, 
vanish. 


A Remark on Validity of Reciprocal Theorem for Love's 
Theory 


In order to show that the theory of Love’s first approximation 
admits the reciprocity relation (8), we recall here the resultant 
equations of equilibrium, which, in the absence of body forces, 
read 

(aN); + (a,Nz), + map = 0 


(a2Mi) 1 + (aiMe)2 + aN: Xt) + aN: Xr2 = 0 (10) 


Introduction of (10), (5), and (6) into the right-hand side of (8), 
followed by appropriate transformations and integration by parts, 


yields 


4 
[Patla’ + psw'|do + f | Fd, | 
J, mp2 
f {Eh 7 
= ) » (1 — Peeyfay + 
s \i-» 


Eh’ 
12(1 


Vlaatyy | 


mare (1 — V)KayKay + Maakyy gue (11 
vy?) 


In view of (11), the right-hand side of (8) is obviously sym- 
metric in the primed and unprimed variables. It is clear, there- 
fore, that the reciprocity theorem (8) holds for the theory of 
Love’s first approximation whose differential equations are 
characterized by (10), (5), (4), and (6). 

It should be emphasized that the expression for xq, (and there- 
fore M,,), as recorded and utilized by many investigators, is at 
variance with those given by (6) which is in accord with the 
corresponding expressions in [15], [16], [17, chap. 10], and [18] 
Specifically, the variation just referred to occurs in «,, which, if 
adopted, would result in the violation of the reciprocity theorem.* 
Evidently, it is due to this difference in «,, that some authors, e.g., 
Novozhilov [19, p. 50] and Goldenveiser [20, p. 80], have stated 
that Love’s theory does not admit the reciprocity relation (8). 


An Integral Representation for Displacements and Their 
Partial Derivatives 

As a preliminary to our main objective, we need to establish a 
representation formula for the determination of u, 3, and their 
partial derivatives at a fixed point Q on S which may be stated as 
follows: Let S* be a closed subregion of S subjected to the surface 
load p; let C* be an arc of C subjected to the edge loads F;; and 
let the shell be supported in such a manner that the natural 
boundary conditions are satisfied on the entire boundary C. 
Furthermore, let Q with position vector r( £,°, 2°) be a point on S 
at a finite distance from the origin, but otherwise arbitrary; and 


*It should be noted here that while the theory characterized by 
the differential equations (10), (5), (4), and (6) is attributed to Love, 
the expressions for «12 as given in [5, chap. 24] differs from that in (6). 
In this connection, see also footnote 9 in [18). 
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Fig. 1 Shell middle surface, parametric curves fa, sphere of radius 6 
with center at Q, and load region S* 


let S’(d), subjected to the surface load p’, denote the subregion of 
S enclosed within a sphere of radius 0 < 6 < 5) with center at Q, 
Fig. 1. If the M-variables A, (m = 1, 2,...M), stand for the 
displacements u), us, w, as well as their partial derivatives u,,,, 
Wi, Wax, ete., which occur in Ng,, Vg, and M,,, and if (p’),, 
designates the mth set of the auxiliary surface load p’, then for 
each m(m = 1, 2,...M), A, at Q corresponding to (p’),, is 


given by 


A,.(Q) -f ‘(Pal + pw’ [(p’),, J} de 
S* 


4. c Ix d ‘Tt r\ ~~ (12 
Jon You PA alg de (12) 


In order to establish the truth of (12), use will be made of the 
reciprocity relation (8) with F,’ = 0, and p’ assigned a set of 
(p’),, corresponding to the particular A,, in question. Thus, when 
A,, is identified with w, let the components of (p’),, be specified 
by the following distributed tractions on S: 


P;'(w6?)—, on S’ 
, } 


~ = F Ba = (13) 


0, on (S — S’) 
such that as 6 — 0, p,’ 
Substitution 


where P,’ is the resultant of p;’ over S’, 
tends to a concentrated load of intensity P;’ at Q. 
of (13) into the left-hand side of (8) results in 


P;’ 
f 5? wdo = f. [Patla’ + psw'|do 
4 
+f | ray | a (14) 
c* 1 


i= 


Since the displacement w is regular at Q, and since 


lim f, do — 76?, 
a0 75 


it follows that in the limit as 6 — 0, the left-hand side of (14) 
after setting P;’ = 1 reduces simply to the value of w at Q, of 


w(Q) -f [Patta’(p’) + paw'(p’)|do 
s* 


4 
v f b rave | ds (15) 
cL 


where the argument p’ of u,’, w’, and d,’ refers to the surface 
load in (13). 

By repetition of the process which led to (15), similar expres- 
sions may be obtained for the displacements u,(Q) and u2(Q) ex- 
cept that instead of (13), the following chuices, respectively, should 
be made for the components of (p’),,: 
41g 
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P,'(76?)—, on Ss’ 


S; p= (16a) 
0, on (S — S’) 


P:’ = ps’ = 0, on 
and 


on 8S’ 


, 


pi’ = p;’ = 0, on (16) 


S; po’ = 


To prove the formula (12) for the various partial derivatives of 
the middle surface displacements, it will suffice to consider its 
validity for w,; and w.2. To this end, we select two points 


Q: (&° a > &*) and Q: (s° + = &*) on S 


b 
and construct two spheres, each of radius 0 < 6 < = < do with 


centers at Q, and Q:, and designate the subregions of S enclosed 
within the two spheres by S,’ and S,’, respectively. With the 
components of p’ prescribed as 


P,'(xb5?)-, on Sy’ 
— P,{(34bd*)™, on S,’ 
0, on (S - S,’ 5 S,') 


Pa’ = 0, on S; ps’ = (17) 


Equation (8) yields 


A ert, ee 
-wdo — —. wdo = = ) 
f xbd? fe xbd? v0 ™ Pall pw’ |do 
4 
+f [> ra’ | ds (18) 
c*lLjy=1 


Again, since the displacements are regular at Q; and Qo, it follows 
that in the limit as 6 — 0 and after setting P,’ = 1, (18) becomes 


w(Q2) — w(Q:) 
aera ae [Patla’ + psw'|do 
s* 


b 
4 

+f [> ra | ds (19) 
c*ljy=1 


If on the left-hand side of the last equation we again pass to the 
limit such that as b + 0, Q,-and-Q, — Q, then the left-hand side 
of (19) becomes precisely dw/dé, at Q, and we have 


wi(Q) -f [Patla'(p') + psw'(p’)|do 
S* 


4 
+f b» raste’) |a (20) 
C*Ljy=1 


where the argument of ug’, w’, and d,’ refers to (17). 
To establish (12) for A,, = wz we select four points 


b b 
a: (és es 2’ 9 4 <), Qs (é + 2’ §.9 + <), 


Q (es - 
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Fig. 2 Shell middle surface, points Q, to Q, as centers of spheres which 
are indicated by circles, points Q, Q;, and Q,, and load region S* 


and let S,’, (k = 1, 2, 3, 4), refer to subregions of S each 
enclosed within a sphere of radius 

c 
=>538 bo, 


oe = 


0<é6s 


a 


as shown in Fig. 2. With p’ specified by 


—P;'(ber5*)—', on S," and 8S,’ 


+ Ps'(ber5?)—, on S,’ and S,’ 


Pa’ = 0, on S; p,’ = 
4 


| 0, on ls ~ »» sy] 
\ =] 


the left-hand side of the reciprocity relation (8), in the limit as 

6 — 0 and after setting P;’ = 1, yields 

1 [=~ — w(Q:)  w(Qe) — w(Q | 
b b 


(21) 


(22a) 
c 


Taking the limit of the foregoing expression such that as 6 — 0, 

c 
Q,-and-Q: > Q; (es &° + <) and Q;-and-Q, -> Qs (e £9 — ‘), 
(22a) becomes 


(22b) 


1 ow 
* E (Qs) — De a | 
Imposing a second limit process such that as c — 0, Q;-and—Q. > 


Q(£,°, &°), then (22b) becomes precisely 3°/0£,d& at Q and we 
have 


wralQ) = f [Patla'(p’) + psw'(p’)|do 
s* 


4 
+ F d;'( fa (23) 
Lyrae 


where in (23) the argument of uq’, w’, and d,’ refers to (21). 

It is now clear that for all other partial derivatives of the 
middle surface displacements, the truth of (12) may be established 
in a similar manner, and by iteration. 

As may be seen from (4), (6), and the expressions for the shear- 
stress resultants, €g7 and Key, a8 well as Ngy, Va, and May, con- 
tain terms of the type A,,. Hence, by virtue of the principle of 
superposition and by application of the general formula (12), the 
stress resultants and the stress couples, and therefore, the stresses 
may be determined at a fixed point of the middle surface S. 
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Saint Venant’s Principle for Thin Shells 

Let S, a regular surface with boundary C, again occupy the 
middle surface of an elastic shell whose small displacements, due 
to appropriate surface and edge loads, are characterized by the 
differential equations of shell theory which here are taken as 
those of Love. In what follows, it is expedient to consider two 
cases: (A) One in which the load on the shell is only a surface load 
and (B) the other when the load consists of purely an edge load. 

(A) The edge load F; = 0(j = 1, 2, 3, 4): In this case, let S* 
(load-region), a monotone increasing function of the parameter € 
be a closed subregion of S containing the origin such that for every 
€in 0 < € S &, S*(€) is enclosed within a sphere of minimum 
radius ¢, Fig. 1. Let U(£, €), Na(£, €), Ma(£, €) be a one-parameter 
family of solutions to the differential equations of Love’s theory 
which satisfy the natural boundary conditions with F; = 0, on 
the entire C and give rise to a piecewise continuous surface load 
p(£, €) which vanishes outside S*(€), and remains bounded as 
¢€ — 0. This manner of introducing the parameter ¢ through 
which the notion of ‘‘order of magnitude’’ becomes precise is 
essential here, and was also employed in [3]. Thus f(e) is said 
to be of O(€), if as € — 0, |fle)/e*| < M (M independent of e). 

We now return to the integral representation for A,(Q), set 
F , = 0, and consider its Taylor expansion about the origin. Since 
Ug’ and w’ are independent of € and are regular at the origin, we 
write” 


A.(Q, €) = {ua’l(p’),.}}° f.. Pal t, ede 


+ {w't(e all ® f,, XE, edo + {te 1100 all? fg Pa, evade 


+ {w.,'(Pdall* f, pif, Edo +... (24) 


and recall that A,(Q, €) depending on the auxiliary surface load 
(P’)my (m = 1, 2,... M) stands for the M quantities u,(Q, «), 
u(Q, €) and their partial derivatives which occur in 


NeHXQ, ©), ValQ, €), 


It follows directly from (24) that for fixed (£, &) on S, A,(Q, €) 
and therefore the solution 


U(Q, ©), 


Ma (Q, €) 


and 


N.(Q, «), and M,(Q, e) 


due to the surface load p(£, €) have the following order of magni- 


tude as € > 0: 
(a) If the resultant load does not vanish, i.e., if 


a p(t, eda = 0, 


A,,(Q, €) = Ofe?) or smaller 


(b) If the resultant load vanishes, i.e., if 
os p(t, elda = 0, 


A,(Q, €) = Ofe*) 


then 
or smaller 


(c) If the surface load is in astatic equilibrium," ie., if 

” The superscript zero attached to a function refers to its value at 
the origin. 

11 The term “‘astatic equilibrium'’ was employed by von Mises [2]. 
Thus two systems of forces are said to be in astatic equilibrium, if 
they are parallel to a fixed direction, and remain in equilibrium when 
rotated through an arbitrary angle. 
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ge PLE, e)do = ci p(é, €)f,do = 0, 


then (25c) 


A,,(Q, €) = O(e*) or smaller 


The foregoing estimates of orders of magnitude are the same as 
those reached for two special cases by von Mises [2] and estab- 
lished within the scope of classical three-dimensional elasticity by 
Sternberg [3]. The result (25c) stipulates more requirements, 
namely, the vanishing of 


i pido and Sica? eo, 


than are necessary in order for p to be seli-equilibrated on S* 
This contradicts the interpretation of the traditional statement 
of Saint Venant’s principle cited in (1). 

(B) The surface load p = 0: In this case, let C* (load region) 
a monotone increasing function of €, be an are of C containing the 
origin such that for every € in 0 < € S &, C*(€) is enclosed within 
a circle of minimum radius ¢. Again, let U(Q, €), Na(Q, €), Ma(Q, 
€) be the family of solutions to the differential equations of 
Love’s theory which satisfy the natural boundary conditions on 
C, and give rise to piecewise continuous edge loads F 8, €), which 
vanish on [C — C*(e€)], and remain bounded as ¢ — 0. 

Setting p = 0 in (12), and expanding d,’ (which are independent 
of ¢ and regular at the origin) in Taylor series about s = 0, we 
have for each j (say j = 1), 


A,.(Q, €) = (aie a1" f Fi(s, €)ds 


Cc 


0 
+ 1 aie} Fi(s,e)s ds +... (26) 
ds ce 


We conclude from (26) that for fixed (&, &) on S, A,,(Q, €) and 

therefore U(Q, €), N.(Q, €), and M,(Q, €), due to the edge load 

F {s, €) on C*(€), have the following order of magnitude as ¢ — 0: 
(a) If the resultant edge load does not vanish, i.e., if 


f F ds ¥ 0, 
c* 


A,(Q, €) = O(€) or smaller 


(6) If the resultant edge load vanishes, i.e., if 


f on Feds = 0, 


A.(Q, ©) = O(e*) 


or smaller 


(c) If the distribution of the edge loads is such that 


f F ds = f F sds = 0, 
c* c* 


An(Q, €) 


(27c) 


O(e?) or smaller 

Comparison of the results of the two cases A and B reveals 
that, for the latter, the order of magnitude of A,(Q, €) for each 
of the three requirements imposed on the resultant load is re- 
duced by ¢. Moreover, in case B, the conclusions (27) support 
the traditional statement of the principle cited in (1). 

The foregoing theorem established for distributed surface loads 
and for distributed edge loads may easily be extended to con- 
The 
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extension to the case of concentrated surface loads follows along 
the same lines as those given by Sternberg [3]. Thus, let S* con- 
sist of N nonintersecting closed subregions S, (n = 1, 2,...N), 
and let p™ be the surface load on S™. Then by repetition of the 
previous argument and proceeding to the limit, as in [3], we find 
that the results in Case A remain valid for concentrated sur- 
face loads provided the integrals in (25) are replaced with the 
corresponding finite sums, and provided the order of magnitude 
of A,,(Q, €) in (25a, b, c) is replaced, respectively, by 0(1), O(e), 
and 0(¢?). It may be easily shown that these same conclusions for 
concentrated surface loads hold also for concentrated edge loads. 


Discussion 

In the classical theory of bending of flat plates where p = 
pon, S* refers to the middle plane of the plate, and pg = 0, the 
integrals in (25c) reduce to 


fi pdo = < pst,do = 0 


which are the conditions for a self-equilibrated surface load. 
Hence, in the theory of bending of plates where the loads consist 
of edge loads as well as surface loads which are normal to the 
middle plane of the plate, the traditional statement of the 
principle is valid. 

It should be emphasized that the results (25) and (27) pertain 
to relative orders of magnitude as the maximum radius of the 
load-region € — 0. This requirement of vanishing ¢, in the case 
of infinite bodies (e.g., an infinite plate), may be regarded as 
equivalent to holding the area (or the are length) of the load 
region fixed when the distance R from the origin (either on S or on 
C), tends to infinity. While this latter interpretation is ad- 
mittedly rough, it does illustrate the meaning of the principle as 
intended by Saint Venant [1]. Thus, it is clear that Saint 
Venant’s principle as stated and interpreted in [2], [3], as well as 
the present paper, does not permit a rigorous comparison of the 
values of A,(Q) at a finite distance R, due to nonvanishing 
and bounded surface and edge loads. For such comparisons, it is 
necessary to resort to other means; e.g., [12] and [13]. These 
methods, however, essentially require the knowledge of the exact 
solution to a specific problem, by means of which one may inquire 
as to the rate of decay of A,,(Q) with increasing R “sufficiently”’ 
far from the load-region. Of course, considerations of this type, 
though very useful, must necessarily be coupled with the magni- 
tude of the load intensities (rather than the load resultants), as 
well as the admissible error on A,,(Q). 

Finally, it may be noted that the results of the preceding 


(28) 
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section concerning the orders of magnitude of A,(Q, €) include 
the conclusions appropriate to the special cases of beams and rods. 
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Plane Dislocation Problems 


The present paper explores the Airy stress function for a general class of elastic disloca- 


tion problems in a doubly connected region. 
the dislocation theory, included, are essential to the derivation of the method. 


The basic concept of the elastic theory and 
A pplica- 


tions deal with two shapes of dislocation cuts; an arbitrary straight cut and a logarithmic 


spiral cut. 


For simplicity and illustrative purpose, only an infinite region with a cir- 


cular hole has been considered. The discussion deals with the singular point and the 
uniqueness of the general solution 


Introduction 


Ss plane theory of elasticity has found wide applica- 
tion in many engineering problems, for which the problem of 
multiple-valued displacements has attained new significance. Its 
treatment, found in a number of elasticity textbooks, is based on 
the concept of the dislocation theory as introduced by Volterra 
{10}.!. In Volterra’s theory, the dislocation cut connects two 
closed boundary curves. After rigid displacement, the two edges 
are joined again, resulting in a discontinuous displacement along 
the dislocation cut, while the stress components are continuous 
This type of analysis does not apply to a certain class of problem 
when there is a dislocation cut which initiates from a boundary 
and ends in the material. A more recent theory, permitting elastic 
deformation of both edges before joining, and relaxing the stress- 
continuity condition across the dislocation cut [2], introduces an 
elastic-dislocation concept. Thus it overcomes this restriction 
on the Volterra-type dislocation problem. The present paper, 
through the use of complex-variable representation, generalizes 
the application of the elastic-dislocation theory. It explores the 
Airy stress function of a doubly connected region with an arbi- 
trary dislocation cut, which in the sequel is referred to as the 
cut. 


' Numbers in brackets designate References at end of paper. 
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Preliminary Study of Basic Concepts 
Plane Elastic Theory. The differential equation for the complex 

Airy stress function U(z, 2) is 
ou 


= ( 1) 
02702? 


where the complex variable z = z + iy, andé = z 
Since the Airy stress function is real, the most general 


iy its con- 
jugate. 
solution of (1) is 


2U = £,(z) + 26,(2z) + ¢2(z) + ¢X(2) 2) 


Expression (2) was derived by E. Goursat. For a lengthier but 
more elegant treatmont, une is referred to Muskhelishvili [3). 
The Kolosov formulas for the stress and the displacement com- 


ponents are 
¢,+o,= 2[¢,(z) + ¢;'(z)] = 4R\¢,'(z)] 
O, — F, + it, = 2e"(z) + o2"(z)] 
2u(u, + tu,) = Kp,(z) — 2g,'(2) — ¢2"(z) 


where 


Pe Lita) 


¥1 , 
>» Grlz)= 


Gi" (z) = de 


1 “(z) = 
The normal and tangential components of displacement and 
stress for any direction, plus the polar form of the latter are cor- 
respondingly as follows [11, 3]: 


— iT, = ¢,'(z) 


-— >) 


gc. Te = ©; (2 


a 


2u(u, + tu, de 





Nomenclature 


. normal stress on plane with normal , 
Fo shearing stress on plane with normal , 
stress components in Cartesian co-ordinates 


Ox, Fy Tey 
stress components in polar co-ordinates 


o,, Fo, Tr 
U,, U 


z 


¥ 
nates 

displacement components normal and tangent 
to dislocation curve, respectively 

Airy stress function 

functions of z in Airy stress function 

Lamé’s constants 

constant, dislocation of cut at inner boundary 

stress discontinuity along cut 


Uny Uy 


U(z, 2) 
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displacement components in Cartesian co-ordi- 


= dislocation, or displacement dis- 


u™ — um 
continuity along cut 


Poisson's ratio 


constant, kK = in plane-stress and x = 


l 

3 — 4v in plane-strain case 
a angle between z-axis and tangent to cut 
an arbitrary point on cut 
indicating real part of a function 
indicating imaginary part of a function 
multiple-valued portion of a function 
single-valued portion of a function 


2 = Lo + tH 
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Dislocction Theory. ‘To every point on the cut correspond two 
coincident points belonging to the two faces of the curve. One or 
both of the components of displacement of the coincident points 
are allowed to take on different values. In other words, the two 
coincident points are subject to displacements relative to each 
other and to be called in the sequel dislocations. At the terminus, 
the end point of the cut, the dislocation is zero, while at its inner- 
boundary end, the dislocation could be some arbitrary value. 
The normal and shearing-stress components on the tangent to the 
cut must be continuous by Newton’s third law. By specifying 
sides of the cut as positive and negative, the dislocation and 
stress-continuity conditions may be given the form: 


- =O 
- of at the terminus (—c, 0), (5) 


inner-boundary end, (6) 


+ —- = 

era? Fe ol along the cut (7) 

* -T, = f 
The dislocation condition along the cut can be some function of 
the radial distance. 

Boundary Conditi The boundary-value problem under con- 
sideration is of the mixed type. On both the inner and the outer 
boundaries the stresses are specified; while along the cut, the 
displacements are given. Points along the cut excluded to 
preserve single-valuedness in the region. To study the effect of 
the presence of a cut, it is sufficient to discuss the case of no ex- 
ternal loading, for which 





go, = T, = 0, on both boundaries (8) 


Derivation of Method 


Nature of Stress Function. It is sufficient here to consider only 
one cut in the region, which lies in the complex plane. Let the 
inner boundary encircle the origin, and the terminus of the cut be 
the point (—c, 0). The shape of the cut is some arbitrary curve 
connecting the terminus and a point ae“! on the inner boundary. 

The basic concept of the dislocation theory, by which the dis- 
placement components and some stress components take on 
different values upon approaching a point on the cut from dif- 
ferent sides, implies that the displacement components and some 
stress components are multiple-valued in nature. This type of 
displacement and stress components can only result from a stress 
function which is a linear combination of both multiple and single- 
valued terms. The logarithmic function will be chosen as the 
form of the multiple-valued term. Again, from physical condi- 
tions, the stress and the displacements are discontinuous only 
along the cut, but single-valued elsewhere. To satisfy this re- 
quirement, the multiple-valued terms in the equations have to 
contain two branch points such that the branch cut, connecting 
the two, falls along the cut but nowhere else in the region. One of 
the branch points has to be at the terminus of the cut; the other 
can be anywhere in the closed region bounded by the inner 
boundary. For convenience and mathematical simplicity, this 
branch point will be chosen at the origin. The multiple-valued 
factor in the term is then log (z + c)/z, and the stress functions, 
expressed in the linear combination of the multiple-valued and 
single-valued terms, are, in general, of the form: 


ates oo. dtchbee 
r4 


¢2(z) 


B(z) log +5 + Diz) 
2 
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where A(z), B(z), and C(z) are single-valued and analytic in the 
region. Recalling the fact that ¢2(z) occurs in the displacement 
and the stress equations only in the form of its derivatives (3), 
(4), the function D(z) is subjected to a less restrictive condition. 
For higher derivatives of those functions, complex-variable 
theory conveniently states that all derivatives of an analytic 
function are analytic. The singularity introduced by the term 
log (z + c) at the point (—c, 0) is removed by the condition 


A(—c, 0) = B(—c,0) = 0 (11) 


Method for Determining Multiple-Valued Terms. Inasmuch as only 
the multiple-valued terms are affected at the cut, the conditions 
prevailing at the cut are sufficient to determine the multiple- 
valued terms of the stress function. The displacement equation 
in (4), combined with the definition of the tangential and the nor- 
mal components of dislocation, yield 


Qu(u,’ + iu,’e* = —QwilwA(2o) + A(z) + B"(z)], (12) 


where Zz is an arbitrary point on the cut. This equation is to be 
solved subject to the boundary conditions (7) and (8). Equations 
(4) and (7> yield 


A'(%) — A'(z) + [%A"(20.) + BY(z)le®* = 0 (13) 
The analytic functions A(z) and B(z) in equation (16) may be 
written in the form of Laurent series, such that 


A(z) = > (R,, + i8,)2" (14) 


B(z) = y Be (P,, + iQ,)z"*1 (15) 


Method for Determining Single-Valued Terms. The expressions for 
¢i(z) and ¢.(z) are complete with the determination of the single- 
valued function C(z) and D’(z). After the solution for D’(z) the 
function D(z) may be considered known since there is only a con- 
stant of integration undetermined in the stress function. As long 
as the constant does not affect the displacements and stresses, it 
may well be neglected. Next, the functions C(z) and D’(z) will 
be written in the form of Laurent series, such that 


C(z) = >> (Ka + iL,)en* 


D(z) = >> (M, + iN,)2"— 


The single-valued part of the stress equation in (4) can thus be 
expressed in the form of series. To facilitate the mathematical 
manipulation, the polar form of the series will be used. Thus by 
a change of limit, there results: 


(a, — it)av = 2Ko + r~*Mo + (2rK; + 2r-*M-,) cos 6 
aad [—(n — 2)(n + 1)r*K,, — (n — 1)(n + 2)r*K-, 
x 


— (n — 1)r*-°M,, + (n + 1)r-*9M_,] cos nb + (—2rL, 


+ 2r-8N_,) sin 9 + 7. [(n + 1)(n — 2)e"L, — (n — 1)(n 
2 


+ 2)r-"Lin + (n — 1)r®-?N,, + (n + 1)r7@*N_,] sin nO 


@ 


+i 1 ,-1N, + (—2rl, + 2r~8N-;) cos 0 + >. {[—n(n 
2 
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+ 1)r*L, — n(n — 1)r*L_, — (n — 1)r®-?N, + (n 


+ 1)r-*2)N_,] cos n? + (—2rK, — 2r-*M-,) sin 0 
+ 2 [—n(n + 1)r*K, + n(n — 1)r-*K-, 
— (n — 1)r*-*M, — (n + 1)r-**”M_,] sin nol (17) 


The multiple-valued part of the expressions for the stress must 
be added to (17). Together with the boundary condition (8) the 
constants K, L, M, and N can be determined by expanding the 
multiple-valued terms in Fourier series and comparing correspond- 
ing sine and cosine terms. 


Application 

For the problems by which the foregoing work will be demon- 
strated, the inner boundary is a circle with center at the origin. 
The outer boundary is at infinity. 

Solution of Multiple-Valued Terms. The two classes of cuts to be 
illustrated are a straight cut and a logarithmic cut; the governing 
equations are, respectively, 

(to + c) tan a = Yo (18) 


6 = © + tan B-log(ro/c) (19) 


Case I. A Class of Straight Cuts Joining (—c, 0) and an Arbi- 
trary Given Point on the Inner Circumference: (a cos 6,, a sin 6,) 
(Fig. 1). It is seen from Fig. 1 the angle @ is a constant. If the 
dislocation relation along the cut is linear, the expressions for 
A(z) and B(z), obtained from equation (12) are 

A(z) = (Ro + i8&) + (R; + iS8))z (20) 
Biz) = (P-; + 1Q-1) + (Po + iQo)z + (Pi + 1Q,)2* 

It follows from (11) and (13) that 
(P_., — Poc — S,c* sin 2a) + (QO. — Qe — S,c*? cos 2a) = 0, 
A(z) = (R, + 18, )(z + ¢) 
Biz) = (P_, + 1Q-:)+ (Po + 1Q)z — (sin 2a + 1 cos 2a)S,2* 


(21) 


By (12), these values of A(z) and B(z) lead to 
u,/ = —}(KRyc + Po) + [(k + 1)R, — 2S, sin 2a}zo — (x 


rr. 
— 1 — 2 cos 2a)S,yo} — sina 


+ }(xSjc — Qo) + (x — 1 + 2 cos 2a)S, 2 


a T 
+ [(x + 1)R; + 28, sin 2a]yo} — cosa, (22) 
LM 


u,’ = —{(«R\c + Po) + (x + 1)R, — 2S, sin 2a}xo 
— (x — 1 — 2 cos 2a)S,y} Tosa 
m 
— {(KS,c — Qo) + (xk — 1 + 2 cos 2a)Six 


+ [(x + 1)R, + 2S, sin 2a]yo} = sind, (23) 
where z» and y are the Cartesian co-ordinates of an arbitrary 
point z on the cut. 

(a) Wedge-Shaped Dislocation Cut (Fig. 2). In this type of 
problem, the dislocation of coincident points is normal to the 
cut. The dislocation conditions then are 


u,’ = 0 
u,'(—c,0) = 0 
u,’ (a cos 0, a sin 0,) = 6, = negative constant 
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The negative normal dislocation is prescribed to avoid any 
case of interference. Equations (21), (22), and (23) yield the 
complete solutions for A(z) and B(z): 


A(z) = A(z + c) 
B(z) = Ajc(z + c) 
where 


A; = pb:/4(x + 1)(c? + a? + 2ca cos 6,)'/* 


(b) Faces of Cut Slipped With Respect to One Another (Fig. 3). 
For this dislocation condition, the relative displacement of coinci- 
dent points is tangential to the cut. The dislocation conditions 
thus are 

u,’ = 0 


Be 
= 


Fig. 1 
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u,’ (—c, 0) = 0 
u,'(a cos 0, a sin 0,) = 6, 


Equations (21), (22), and (23) follow the expressions for A(z) and 
B(z): 
iA.(z + c) 


iAse(z + c) — iAr(z + c)%e~ 2, 


A(z) = 
B(z) 
where 
2 = po,/m(k + 1)[a cos (a — 6,) + ¢ cos a) 

(c) General Linear Dislocation. The solution for this type of 
dislocation problem will simply be the combination of the two 
special cases as discussed in (a) and (b), resulting in 
(A, + tAr)(z + ©), 

(A, + iAs)e(z + c) — iAx(z + 


A(z) = 


B(z) 


cyte i2a 


Case II. The Logarithmic Spiral Cut Through ( —c, 0) (Fig. 4). 
The logarithmic spiral cut has been selected as an example be- 
cause of its possible application to problems of thick-walled cylin- 
ders subject to internal pressure. After yielding has occurred, 
the Liiders’ lines in the cross section resemble closely logarithmic 
Assuming the dislocation to have the form that 


= Krne—* + K’e-*@, 


spirals. 
u,’ + tu,’ 
the expressions for A(z) and B(z) are 


(Ro + iSo) + (Ri + i8;)z 
(P-, + iQ-;) + (Po + 2Q)o )z 


A(z) 
B(z) = 


The dislocation conditions are 


u,/(—e, 0) = u,(—c, 0) = 0 


u,'(rr7 =a) =& =a negative constant 


n 


Together with equations (11) and (13), the solutions are 


= Ax(z + c) 
A;e(z + ce) 


A(z) 


B(z) = 


where 
A; = wb:/m(Kk + vf =< cos 8 + ¢ cos (8 + tan B - log ms } 
c 


while the dislocation equations are 


(24) 


a cos B — c cos 


ro sin B — csin (6+ + tan B-log *) 


8B + tan B-log *) 
c 








Fig. 4 
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mr) cos 8B — c cos (6 + tan B- log *) 
c 


u,’ - 6: oF 5 


a cos 8B — ¢ cos (6 + tan B-log *) 
c 


The foregoing solutions, in a condition closely resembling the 
Liiders’ line of the thick-walled cylinder problem with 8 = 45 deg, 
are expressed as 


T 
ro — V2cs8in | — + log 
u,’ => 6b 


a 
a" log 
c 
( rr ) 
- 2c sin ‘4 
Vv 4 og 
( , a 
; og : 


Single-Valued Terms in the Cases Under Consideration. Let 
the expressions for A(z) and B(z) be 


_ V/2 ¢ sin 


‘2 ¢ sin 


= (7 + iV\z +c) 
= (7 + iV)e(z +c) — iV(z + c)*e7*™ 


A(z) 
B(z) 


where 7’, V, and a are real constants. a in the second of equa- 
tions (27) has the value (r + g )), where gd, is the angle 
included between the + z-axis and the line connecting two end 
points of the cut (—c, 0) and (a cos 6,, asin 6,). By giving T or V 
different values, the formulas (27) can be made to call all three 
of the foregoing problems. The multiple-valued portion of the 
stress-component equation, by virtue of the expressions for A(z) 
and B(z) in (27), is as follows: 


- z¢+ec c 
(co, — iT4#)mv = 28 [7 + i) (10 ~ ) 
— (T + iV)c? E 


+ iveW imo 2 log «— 


The complete expression for the stress components is 


o, — iT4@ = (0, — iT )ev + (OC, — 176) mv 

The multiple-valued terms can also be expanded into infinite 
trigonometrical series (in the inner circumference, between the 
limits [(0, — 27) < @ < @,]. When the constants in the single- 
valued portion are determined, the general form of the stress 
function for the classes of dislocation problems considered is then 


as follows: 
z+ 
(T + iV\z + c) log 


a 
, 
+ > (K,, + iL,)z"*! 


z+ec 


Zz 


\f 2"*-"dz 


t, 7 . ‘ é a, ) 
(T + iV)e(z +c) — iV(z + )*e"™|) log 


- > (M, + iN, 


as solved for a traction-free case, are 
N; = K, = 
M,=WN 
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The constants, 


No = Ko = K, =l, = K: =i, = M: = 





— 1 — 2 log “) + V2" — 6) 
a 


2Qc*" . 
(2.0 + ) sin 6, + 2c? sin 20, / 
a 


- ( 


a* + 2ca cos 0, + c? 


y (c? + */,a*) sin 6, + °/:ca sin 20, +"/sc* sin sat 
= a? + 2ca cos 6 + c? 


a 


a? 
: + */ca + + (7/;a2 + 3c?) cos 6, + 5/:ca cos 20, 
a 


9 


a? + 2ca cos 6, + c? 


: c 
— _ ) +V sin 26, + (2 log ) si 2a 
2 a 


— 2(7 — 8,) cos 20s | ; 


) +V [* ; sin 20, + 2 (: 12 cos 46, 


j 2a? 
M., = on T Se —- 1 


se ; ' 
+ log ) sin 2a) — 27 — 6 + '/12 sin 46;) cos 2a, 
a 


L-. ~a'v| —cos 20, — 2(9r — @,) sin 2a 


c 
- (2 tog ) cos 2a + '/2 — 
a 


a? 
2c? 
N..=atV [ —?/; cos 20, — 27 6, — "/y sin 46,) sin 2a 


6 log - ? 2 as" 
+ 21 '/:2 cos 4 - log cos 2a + ;> 
af” Be? 


K.,-0{r|! 


n 


V 
J [oa 


2 : : 2 sin 2a a 
sin n@, + (—1)"*! 
(n — 1hn — 2)\c 


n(n — 1) 
n < a\" 
- )( ) (—i1y 
n-+1 a*/\c 


: sin (n — 20, + 2a) — 


sin (n — 26, + 2a) 


9 
(n + 1)(n + 2) 
) 
sin n, 
n+l 


sin (n + 20, — 2a) + 


‘ sin 2a, 


a 
n—-2 \e 


cos (n — 26, + 2ae) 


+ 2(—1)** 


7 2 


iw (n — 1\n — 2) 


2 a\"; 1 
_ cos n@, + (—1)** 
n(n — 1) c n 


2 cos 2a +n 


7 (n —1)n —2 
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; 008 (n — 20, + 2ay) 


cos n@; 


+ s cos (n + 26, — 2a) — 
(n + 1)(n + 2) n+1 


( yee (4 (— 2 cos 2a +n — 2 c? 
+ } Cc n + l ag 2 at 


The result is applied for a sliding-face radial cut in an infinite 
plate. Fig. 5 indicates the distribution of the circumferential 
stress along the circular hole and the shearing stress along the 
cut, when the length of cut reaches one radial distance. The 


+ 1/,c? cos 30, 


maximum circumferential stress is approximately [9 X 10%6/a)] 
psi for steel, where 6/a is the dislocation-radius ratio at the hole 
end of the cut. The shearing stress at the hole end of the cut is 
approximately [7.5 < 10°(6/a)] psi for steel, while at the terminus 
end it diverges, indicating high stress concentration. 


Behavior of the Terminus Point. The stress and the displacement- 
component equations contain a term, log (z + c), which is singu- 
lar at the terminus (—c, 0). It is of interest to investigate the 
nature of the singularity at the particular point (—c, 0). A con- 
centrated force or a couple at the point will introduce a strain 
energy of some finite magnitude in an arbitrarily small neighbor- 
hood of (—c, 0). Consequently, if the strain energy in 
the e-neighborhood of (—c, 0) approaches an infinitesimal value, 
the stressed condition at (—c, 0) is at least less than the order of 
a concentrated loading. 

When the expressions in (28) are substituted into equations (4), 
it is observed that the displacement components are finite, while 
the stress components become infinite like 


lim 
e— 0 log « 


The strain energy in the neighborhood of ( —c ,0) is 


2J = f. (¢,u, + T,u,)ds, 


max (¢,,7,) = K lim +c), 


apa log (z 


i960 / 427 


SEPTEMBER 





DISLOCATION CUT 7 


Fig. 7 


(u,,, U,) are finite, and C is the closed path about (—c, 0) shown in 
Fig. 6. Without loss of generality we may let €, be some finite 
multiple of €. Whereupon 


lim lim 
~ (Fpl, + TU, )ds < K’'ea—~0 
€é 0 


log (z + c) f. ds | 
4-0 
€: > 0 
= K’ i €: log & | = 0 

é-—> ie . 

The strain energy is infinitesimal in the neighborhood ef ( —c, 
0). Thus the solutions at that point are not the results of any 
concentrated loading. This type of stress-concentration has been 
explained by the experimental studies of Liiders’ band in the 
works of Steele and Taira [5, 8]. 

Uniq of Soluti For the proof of uniqueness of solution, 
the method of mathematical contradiction is employed. Hypo- 
thetically it is assumed that there exists a second set of solutions 
different from the first but satisfying the same differential equa- 
tion and boundary conditions, in which the stress is prescribed 
on C, while the displacement is given on C,. C, and C, together 
constitute the complete boundary, C, of the region. 

The difference of the two solutions should satisfy the same 
linear homogeneous equation with undisturbed boundary condi- 
tion. By undisturbed, it means that the prescribed stress on C, 
and displacement on C; are identically zero. Along the cut, both 
the displacement and stress components are single-valued for the 
difference solution. Indicating the set of difference solutions by 
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a superscript of an asterisk symbol, its strain-energy expression is 
2J* = f. (o,,*u,* + T,*u,*)ds 


With reference to Fig. 7, it is seen that the integrand is zero 
identically on Cy and C,. Single-valuedness of the integrand 
cancels line integrations along A-B and B-A, as well as along the 
positive and the negative sides of the cut. Line integration along 
the semicircular path, s, about the branch point also vanishes, 
as the radius of the semicircle approaches infinitesimal value. The 
proof is as follows: 

lim 


—_ 


* Hi... 
max (¢,,*, T,*) K. o oe € 


u,”* and u,* are finite, 


lim 


l(o,*u,* + T,*u,*) | g en | log € | 


It follows then 


lim 


| 
. * 
Scotus + 12°u,*)de! & . Lg 


K’ | log e||me| =0 


The strain-energy expression vanishes accordingly. Following 
the Kirchhoff proof, the difference between two sets of solutions 
is identically zero. Since it contradicts the hypothesis, there is 
only one possible solution, which, if it exists, is unique. 

By a simple rotation of the complex plane, the terminus can be 
located at any point z;. Any number of cuts is permissible through 
superposition of the multiple-valued terms, provided that there 
is no cross path of cuts. 
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The Effect of Pressure on the Bending 
Characteristics of an Actuator System’ 


The effect of internal or external pressure on the bending of a cantilevered bellows, the 
movable end of czhich is permitted only to rotate about a fixed point on the longitudinal 
axis of the beam, is investigated. It is found that the bending characteristics of the sys- 
tem vary considerably with changes in pressure and pivot-point location and that in- 


stability of the system may occur 


The experimental results given tend to confirm the 


behavior predicted by the theory. 


Introduction 


a fact that internal pressure may under certain 
circumstances contribute to or be the sole cause of buckling of 
cylindrical shells has appeared several times in the literature, 
implicitly or explicitly; but apparently it has not made much of 
an impression upon workers in the field. A system of equations 
capable of predicting the effect appeared in 1924 in the book, 
“Applied Elasticity,’’ by J. Prescott [1]? and again in 1932 in a 
paper by K. von Sanden and F. Télke [2]. The phenomenon was 
apparently overlooked, however, since the authors were pri- 
marily interested in the buckling of shells under external pressure 
Specific notice was taken of the phenomenon in 1932 when W. 
Fliigge presented his set of equations for the elastic stability of 
cylindrical shells [3] and deduced its existence. For the next 20 
years or so the phenomenon appears to have been forgotten until 
the actual occurrence of buckling in various structures stimulated 
its re-examination [4, 5]. 

The theoretical results for simply supported circular cylinders 
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presented by the foregoing authors agree when the cylinder is 
relatively long (length greater than about 30 radii). For this 
ease, buckling occurs when the end-plate reactions are equal to 
the axial buckling load of the cylinder considered as a simply 
supported Euler column, provided that the end plates sealing the 
cylinder are free to rotate but are held against translation in such 
a way that the cylinder walls are unloaded axially. We may re- 
interpret this result as implying that internal pressure has little 
or no effect on the Euler buckling load of the cylinder so that the 
end result is the same as if the cylinder were closed at the ends 
and allowed to stretch, then loaded axially with a force equal to 
the Euler buckling load. The associated mode of buckling is 
similar to that of a simply supported Euler column, since there is 
little distortion of the shape of the cross sections, plane sections 
perpendicular to the neutral axis prior to buckling remain plane 
and practically perpendicular to the neutral axis after buckling, 
and the neutral axis assumes the shape of a half-sine wave. 

For shorter cylinders the results of references [1-3] do not agree 
at all. If we neglect higher-order terms in the various stability 
criteria, which are of little consequence except for extremely short 
cylinders, we find that Prescott’s results indicate no change in 
the buckling pressure as compared to that predicted on the basis 
of beam theory, and that von Sanden’s and Télke’s results indi- 
cate a considerable increase in the buckling pressure, while 
Fliigge’s results indicate a considerable decrease in the pressure. 
Beam theory, which assumes no distortion of the cross sections 
of the cylinder and thus deals with a stiffer structure, should 
yield an upper bound to the buckling pressure. We may there- 
fore conclude that von Sanden’s and Télke’s results, being higher 
than beam theory indicates, are incorrect. This is probably due 
to limitations in their theory. Since Fliigge’s theory appears to 
be quite accurate we may further conclude that the decrease in 





Nomenclature— 


A = cross-sectional area of equivalent beam, sq in. 
A, B,, C1, D 
Siu fo, Iu, So 


constants in deflection function 

functions of u or a defining relationship be- 
tween actuator moment and angular rota- 
tion of actuator arm 

ks ratio of applied axial load and axial movement 
of one end of unpressurized bellows with re- 
spect to the other, Ib/in. 

ratio of applied end moment and rotation of 
one end of unpressurized bellows with re- 
spect to the other, in-lb/radian 

length of bellows, in. 

moment in equivalent beam, in-lb 

actuator moment, in-lb 

axial force induced by beam bending, lb 
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= pressure, assumed positive when internal, psi 
= buckling pressure of clamped bellows (49*k,/- 
AL), psi 
mean radius of bellows cross sections, in 
(qgA + P)L/ke, used when gA + P is positive 
—(qA + P)L/ke, used when gA + P is nega- 
tive 
shear force in equivalent beam, Ib 
distance along bellows, in. 
distance of pivot point from movable end of 
bellows, in. 
deflection of equivalent beam, in. 
rotation of actuator arm, radians 


L @ 


R 2m 


[?/( kb /kO)|'/* L z 
2n 


SEPTEMBER 1960 





buckling pressure due to short cylinder length may be significant. 

It is not surprising that the phenomenon has escaped attention 
for so long, since large lengths and/or high pressures are required 
for buckling to occur. Fliigge shows that, for the stresses to re- 
main elastic, the length must be at least 50 cylinder radii, and 
cylinders of these dimensions are rare.* With cylinders of more 
usual dimensions, it is likely that bursting would occur rather than 
buckling. There are other structures, however, for which buck- 
ling and increase in deflections due to internal pressure may 
be serious problems. Haringx [6] has shown that, for bellows 
subjected to internal pressure, buckling can take place with 
reasonable lengths and pressures, even when the ends are clamped 

ather than simply supported. This is directly attributable to the 

decreased flexural stiffness of the bellows as compared to a circular 
cylinder having the same average radius, length, and material 
thickness. Furthermore, Haringx’s experimental result indicates 
that an an > Wf the buckling of the bellows based on beam 
theory may '~ .dequate for length-radius ratios considerably 
lower than the validity limit for a cylinder (the ratio for the test 
was 9.5). Since the circumferential flexural and extensional 
stiffnesses of a bellows are much larger than the corresponding 
meridional stiffnesses, it seems reasonable to expect the beam- 
theory assumption of undistorted cross sections to be more ac- 
curate for short bellows than for short cylinders. 

In view of the possibility of bellows buckling in an Euler 
column mode under internal pressure, it is evident that the effect 
of pressurization should be taken into account in any application 
in which the bellows is completely or partially unloaded in the 
axial direction. In the present paper we deal with a cantilevered 
bellows, the movable end of which is clamped to a rigid plate con- 
strained by a rigid arm to rotate about a fixed point on the 
longitudinal axis of the bellows, Fig. l(a). The effect of pressure 
and pivot-point location of the spring characteristics of the system 
is investigated. Variations in the pressure and pivot location 
are shown to cause significant changes in the characteristics of 
the system which affect the bellows design to a considerable ex- 
tent. It is found that under internal pressure the system can be- 
come unstable for any location of the pivot point and under ex- 
ternal pressure when the pivot point lies between the ends of the 
bellows. 

Experimental results are given for two bellows, one internally 
pressurized and the other under external pressure. The com- 
parison between theory and experiment is quite good for the 
bellows under external pressure, but poor for the other. A possible 
explanation of the poor agreement is given and the need for fur- 
ther testing is pointed out. 


Theory 


Although the particular bellows to which the following theory 
is to be applied are relatively short, on the basis of the preceding 
discussion we shall assume that they are adequately represented 
by uniform cylindrical beams of rigid circular cross section. The 
equivalent cross-section radius is assumed to be given by the 
mean of the inner and outer radii of the convolutions of the bel- 
lows. The axial stiffness of the beam is denoted by ksl, where 
ks is the ratio of an axial load and the resulting axial movement 
of one end with respect to the other; the bending stiffness is 
denoted by kel, where kg is the ratio of an applied end moment 
and the resulting rotation of one end with respect to the other. 
The calculation of ks and/or kg is beyond the scope of the present 
paper; it is assumed that these quantities are obtained for the 
unpressurized beam either by some method of calculation or by 


direct measurement. Shear deformations are neglected, since 


* Haringx [4] mentions that in March, 1951, the buckling of drill 
pipes under internal pressure was discussed at the Spring Meeting of 
the Southwestern District, Division of Production, American Petro- 
leum Institute. 
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V+dv 


(b) Forces and moments acting on eler 


(c) Pressure force acting on beam element 


Fig. 1 Notation for bellows-actuator problem 


the shear stiffness is usually quite large compared to the bending 
stiffness. 

It is assumed that pressure does not induce any axial force in 
the beam walls. When the actuator arm is rotated, however, the 
rigid end plate transmits a bending moment, a shear force, and 
a normal force to the beam. We shall assume that the force P 
normal to any cross section in the beam remains constant along 
the length of the beam. With the notation as shown in Fig. 1(6), 
the equations of equilibrium for an element for small deformations, 
are 
dM 
dx 


(la) 


dV d? 


y 
— —(gA + P) — =0 1b)¢ 
* (qA + a (1b) 


and the moment-curvature relationship is given by 


d*y 

M = —keL — 

. dz? 

These can be combined to yield a single equation for the beam de- 
flection, 


(1c) 


d‘y 


Sy 4 TE Se 
dx* 


keL dz? 

4 Since the pressure g has been shown in Fig. 1(b) to be acting on the 
entire cross-sectional area of the beam, it might be thought that 
the presence of some longitudinal core within the bellows would 
reduce the area to be used in deriving equation (1b). However, the 
derivation has been based on the pressure forces shown in Fig. 1(b) only 
for convenience; the resultant normal pressure force acting on the 
beam element actually comes from expansion and contraction of 
the beam fibers when bending occurs and can be derived as follows, 
Fig. 1(c): 

Net Pressure Force in y-direction = gds feds’ cos ¢ 

2 
otatsa «© a.m: -etsle 
p p dz? 


Thus equation (1b) is" valid as long as the bellows walls are directly 
acted upon by fluid pressure. 
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which is readily solved to yield the force P and the pressure g are normal to the end of the 
beam and thus produce no moment about the pivot point. On 
y=A,+ B, - + C, sin a f D, cos -~ substituting equations (1) and (5) into equation (9), we obtain 

y L L L 


M. z : 
The boundary conditions to be satisfied are as follows: ; - = fu) + ( L =,‘ .) Su (10) 
z) od / 


where 


1 — '/u? — u cot u 


u 
tan 


- 


Substitution of equation (3a) into equations (4) and solution for 
the constants then yields the following expression for the deflec- 
tion function: 


jx, ux ) ‘ ( ux uz 

) L E — cos u) (1 — cos L — sin u L — sin L )] 

Pe 1 — cos u (2 Oe 2.) ~ (1 . sin *) (: ace =i 
u L L u L/{ 


2(1 — cosu) — usinu 


There are, as yet, two unknown quantities to be determined; , ; 
i.e., the axial force P (or the parameter u) and the actuating : (115) 
moment required to produce the rotation. The former can be de- 
termined from the condition that the end of the beam moves hori- 
zontally an amount 


u 


» 


ee en ae f (2Y a ) : : = . ‘ a al 
» ks , q dz Equations (7) and (10) thus define the bending characteristics 
, of the bellows-actuator system, and yield a generally nonlinear 
relationship between the actuating moment and the resulting 
angular deflection when the parameter u is eliminated. 

It has been taken for granted in the preceding deviations that 
the quantity gA + P corresponds to a compressive force in the 
beam. For external pressure or for internal pressure when, for 
certain values of the pivot-point location the quantity @ is 
large, the quantity gA + P may correspond to a tensile force and 
thus be negative. For this case we replace u in the pertinent 
equations by 


sin u - 1 — cos u sin u 
/, (1 + 5 cos u) — cos u(l + cosu) | — 1 — —— + 2 coos u 
u u? u 


1 — cos u . s 
2 — — sin u 
' u 


On substituting equation (5) into equation (6), we obtain the 
following relationship for u as a function of g, z,/L, and the 
angular rotation @ of the actuator arm: 


u= Ww (12) 


(8a) 


to obtain in real form 
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@ = —— 


f(a) - ( - 


tls grey 4 (# "4) $40) (13¢) 
—_—— = u -_—_ au 
My = (Vz, — M)eot (9) ke L 


The moment required to be applied at the pivot point to ob- 
tain the desired angular deflection is given by 
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where 
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Results and Discussion 


It will be noted that the moment-angular rotation relationship 
given by equations (7) and (10) or (13) and (13c) is identical for 
beams with pivot points located the same distance on either side 
of the center of the beam. Instead of the problem presently 
under consideration, Fig. l(a), let us consider the equivalent 
problem of a beam with two rigid end plates connected by rigid 
arms to a fixed pivot point. It is then obvious that it is immaterial 
whether we hold the shorter arm and rotate the longer arm or 
hold the longer arm and rotate the shorter arm since the same 
actuator moment will be required to yield a given angular rota- 


Table 1(a) Values of the functions f;(u), fo(v), flv), flu) 
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tion of one end plate with respect to the other. The deflections of 
the one case will differ from the mirror image of the deflections 
of the other only by a rigid-body rotation. Indeed, from equa- 
tion (5), it can be shown that 


(1 ~ ale 
y z, rs 


~v (%, = word) + (L~2,~2)0 (15) 


uord 


It is therefore necessary only to treat values of z,/L from — © 
to 0.5 from 0.5 to + to cover the whole range from —- to 
+o. 

The functions f,, fo, fs, and f, which define the moment-angular 
rotation characteristics are tabulated in Tables 1(a), (6) for uvary- 
ing from 0 to 27 and @ varying from 0 to ~. It can be shown 
that the following relationships exist between the functions: 


df, u) 


du = 2uf,(a) 


(16a) 
dfu) 


(166) 
du 


—2uf(u) 
df(t) 


(16c) 
di 


— 2uf,( a) 


df(a) 


(16d) 
di 


= 2tife( a) 


The tabulated values of the functions f, to f, were used to ob- 
tain the curves of Figs. 2 and 3. In Fig. 2 are shown typical 
graphs of 6 versus u/2m” and a/2m for various values of the pres- 
sure ratio g/qg and for the pivot location ratio z,/L equal to 0.5, 
1.0 (or 0.0), and 1.5 (or —0.5). In Fig. 3 the variation of the 
“secant modulus’’ parameter Mo/k@ of the My versus 6-curves is 


Table 1(b) Values of the functions f,(u), f(u), frlv), 
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Fig. 2(a) 
Fig. 2(b) 
2(c) 


Fig. 


Fig. 3. Variation of equivalent “spring 
constant” of beam-actuator system with 
pivot-point location and the parameter vu 
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plotted as a function of z,/L and the parameters u/2m and @/2r. 
By using the curves of Figs. 2 and 3 in conjunction with each 
other, we may deduce the characteristics of pressurized bellows- 
actuator systems. 

Shape of M, Versus 6-Curves. For each value of z,/L between 
0 and 1 there exists a pressure ratio q/qg for which the value of 
u/2m or ai/2m remains constant as 6 increases, and thus for which 
the moment-angular rotation curve is linear. For this pressure 
there is no additional axial force P in the bellows. The relation 
between 2,/L, q/qg, and u/2m or @/2m is given by the condition 
that 6 as determined from equation (7) or (135) be indeterminate. 


Then 
2 
fi(u) - (=: =f :) fu) 


q 
de 5 2r 


For the same values of z,/LZ and u/2m or a/2m, the curves of 
M,/ke@ versus u/27 or &/27 reach their maximum values. From 
equations (10), (13c), and (16), if equations (17a) and (17) are 
satisfied, it follows that 


if 14 ) (3 yn ) 1 (2) 
U ” slic L 2 m u he. ke 
ae u 
a( ) 
2r 


(;*) 
d 
2r 
M, 
( ke ) 


= (0 (18a) 


d [ sa + (2 


- : ~—+ =0 


u 
ase. 
2r 2r 


(186) 


The values of z,/L and q/qz for which the bellows-actuator 
system is linear exist only when z,/L is between the values of 0 
and 1. For values of z,/Z greater than 1 or less than 0, the curves 
of M,/ke@ versus u/2mr or &/27 have no maximum and mono- 
tonically increase as u/2m decreases to 0 and @/27 increases from 
0, Fig. 3. 

If we now consider a bellows-actuator system with a given 
pivot-point location and values of q/gg other than the special 
value which we shall denote by (q¢/qz)iin, the variation of u/2m or 
a/2mr with increasing @ is such that, when q/qg is less than 
(¢/qde)iin, the parameter (u/2m)[2}* increases from q/gg and ap- 
proaches (q/qz)iin, While if g/qg is greater than (q/qz)1in, (u/2m)? 
decreases from ¢/qg to (q¢/qe)iin. Since we have shown that 
M,/ke@ increases as we approach the pressure ratio (q¢/qz)1ia from 
either side, we conclude that the My versus @-curve for given 
values of g/qg and z,/L is initially concave upward; that is, 
the bellows-actuator system behaves initially as a hardening 
spring. For z,/L between 0 and 1, the curve approaches the 
straight line for (q¢/qz)iin, while for other vaiues of z/L the 
curves are concave upward for all values of 6. 

Behavior for Small 6. It can be shown that the curves of 6 
versus u/2m or t/2m for various values of ¢/qg and z,/L are per- 
pendicular to the @ = 0 axis, except when g/qz = 0 for which the 
initial slope is given by 

* It will be remembered that (@/21r)? = —(u/2)*. We condense 
the description of the variation of u/2x and &/22 with @ by consid- 
ering the variation of (u/27)?*. 
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27 


and when g/qg = 1 for which the initial slope is0. Provided that 
q/@z is not near unity the quantities u/2r and #/2m do not vary 
very much from the 6 = 0 values of 


_ as @ increases within reasonable limits. Thus for small values of 


6, the M, versus 6-curves are linear for most pressure ratios with 
their slopes given by 


My | (2 ) 1 
‘ — fs 2x i - 
ke 5 de 
+ ( 
a[ae(- 2) °] 
qe 
(eC): 
+ ae ae : Is 2a _ 4 - <0 
L qe de 


Pressure ratios near zero may be included in this category since 
although u/2x or @/24 may vary significantly with 6, the value 
of M/ke@ does not in the range considered. We may conclude 
that for small values of 6 the additional force P in the bellows is 
negligible. 

The question arises, of course, as to the definition of “‘small’’ 
values of 6. Judging from the curves of Fig. 2, it is unfortunately 
apparent that a general definition must depend on the value of 
z,/L considered. However, if we restrict z,/L to the range 0 to 1, 
it seems reasonable to restrict the foregoing statements to 6- 
values of 


(21b) 


6) < 0.1 (22) 

To get some idea of the angles and bellows lengths to which this 
limitation on @ refers, we note that, if beam theory is assumed to 
be valid, an approximate relationship between kg and ks can be 
shown to be given by 


ke 
a ie 1/ Rk? 
ks : 


so that 


Sua = (24) 
R 2x 

Thus if we allow 8 to be as much as +12 deg, the value of L/R 
must be no more than about 3 for || to be less than 0.1. These 
values appear to be reasonable for contemplated bellows-actuator 
systems. It is interesting to note, however, that for long bellows 
the moment-rotation curve will be nonlinear at angles more 
usually associated with small deflections. 

Effect of Internal or External Pressure. Heretofore we have con- 
sidered the behavior of the bellows-actuator system when the 
pressure ratio is held constant and the end rotation is varied. 
When the end rotation is held constant and the pressure ratio 
is varied from zero, it can be seen from Fig. 3 that the initial be- 
havior is dependent on the pivot-point location. When z,/L is 
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Fig. 4 Variation of minimum critical pressure with pivot point location 
greater than '/, — +/5/6 but less than '/, + +/5/6, the effect of 
internal pressure is initially to increase the moment exerted on 
the actuator arm, and the effect of external pressure is to reduce 
For z,/L less than '/; — /5/6 or greater 
For all values of z,/L, 


the exerted moment. 
than '/, + +/5/6, the opposite is true 
however, as internal pressure increases, the exerted actuator mo- 
ment eventually decreases, actually goes through zero, and 
changes direction. The pressure at which the moment vanishes 
is highest for z,/L_ = 0.5 and decreases toward a limiting value as 
the pivot point moves from the center of the bellows. Under ex- 
ternal pressure the exerted actuator moment can change direction 
only when z,/L is between the values 0 and 1. The external pres- 
sure at which this occurs is lowest for z,/L = 0.5 and increases 
without limit as the pivot point moves toward either end of the 
bellows. For all other pivot-point locations, reversal of actuator- 
moment direction will not occur under external pressure. 
Minimum values of the critical pressure beyond which actua- 
tor-moment reversal occurs are given in Fig. 4. These values cor- 
respond to 6 = 0 and increase as 6 increases. For small values 
of 6, however, the variation in the critical pressure is negligible. 
instability of the System. So long as the actuator rotation is con- 
trolled, the “‘critical’’ pressures in Fig. 4 have no meaning except 
those at which the exerted actuator moment is very small. 
Larger internal or external pressures may be imposed provided 
the bellows strain does not become excessive as a result of changes 
in deflected shape, and the bellows does not burst because of in- 
ternal pressure or become unstable due to external pressure. 
When the moment rather than the angle of rotation is controlled, 
the significance of critical pressures changes. For this system of 
control, the bellows-actuator system can rotate spontaneously 
from a straight position with no exerted actuator moment when 
these pressures are reached. The angle of rotation can be con- 
siderable and might conceivably overstrain the bellows if per- 


* This instability has been obtained experimentally for a bellows 
under external pressure. 
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Fig. 5(a) © Schematic di of test setup for bending small! bellows 
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Fig. 5(b) Schematic diagram of test setup for bending large bellows 
under internal pressure 





mitted to occur unrestrained. When moment is applied to the 
actuator and the pressure is increased to values near the critical 
value, the rotation of the actuator and the end of the bellows will 
again become large. Thus when actuator-moment control rather 
than actuator-angle control is used, the situation is analogous to 
an Euler column with internal or external pressure taking the 
place of end load and with the actuator moment acting as a meas- 
ure of initial imperfection. 


Comparison of Theory and Experiment 

Experimental results for bellows-actuator systems of the type 
considered in the present paper are presented in reference [7]. 
Two bellows of multi-ply construction were tested: A small 
bellows subjected to external pressure and a large bellows sub- 
jected to internal pressure. The dimensions of the specimens are 
given in Table 2(a) and the test setups are shown schematically 
in Fig. 5. In these tests the angular rotation of the movable end 
of the bellows was varied continuously through the range +8 deg 
and the force exerted on the lever arms was measured and re- 
corded continuously for various values of internal or external 
pressure and two pivot locations, z,/L = 0.3 and 0.5. 

A typical set of test records is shown in Fig. 6 for the small 
bellows under external pressure, with the pivot point at the center 
of the span. It will be noted that each record of force versus 
angle exhibits a hysteresis loop that increases with the applied 
external pressure. This is attributed not to bearing friction (the 
coefficient of friction would have to be considerably higher than 
can reasonably be assumed) but to friction between the plies of 


Table 2(a) Bellows dimensions 
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13.67 
12.42 


Outside Diameter, in 4.75 
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Length, in | 3.23 
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Fig. 6 Force versus angular deflection for small bellows, x,/L = 0.5 
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Table 2(b) Test data 


1. Small Bellows 
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the bellows. The slope of the “‘straight’’ portions of the record 
for zero pressure is proportional to the value of kg for the bellows. 
The ratio of the slope of each succeeding record to that for the un- 
pressurized bellows is the value of Mo/ke# to be compared with 
the theoretically predicted value. It is interesting to note that 
the force-angle records qualitatively verify the predicted bellows 
behavior since the moment required to rotate the end of the 
bellows through a given angle, exclusive of the hysteresis effect, 
decreases with increasing external pressure and becomes negative 
after some critical pressure is reached. The buckling phe- 
nomenon was also noted during the tests; when the movable end 
of the bellows was permitted to rotate freely and the external 
pressure was increased, it was observed that spontaneous deflec- 
tion would occur when the pressure reached some particular 
value. 

The average values of the force-angle record slopes (converted 
to M,/6-values) for each pressure and pivot-point location are 
given in Table 2(6) for both the small and large bellows and are 
compared with theory in Figs. 7(a) and 7(b). The agreement be- 
tween theory and experiment for the small bellows under ex- 
ternal pressure is seen to be relatively good. For the large bellows 
under internal pressure, however, the agreement between theory 
and experiment is quite poor. Discrepancies between theory and 
experiment are believed to be due to the multi-ply construction 
of the bellows which introduces unknown, and possible varying, 
amounts of friction into the test results) We may conjecture 
that for the large bellows the main reason for the poor agreement 


? The value actually should be increased by an increment due to the 
weight of the end plate, actuator arm, and force lever arm. However, 
the effect of this increase would be insignificant; it has been estimated 
that the additional moment is 2 per cent or less of the moment re- 
quired to rotate an unpressurized bellows with the pivot point at the 
center of span. 


Journal of Applied Mechanics 


results from an increase in the stiffness of the pressurized bellows 
over the unpressurized bellows because of increased friction be- 
tween the plies. Thus it appears necessary for a conclusive test 
of the theory to use bellows for which the possibility of extraneous 
frictional effects is largely eliminated. In practice, this is also de- 
sirable since the forces necessary to control the bellows rotation 
are considerably increased by friction. 


Conclusion 


It has been shown that the moment required to produce a given 
angular rotation of the end of a bellows-actuator system can be 
reduced to a small value provided internal or external pressure 
and bellows stiffness can be regulated accurately. It should be 
emphasized that the actuator rotation rather than the moment 
must be controlled, since the angular motion of the actuator is 
extremely sensitive to pressure changes in the region of small 
moment-rotation curve slope. Indeed, for certain critical pres- 
sures which depend on the pivot-point location, the system may 
deflect through considerable angles with no applied moment. 

The theoretical results show that the sensitivity of moment 
to pressure near the critica! pressures is less pronounced for external 
pressure than for internal pressure. On the other hand, for pivot 
points near the center of the bellows span, the external critical 
pressure is less than the internal critical pressure. Therefore, 
given some working pressure, the use of an external-pressure sys- 
tem rather than an internal-pressure system would require either 
a higher bellows stiffness or a shift in the pivot-point location 
toward the ends of the bellows. 

Additional investigation is needed to determine how closely 
the small-deflection theory predicts results for large values of 
(large L/R, small @) and to determine the effects of short length 
for possible deviations from the theory. A major topic for in- 
vestigation is the prediction of ks and kg for given bellows con- 
volution shapes, since there is apparently little agreement be- 
tween the various methods available and insufficient experimental 
data for choosing between the various methods. 
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solutions. 


problem in elasticity can, however, be deduced from the elastic solution. 
example is presented, and the marked effect of viscoelastic behavior on the pressure 
distribution in the contact region is illustrated. 


The Contact Problem for Viscoelastic Bodies 


The contact problem in viscoelasticity is one in which different types of boundary condi- 
tions are prescribed depending on whether boundary points inside or outside the region 
of contact are considered. 
leads to a problem which cannot be treated directly by application of the Laplace trans- 
form, which has formed the tasis for most published viscoelastic stress-distribution 
It is shown that the solution of the viscoelastic counterpart of the Hertz 


Since, in general, the contact region varies with time, thts 


A particular 


The problem also illustrates the tenta- 


tive nature of the method of approach and the need for a separate confirmation of the 


solution. 


The solution is presented for general linear viscoelastic operators and 


offers the possibility of determining these from a contact test. 


I. RECENT years the development of the theory of 
linear viscoelasticity has led to the study of stress-distribution 
problems for viscoelastic materials [1].2_ These are represented 
mathematically by boundary-value problems which satisfy the 
following system of equations. The equations of equilibrium 

og 


—! = 9 (1) 
ox 


? 


where z, are Cartesian co-ordinates, o,; the stress, and in which 
the usual summation convention of the tensor suffix notation is 
assumed. Inertia forces are assumed to be negligible, and the 


problem is considered as quasistatic. The strain components are 


given in terms of the displacements by: 


Ou; Ou 
Sf, Beet aml 
abs (= + a) 


within the limitation of infinitesimal strain analysis to which the 
present discussion is confined. The stress-strain relations for 
linear isotropic viscoelasticity can be expressed in the form: 


Ps;; = Qe;; (3) 
P'o;; = Q’€;; (4) 
where 


85; = Oj; — /s0y0;; and e; = €; — /r€yd 


) ) 2) 


are the stress and strain deviators, respectively, and where P, Q 
and P’, Q’ are pairs of linear operators in the time variable. 
They may be the differential operators associated with the com- 
mon viscoelastic models of springs and dashpots, or the integral 
operators associated with the hereditary-function approach, or 
any of the other equivalent means of expressing viscoelastic be- 
havior [2, 3, 4]. 


1 The results presented in this paper were obtained in the course of 
research sponsored by the Office of Naval Research under Contract 
Nonr-562(10) with Brown University. 
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Boundary conditions take the form of prescribed surface trac- 
tion 7,(z,;, t) over the part S, of the surface S of the viscoelastic 
body under consideration, which must be compatible with the 
stress tensor at the surface according to: 


T; =o,n; on S, (5) 


where n, is the unit outward normal vector. Over the remainder, 
S:, of the surface, the displacement u,(z,, ¢) is prescribed. As in 
elasticity theory, it is also possible to demand certain combina- 
tions of traction component and displacement component at sur- 
face points, such as zero shear traction and prescribed normal 
displacement. Appropriate initial conditions are also required 
throughout the volume V of the viscoelastic body. 

A simple method of treatment of this system of equations, 
which encompasses most published solutions, is available if the 
regions S, and S; over which different types of boundary condi- 
tions are prescribed do not vary during the time under considera- 
tion, although the actual magnitudes of the prescribed quantities 
may vary arbitrarily. Application of the Laplace transform 
then removes the variable ¢, and the problem reduces to an elastic 
problem in the transformed variables [5]. When S,; and S; vary, 
this approach fails since the procedure does not determine definite 
boundary values for the associated elastic problem, since for some 
fixed points on the surface, neither the traction nor the displace- 
ment is known throughout the history of the problem, so that the 
transform of neither can be determined. 

Radok [6] has suggested that a broader range of problems can 
be treated, which fall outside the scope of the transform method, 
by taking a one-parameter family of solutions of the elastic 
problem in the parameter ¢, the time, with the same boundary 
conditions as the viscoelastic problem, and by replacing the elastic 
constants by appropriate viscoelastic operators in the expressions 
for stress components. These may then comprise tractable 
mathematical equations for evaluating the stress components for 
the viscoelastic body. This procedure is open to some question 
(7] since the manipulation of the elastic constants in the deter- 
mination of the elastic solution could involve procedures which 
are not valid for operators, or which lead to the introduction of 
new functions in the operator case. However, when such a solu- 
tion has been obtained it is often possible to change the initial 
formulation so that a direct transform attack is available to 
check the significance of the result. The contact problem de- 
tailed in the text which follows, the analogy to the Hertz problem 
in elasticity, falls into this category. In this case a valid visco- 
elastic solution is obtained as long as the contact area does not de- 
crease, but otherwise complications arise which invalidate the 


viscoelastic solution. Thus the contact problem provides a 
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cogent example both of the value of this method and of the pit- 
falls associated with it, in addition to its own intrinsic interest 
and to its potential value as a vehicle for a simple testing proce- 
dure for measuring viscoelastic properties. 


The Solution 


Fig. 1 shows configurations of a simple example of the contact 
problem at two instants. A smooth rigid sphere of radius R is 
pressed against the initially plane surface of a viscoelastic half- 
space. This particular problem is considered in detail in this 
paper, but as explained subsequently, the method provides the 
solution to more general contact problems. 

At the time ¢, the contact region is bounded by a circle of 
radius (1). Surface points at a radius from the axis of symmetry 
equal to r > I(t) are outside the contact area and the boundary 
condition is zero surface traction. For r < l(t) the normal surface 
displacement is prescribed by contact with the rigid indenter, 
and the tangential component of surface traction is zero because 
the indenter is smooth. As the indentation proceeds and the 
radius of the contact region increases, a point such as A in Fig. 1 
changes from one type of boundary prescription to the other, so 
that the transform method cannot be used directly to supply 
either the transform of the normal surface traction or of the nor- 
mal displacement for the associated elastic problem. 

The Hertz solution [8] for a member of the corresponding 
family of elastic problems as ¢ varies, gives the normal contact 
pressure, p(r, ¢), in terms of the shear modulus G and Poisson’s 
ratio v of the elastic half space according to the relation: 


4 G 
wRi-yp 


p(r,t) = Re [l(t)? — r?]'/ (6) 


where Re indicates the real part. This solution is based on quasi- 
static analysis, so that the time ¢ appears only as a parameter 
prescribing the current radius of contact ((t). Equations (1), 
(2), (3), and (4) with P, Q, P’, and Q’ replaced by the correspond 
ing elastic constants do not contain ¢ explicitly, and so the solution 
at any time ¢ depends on the instantaneous values of the boundary 
conditions, and not on the history of the process. 

Equation (6) appears to be an appropriate form of the elastic 
solution in which to substitute viscoelastic operators in place of 
the elastic constants, since the surface traction appears linearly 
as do stress components in the basic system of equations, non- 
linearity occurring only in the geometry of the boundary condi- 
tions. For simplicity the case of an incompressible material is 
considered, vy = 1/2, although this is not a necessary restriction. 
G is replaced by Q/2P according to (3). Thus a tentative rela- 
tion for the determination of the pressure distribution associated 
with the indentation of a smooth rigid sphere on an incompressi- 
ble viscoelastic half space is 


ee 
P{p(r, t)] = R Qif(r, 0) 


where 
S(r, t) = Re[l(i)? — r*)”* (8) 


If the progress of the indentation is prescribed by Kt), (7) per- 
mits the evaluation of the surface pressure at each point, with 
zero initial conditions for the initially undisturbed half space. 
Depending on the form of the operators P, Q, (7) could be a 
differential equation, an integral equation, an integral, or some 
other form of linear operator equation for p(r, ¢). 

The relation (7) was termed tentative since valid algebraic 
manipulations of the elastic relation (6) could produce a visco- 
elastic relation not in agreement with (7). For example, removal 
of the radical in (6) by squaring would determine an operator 
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Fig. 1 Indentation configuration 
relation for p? which would not be in agreement with (7). This 
choice is not simply eliminated by demanding that P and Q ap- 
pear linearly, for when the dilational operators P’, Q’ are in- 
cluded, rational functions of the operators appear in stress- 
analysis relations, ard powers of the dependent variables in (1), 
(2), (3), and (4) can also occur as mentioned later in the present 
example. However, the surface traction p(r, 1) determined by (7) 
can be used to prescribe the problem, which is then amenable to 
reliable analysis by means of the Laplace-transform procedure. 
The problem is now set by the prescribed normal surface trac- 
tion p(r, t), and zero shear traction. Application of the Laplace 
transform determines an associated elastic problem [5] of 
prescribed surface pressure p(r, 8), where the bar indicates the 
transform, and s is the transform parameter. p(r, s) is determined 
by transforming (7): 


4 
P(r, 8) ~ 5 Si) (9) 


Q and P are the transformed form of the operators [9]. If in- 
tegral operators are used, the convolution theorem [9] de- 
termines the transformed form; for example, the viscoelastic 
relation in terms of the creep compliance function in shear, 


Jv, 
t 
O08, (Ty, 7) 
€; (Zp, t) - f 1/,J (t — 1) =< dr 
0 Or 


(10) 


becomes 


8 (ty 8) = VY2IAs)s 5A zy 8) (11) 


where the factor 1/2 appears since J ,(r) is based on the usual shear- 
strain component ‘y,;; = 2e,;, 80 that 


P = '/.J{s8)s, QO=1 (12) 


The surface displacement for the associated elastic problem 
corresponding to the surface loading (9) can be written down as 
an integral of the surface pressure distribution in terms of the 
point load elastic solution [8]. In any physically reasonable con- 
tact problem of this type, satisfying the restrictions of the Hertz 
theory, the region of contact will be limited to a finite area Amex 
of peripheral radius lmsx. given by (9) is thus nonzero only in- 
side this maximum region of contact corresponding to r < Imax 
The shear modulus for the associated elastic problem is given by 
the transform of (3): 


= Qé,, (13) 


P3,; 


The integral for the surface displacement for this associated 
elastic problem is [8] 
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dA (14) 


SNS, P p(r’, 8) 
»( —— 
mn) = JJ dp 


A ox 


where p is the radius from the point at which the axially sym- 
metric deflection is to be evaluated to the element of area dA, 
and r’ is the running radius co-ordinate over the surface of contact. 
Substitution for p from (9) gives: 


9 
w(r, 8) = =f fir’, s) 
A 


Since the integral is taken over a fixed domain Amex of the space 
variables, inversion can be effected under the integral sign, so 


that: 
2 f dA 
w(r,t) = =P f(r’, 4 


A max 


(15) 


(16) 


where the integral need be evaluated only over the current con- 
tact area, since the integrand is zero for r’ > U(r). Equation (16) 
is the elementary integral which gives the deflection for the 
elastic solution, and for r < U(r) reduces to [8]: 


wor or 


" 
R  2R (17) 


w(r,t) = 


This is the condition that within the region of contact, r < I(t), 
the surface of the half space is in contact with the indenting 
sphere. Thus the solution given by (7) does satisfy one condition 
needed for a satisfactory solution of the contact problem for 
arbitrary choice of the viscoelastic operators P and Q. 

If the radius of contact l(t) increases to a maximum and then 
decreases to zero, (16) shows that the normal deflection of the 
entire surface reduces to zero, which is contrary to what would be 
expected for a viscoelastic material in which the delayed elastic 
and viscous components of strain would be expected to leave a 
residual indentation after contact had ceased. Such materials 
can be looked upon as having hereditary properties, and one would 
expect a residual deformation to be left as a memory of the con- 
tact process. The reason for this unexpected paradoxical result 
is that if /(¢) passes through a maximum Imax and decreases, f(r, t) 
in (8) passes through a maximum and returns to zero for r > I(t), 
but examination of particular cases shows that the corresponding 
p(r, t) determined by (7) usually passes through zero and takes 
on negative or tensile values. For example, if P is a differential 
operator, p(r, t) will be given by its complementary function, and 
will be nonzero because of the nonzero value of p when f(r, ¢) first 
reduces to zero at r = I(t). In the elastic case of course, for which 
P and Q in (7) are constants, p falls to zero with f. Thus when /(¢) 
decreases a residual tensile surface traction is left in the visco- 
elastic case at points formerly in the contact region, which 
violates the contact condition that outside the current region of 
contact the surface traction should be zero. This difficulty does 
not arise with nondecreasing [(t), since the zero initial conditions 
and zero right-hand side of (7) for all earlier times guarantee zero 
traction outside the region of contact. Thus, although the solu- 
tion correctly describes a viscoelastic stress and deflection com- 
bination, for decreasing [(t) this would require an applied surface 
traction outside the region of contact, r = I(t), so that it is not 
the solution which represents the contact situation. 

So far, the progress of the indentation has been expressed in 
terms of the radius of the region of contact l(t), but this would be 
an inconvenient variable in practice. The central displace- 
ment w(0, t) in (17) gives the displacement a(r) of the rigid 
sphere: 
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a(t) = 


so that the previous relations could readily be written in terms 
of a. For example, (7) gives the pressure distribution in terms of 
the penetration of the sphere a(t), with f(r, t) defined as: 


f(r, t) = Re[Ra(t) — r2}'* (19) 


An alternative convenient variable would be the total force of 
penetration: 
l(t) 

Pot) = f, p(r, t)2ardr (20) 
In the circumstances for which the solution is valid the upper 
limit can be changed to /max to give an invariant region of integra- 
tion, since p(r, ¢) is zero for r > l(t). po can then be determined by 
taking the Laplace transform of (20) and substituting from (9): 


Pols) = £9 Ji, 8)2mrdr 


The inverse transform can be taken directly since the integration 
limits are invariant; the integral then reduces to the volume of a 
hemisphere, giving: 


(21) 


s 
Pipo(t)| = 35 Qi{ue)}*) (22) 


or in terms of the penetration of the sphere a(t): 


8 / 
P{po(t)) = 3R Q{{ Ract)}*/*) 


8 : 
P{po(t)] = ; VR Qf a(t)}*/*) (23) 


Thus, given either the variation of the total force or of the motion 
of the sphere, the contact problem can be solved by means of 
(23), (18) and (7). Because of the limitation that ((¢) must be 
nondecreasing, (23) is only valid for nondecreasing a(t) by (18). 

It is interesting to note that the operator equations (7) {with f 
defined by (19)] and (23) contain a displacement variable a(t) in 
a nonlinear manner, even though the original equations (1), (2), 
(3), and (4) contain displacement components linearly. This fact 
emphasizes the need for careful choice of the particular expres- 
sion developed.on the basis of elasticity theory from which to 
generate the viscoelastic solution. 


Examples 

Because the results developed in the previous section are valid 
for arbitrary linear viscoelastic operators, interesting particular 
examples can be obtained readily by selecting appropriate opera- 
tor representations to provide simple analytical expressions. For 
example, if the loading history, po(t), is given, the viscoelastic 
representation (10) in terms of the shear creep compliance J (t) 
gives the simplest determination of the variation of contact radius 
or indentation. With no disturbance for negative t, (22) becomes: 


f Val. (t — 2) eae 
0 dr 


If po(t) takes the form of a suddenly applied constant force Po: 
pot) = PoH(t) (25) 


where H(t) is the Heaviside step function, the derivative in the 
integrand becomes a delta function, and (24) gives 
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3R 
(Ko)? = 16 J {t)PoH(t) (26a) 


fe = == ‘ 
la(t)] ie VR J {)PoH(t) (26b) 


This expresses a result which one would expect, that materials 
which flow indefinitely in creep such as the Maxwell material, 
give a radius of the region of contact and an indentation which 
would increase without limit for a spherical indenter under 
constant load. This must of course be interpreted within the 
constraint of small strain analysis, and the solution be rejected 
for large indentations on this account. Also, in the justification 
of the solution which assumed a maximum contact area, Amax, 
the theory applies up to an arbitrary time 4,, and when tais is 
selected the future progress of the solution must be limited to re- 
main within a finite contact area Ansx. Because of the nature 
of the Laplace-transform process, and of the operators in the 
stress-strain law, for which the state of a material is influenced 
only by its past history, this process will not modify the solution 
fort <t. Materials which creep to a limiting strain magnitude, 
such as the Kelvin delayed elastic material, however, sink in 
only to a limited extent, after which the viscoelastic material 
supports the loaded ball. In the steady state the solution coin- 
cides with the corresponding elastic solution. 

If the total force applied, po(t), is reduced to zero at t = h, 
then 

pot) = Po[H(t) — H(t — t)) 


and (24) gives: 


(Ut))? = or J(OH(t) — J{t — &)H(t—&)}] (28) 
This leaves (t) positive for zero total force, showing that the 
surface traction is in part tensile which would violate contact 
conditions. As mentioned previously, however, with decreasing 
X(t) the force is spread over the maximum range of the contact 
area, so that for ¢ > ¢, contact conditions are also violated other- 
wise. 

To investigate the variation in contact pressure, p(r ,t), it is 
convenient to write (7) in terms of the relaxation modulus in 
shear [2, 3, 4], Gp(t) 


" 

4 f(r, r) 
r,tj=- 2G,(t — ——d 
Pt ) af R Tt) > T 


T 


(29) 


where f is defined in (8) and an initially undisturbed body is as- 
sumed. Since G,(t) is a monotonically decreasing function, it is 
clear that if (t) passes through a maximum and then decreases to 
r, the pressure given by (29) will be negative, showing violation of 
contact conditions with decreasing /(t). 

Consider now some cases of prescribed variation of the radius 
of the contact area, I(t), or equivalently through (18) of the in- 
dentation of the sphere. If 

Kt) = H(t), (30) 


l,? 
a(t) = Hit) 
t 


I 
(29) determines 


p(r, it) = 3G (t) Re [lb? — r*}'/*H(t) (31) 
, rR R 


since the r derivative gives a delta function. Equation (31) 
shows that the elastic contact pressure for the instantane- 
ous modulus decays at all points in proportion with the relaxa- 
tion modulusin shear. For this problem which could be prescribed 
by a given constant indentation, the radius of the contact region 
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and the normal displacement of all surface points remain con- 
stant throughout the pressure relaxation. If the material would 
relax to zero stress in a relaxation test in shear, which corresponds 
to indefinite flow in a creep test, then after a sufficient time the 
pressure given by (31) would approach zero. If the sphere is 
then removed, a permanent impression of the indentation would 
be left in the surface, since the zero traction condition would be 
maintained with or without the sphere in position. If the relaxa- 
tion modulus decreases to a finite asymptote with increasing t, 
(31) and the associated stress and strain distribution reduce to the 
corresponding elastic solution for sufficiently large t. 

If lo is suddenly increased to |; at t = t, or correspondingly the 
indentation is increased: 


pr, t) = = (G_(t)Re[le* — r*)'/*H(t) + (Re[h* — r*)'* 


— Rell? — r*)'/*)Gg(t — 4)H(t — &)) (32) 


For t > t, (32) gives a pressure distribution of the type depicted 
in Fig. 2. The dip in the pressure distribution B-C-D represents 
the memory of the viscoelastic material for the early part of the 
indentation history, 0 < t < 4, when the pressure extended over 
a contact circle of radius lo, causing an incipient dent over this 
region. 

An effect analogous to the foregoing arises in the case of con- 
tinuous indentation, but the influence is then smoothed out. 
Suppose, for example, that indentation at constant velocity v is 
assumed : 


a(t) = vl (33) 


which by (18) corresponds to: 


{(t)|? = Rot (34) 


then (7) gives 
q 
(r, t) : ff 20m ) Ste [R 2)'/"d 35) 
rT, = “ = FF = Fi’ Ur 5) 
° TR Jo 7 : Or . 


where for convenience the operator in terms of the relaxation 
modulus has been used. Simple numerical evaluation is achieved 
in the case of Maxwell behavior in shear, for which G,(t) takes 
the form [2, 3, 4]: 


G,(t) = Ge" (36) 


where ro is the relaxation time. Writing 4 = i( 7), the radius 
of the region of contact when the indentation has been continuing 
for the duration of the relaxation time ro, (35) can be expressed 


in the form: 
_ w)*—r? 7Re =. Mead : 
<j f = ev'dy 
e ! 


for which tabulated values of the integral are given by Jahnke 
and Emde [10]. As ¢/7> approaches zero, this can readily be seen 
to reduce to the elastic result (6). Fig. 3 shows a dimensionless 
plot of the contact pressure at several times after first contact, and 
Fig. 4 shows the same results scaled to a constant radius in order 
better to compare the shapes of the pressure distributions. The 


pr, = = loe (37) 
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Fig. 2 Contact pressure distribution for stepwise identation 
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Fig. 4 Comparison of distribution of contact pressure at different times in 


dimensionless co-ordinates are chosen so that in both cases the 
elastic solution (6) would yield semicircular distributions. 

Fig. 3 shows that at times much shorter than the relaxation 
time the behavior is essentially elastic. At the relaxation time 
the pressure distribution is flattened in the center, and later a 
central dip occurs. This is due to the influence of the hereditary 
nature of viscoelastic response and the incipient central dent 
caused by the more localized pressure during the early history 
of the contact. After passing through a maximum value the 
central pressure falls as time increases, and consideration of the 
limiting value of the integral in (37) as U(t)/lo approaches in- 
finity shows that the pressure falls toward zero. The central dip 
in the pressure distribution is analogous to the central decrease in 
pressure shown in Fig. 2 in the discontinuous loading case. 

Fig. 4 shows the gradual departure of the contact pressure 
distribution from the elastic case as time increases. It also shows 
the remarkably close approximation to the elastic solution ad- 
jacent to the edge of the region of contact. Apparently the local 
strain caused by the traverse of the boundary of the region of 
contact, where the material surface is first forced into contact 
with the indenting sphere, causes an essentially elastic stress dis- 
tribution which has not been in existence sufficiently long to be 
affected by the viscoelasticity of the material. At long times this 
forms a sharp boundary layer of elastic influence just inside the 
region of contact. For the Kelvin material, with no instantane- 
ous elastic response, and so formally infinite instantaneous 
modulus, this phenomenon gives infinite pressure at the edge of 
contact. 
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It was pointed out previously that the solution for reducing 
contact area is invalid. However, there is one method of un- 
loading the indenter which is amenable to direct analysis on the 
basis of the theory given in this paper. If the indenter is removed 
rapidly, so that after a particular instant the surface tractions 
can be equated to zero over the whole surface, the transform 
method based on prescribed surface tractions can be utilized after 
contact has ceased. Because of the complicated nature of the 
pressure distribution during indentation, as just detailed in a 
particular case, the surface formerly in contact will immediately 
assume a complicated deformation pattern on release of the pres- 
sure for a material exhibiting instantaneous elastic response and 
recovery. 


More General Analysis 


The problem of indentation by a smooth rigid sphere as just 
detailed was selected for simplicity of presentation. The method 
of analysis applies for contact of smooth bodies of arbitrary 
linear viscoelastic materials, just as the Hertz solution in elas- 


ticity applies for arbitrary smooth elastic bodies. The justifica- 
tion follows the treatment detailed in the foregoing by means of 
the Laplace transformation. An elliptical contact region is de- 
termined by semiaxes a(t) and b(t) which depend on the principal 
radii of curvature of the surfaces, their orientation, and the ap- 
proach of the bodies. The expression for contact pressure is of 
the form [8]: 
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where A and B are geometrical properties of the surfaces to come 
into contact, m and n are parameters depending on these, and 
v1, Gi, v2, Ge are linear operators representing the viscoelastic 
properties of the two bodies, the v corresponding to Poisson's 
ratios in elasticity, and the G to the shear moduli. Combined 
operators for particular magnitudes, such as that relating lateral 
to longitudinal strain in a tensile test, can be obtained for visco- 
elasticity just as the relations between elastic constants are ob- 
tuined [11]. Thus the elastic relation: 


3K — 26 
23K +6 
where K is the bulk modulus becomes: 
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Pp’ pP 
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by replacing the elastic constants by the equivalent viscoelastic 


v= 


operators in (3) and (4). In a particular case, (39) can be repre- 
sented as a single combined operator pair of the types we have 
considered for P and Q. 

When p(z, y, t) has been determined by 
ef each surface is given by an integral over the region of contact 
of the form [8]: 


38), the displacement 


(40) 


1 - V; Ne , t) 
w(x, y,t) = if at Aes dé dy 
, 2nG, riz, y, & 7) 


where i takes on the values 1 and 2 for the two bodies. The rela- 
tive displacement is given by (w; + w:) and with the use of the 
Laplace transform and fixed space integral over Amax, the ma- 
terial operators in (38) and (40) cancel, and the simple geometrical 
contact condition is achieved of the relative displacement being 
given as a quadratic form in the surface co-ordinates. 

In view of the influence of the viscoelastic properties of the 
material on the contact pressure distribution presented in the 
particular case for a Maxwell body, it might be anticipated that 
difficulty would arise in the theory of contact of dissimilar bodies, 
since one would call for a different pressure-distribution history 
than the other. However, in the combined application of (38) 
and (40) it is the sum of operators for the separate bodies which 
appears and insures the correct contact condition. The separate 
operators (40) which determine the surface displacement of each 
body, with the combined operator appearing in the expression 
for p(z, y, t) (38), will determine displacement distributions which 
involve the viscoelastic operators, so that in this case the de- 
formed shape of the surface of contact will be influenced by the 
viscoelastic operators. This contrasts with the elastic problem 
for which the deformed region of contact is always spherical in the 
axially symmetrical case, or represented by a quadratic form in 
the general case. For contact between bodies of the same ma- 
terial the viscoelastic operators will cancel in the expression for 
each w,, (40) and (38), and the deformed region of contact will be 
given by a quadratic form in the general case, and be spherical 
in the axially symmetrical case. It will not depend on the material 
properties but only on the geometry of the contacting surfaces. 
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Discussion 

The contact problem for viscoelastic materials has been pre- 
viously discussed by Pao [12], who takes the Laplace transform 
of the approach-force relation (23) to compute some problems of 
viscoelastic rebound. He states the limitation that viscoelastic 
effects do not cause the contact area to increase appreciably, and 
assumes that the pressure distribution remains elliptical as in the 
elastic case. The present analysis has shown that (23) is valid for 
large viscoelastic influences which may produce a marked change 
in the contact pressure distribution as illustrated, for example, in 
Fig. 3. However, it does not apply for decreasing contact area so 
that the rebound solutions will be in error. At the “end of re- 
bound’”’ (23) will determine a positive area of contact with a 
pressure distribution over the maximum area of contact with the 
compressive components balancing the tensile ones, reducing to 
zero resultant force. 

The earlier work also stated that the theory applied only for 
the same viscoelastic materials in contact, or if one were rigid. 
It has been pointed out already that the analysis allowing fully for 
viscoelastic effects is not subject to this limitation, but that con- 
tact between different materials does produce a more complicated 
deformed shape of the contact surface than arises otherwise or in 
the Hertz solution. 

Experiments on rebound of viscoelastic materials by Tillett [13] 
show that the assumption of a single equivalent frequency, and 
so loss factor, gives satisfactory agreement with other methods 
of measuring viscoelastic response. The present theory indicates 
that the process is in fact much more complicated than this result 
would imply, with markedly varying loading history at different 
surface points. However, this does not rule out the possibility 
that these smooth out and that the total force-approach relation 
can be expressed satisfactorily by an equivalent average fre- 
quency. 

The relation (26), expressing the approach a and the radius of 
the contact region | for constant force penetration in terms of the 
viscoelastic compliance function, may form a useful means of 
measuring material properties. Without the need to prepare 
specimens it would be possible to determine the creep compliance 
in shear if measurements of a(t) or (t) under constant load could 
be made with sufficient accuracy. The incompressible theory on 
which (26) is based is probably satisfactory for most plastics in 
the viscoelastic range, although corresponding relations could be 
obtained taking into account dilatational response. 

Equations (26) also provide a means of testing the linearity of 
the viscoelastic operators for materials in contact. For linearity, 
J {t) is independent of stress magnitude, so that for different 
values of total constant force Po, {I(t)]}® and [a(t)]’/* must be 
proportional to P» for any value of t. The nonlinear power of the 
approach a arises in the linearity check because of the particular 
properties of the contact situation, with its increasing contact 
area. 

An alternative testing procedure for checking linearity and 
measuring viscoelastic properties could be developed on the basis of 
(31). For suddenly applied constant penetration a» correspond- 
ing to lo through (30), the integral of (31) gives an expression for 
the total force: 

(41) 


16/R 
plt) = — = Gl t)aw’/* 


which can alternatively be deduced directly from (23). Propor- 
tionality of po(t) with a»’/* for any ¢ and different values of a 
would check linearity, and measurement of the variation of the 
force needed to maintain constant penetration a would give 
the relaxation modulus in shear through (41). 
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Noncircular Center Line 


The paper deals with the general case of a curved beam whose center line isa plane 
curve not necessarily circular. 


The body-stress equations and the compatibility equa- 


tions for stresses in their general form are found for the chosen system of co-ordinates 


and put in their simplest form. 


Solutions for the equations with the aim of finding 


the stresses when the beam ts subjected to a torque and to a bending out of its plane of 
initial curvature are obtained for both elliptic and circular cross sections of the beam. 
The case of a concentrated load at one end perpendicular to the plane of initial curva- 


ture is also constdered. 


x problem of determining the stresses in curved 
beams of circular center line under the action of couples and forces 
in their plane of initial curvature has been treated by many 
authors. The problem of stresses in a curved beam of circular 
center line under the action of forces and couples out of its plane 
of initial curvature was treated by the author in his first PhD 
thesis. ! 
if the center line of the curved beam is not circular, 
An attempt is 


However 
the problem seems to be a more complicated one 
made here to simplify the problem by using complex variable and 
curvilinear co-ordinates. 

The center line of the curved beam is a plane curve, the locus of 
P is the plane Z = 0, the normal at P makes an angle @ with Oz, 
Fig. 1, C is the center of curvature of the center line at P, PC = p, 
FR is a point on the normal, PR = r, unit vectors along the normal 
CP and tangent to the center line at P are 7 and §, respectively. 
Q is a point on the cross section normal to § at P,QR = Z; ie., Q 
is vertically above # at height Z. If Q’ is an adjacent point, not 
necessarily in the same cross section, we have 


QQ’ = dZk + RR’ (l 


QQ’ = dZk + (p + r)\d86 + ar? (2 


“Stresses in Beams Curved in Plan,” submitted to Alexandria 
1952 
Presented at the Summer Conference of the Applied Mechanics 
iversity Park, Pa., June 20-22, 1960, of Tue American 
MECHANICAL ENGINEERS 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1960, for publication at a later date. 
received after the closing date will be returned 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, December 1, 1958. Paper No. 60 APM-21. 


University 


Division, I 


POCIETY OF 


Discussion 


The triad of unit vectors 7, 6, & is right-handed in that order, 
and the co-ordinates r, 6, Z form a set of orthogonal curvilinear 


co-ordinates, so that 


since 6 


Also 7 


° 0 ° 0 
Vv: ‘ ( +4 ) = i(2 ) 
oy O02 oy of 


x — ty, so that 


2) (2 i °) 
= te ( — 4 
oz or p+re 
i “) 6 
, é 
p+re 


(2 
(3 


where z = 


so that 


rel 


v= — 
or? 





Nomenclature 


= rectangular co-ordinates 
curvilinear co-ordinates 

radius of curvature 
» Be 


2 iy 


unit vectors 


g-=@= i= ly 

rr. vu, ZZ normal components of stress parallel to x, y, and Z- 
ee axes 

rr, 00, 77 normal stress components in curvilinear co-ordi- 
nates 
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rz+yyt+ZZ=7+04+Z2 

shearing-stress components in rectangular co-ordi- 
nates 

shearing-stress components in curvilinear co-ordi- 
nates 

bending moment 

torque 


moment of inertia of a cross section 
Poisson’s ratio 
stress functions 


445 


SEPTEMBER 1960 








Body-Stress Equations 
The equations of transformations of the stresses are 

CO =7+0 =O =22+ (8) 
rr — 00 + 2ird = b’ = be? = (zz — yy + izyle™ (9) 
2 + ibZ = W' = e-** = (22 + iyZ)e-# (10) 
The body-stress equations in complex co-ordinates z, 2, Z are 
00 om 
or 
oz Oz 


(11) 


ov ov 2 
oz oz oZ 


or p+r2o 


®’ = he- 29,’ = Ve * 


(12) 


We have 


0’ = 6, 


and so the equations are 


re) i re) , ra) 2 re) : 
16 , _ 2 
» —- + a -1@0 i _, —})’ 210 
. (2 +. 3) . (2 +3) 


ov’ 
6 = 0, 
Z 


+ 2e (13) 
i ra) 


p+r0o ~ 


) We? + conjugate | +2— 


oZ 


(14) 


whence 


(3 
or 


) | @ - 6 + 216) +2 = 0 
aZ 
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Hence we have 
orr 
or 
1 
p+r 


(2 1 ) 7 
— + —— J} rZ 
or pt+r 


Compatibility Equations for Stresses 
The Beltrami compatibility equations (with zero body force) 
are 


_1_ 2 
* oe 


at 
(1 + Vg + 554 =-0 p@=2%yZ (18) 


which gives the complex Beltrami equations as* 


1+ v9 +424 20 
( ” 0208 , 


2A 
(1 + n)V?*h+ i= = 0, 
oz? 


o7A 
l ~y+2—s= 
(1+ 90% +2 = 


a+mv22+ 2 20 
seins az? 
V°b = V2’? = ¢2% Arp’ 
2 A.C. Stevenson, ‘“‘Some Boundary Problems of Two-Dimensional 


Elasticity,” Philosophical Magazine, vol. 34, series 7, 1943, pp. 7 
793. 
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Then 
eA’ = 2h'-2” 


3? 1 oo. # a, 
or? pt+r Or oz? (p + r)* 06? 


p’ ve) 
—_—s = ®’ 216 
(p +r)? 4 c 


rs) 0? 
p+r Or oZ? 


ra) \? p’ (2 oy é 
= wo i es 2i) | 
5 +2) (o + r)* 26 * ‘)| 





4 ° 4 2ip 
A’®’ = 2 as ae tidy atin 
lv + op +r) a0 (p + r)? 


Similarly, put 
Vv = VV'e* = e* DN’ 
Then 


2? 
eM DW' = a | 


or 
pw =| 9+ - - 
lv T p+ roo (ep +r)? 


Also 


4 a 
o#* 
So our Beltrami equations take the form 
074 


a V*Z2 — sO 
+ n)V*ZZ + Zz? 


(1 + 9)V*0’ + VZA = 0 


D 
(1+ mare’ + (9° - -_ -) 4 =0 
ptr 


oA 
(1 + »)DW’+D = 0 


(33) 
oZ 


We proceed to get the equivalent equations of the two last com- 
plex equations (32), and (33); equation (33) gives 


27 re) l 
(1+”)| v?+- -—-— 
[v (p +r)? (p+r)? 


’ ls.s P ; a7 0d 
-— |o@+ i+ [24% }3 


a ~ = 
(ep + r)* or p+rv0] oZ 


(34) 


from which we get the two compatibility equations 
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(1 + v? ; SP < f.425. 3 
— + ee ee. bw 
™ (p + r)* Up + r)* 00 
~ 12 ora 
- — 7? 6Z —— =Q0 
(p + rf ] r oroZ 
' — ' 2 rs) 
6Z ——. 
* (p + r)? 00 
gf i- a: 
- —— Z — — =9 (98 
eo ta|+— (98) 
Equation (32) gives 


4: 
atm foes on 
{ (p 


- — her re) t oO 
be - H+ 20) |+ (2+ +7 


- -)(2 tee 5) 4=0 (37) 
p+r/ \or ' p+roe 


re) 4 


c 2ip’ 
(p +r)? 


or 
(1 4 [ tv + = ° ae 
bd ' (p + r)* 00 (p + r)? 
ip’ \ Seo E love? rs) 
~ (p+r)f F< Os ae) ) + or? (p +r)? 00 
wi oe, wh, ae 
. p+r dr (p + r)* 00? (p + r)* 00 
= 24-0 (38) 
ptr or 
The coefficient of i gives 
- 2 re) — 
2— ——>?> 6 + ——_ — — 0 
v oot + OF 00“ , 
~ _ 1 oA 1 aA 
— #@)| - ———_-_ > —_ ——  =90 
(p +r)? 20 p+r dr 
(39) 


The real part of the equation gives 


J ee i} oe _ Be - 442 1 2 
atmo ip +7) (rr — 60) (ip + 9) OO 


p’ ~ of 1 a? 
a + r hn SN at 
ot ]+{3 (p +r)? 06? 
p’ 2 i, 6 
— —-—- —?pA=0 (4 
+ GO +r 00 p+r orf (40) 
Equation (31) is 


(1 + n)VXF + 06) + V2A=0 


3? 1 re) 1 


lo tal a a; > ae 
Vi i ote Oe (p + r)? 062 


- ttn 2 

(p + r)* 00 
Adding and subtracting (40) and (41) we get the two com- 

patibility equations 


~ 2 — 
1 try os «== = 
(1+ »| VF — lt — 


i = p’ ; _ aA 
= a ap eens paneer iin ( 
s +r)? (p+r)* a | tie 8 


447 


SEPTEMBER 1960 , 





~ 9 ~~ 
{1 + ) — rr — 00 
(l+7” [e+ 2 ) 


+24 eo ae ee eh] 
(p+r)?0 (p+r)'f 
it £ 0? p’ 


re) 
“i me Yee ee tA =o (43) 
lo +r or (p + r)? 06% 


(p + r)* 00 
Summary 
The body-stress equations and the compatibility equations for 


no body forces in the chosen system of curvilinear co-ordinates 
(r, 8, Z) are given by the following: 


Body-Stress Equations 


(20 arn 1 ord 
or ptr m ptr 
(2 
mn ae 
or 


Cc. P tibility Eq 


(1 + n| ve - 





> = 
—— (rr — 00) 
(p + r)? 


j 2 2a p’ = ata 
“fe Xe +r)? (p+ =} a] . or’, 
(1 + »| vw + aa — 0) 
re i ae “4 res =I a 
os r 3 ’ —— = —— _ = 2t A=0 (V) 


1 + 0)V°ZZ - =0 (VI 
( M)V*ZZ + az? (VI) 
= L tm § 13: 2 
(1 i 2o2 — 6 bee = 4 
“- [{v (po + ry” Vp + r)? 00 
‘Us ard 
— pP . @Z + — = 
(p + r)*f droZ 


es . 22 m) 
(1 + ) J S ab « —>@Z 2. omen 
n[4v (po +r) , Up + r)? 00 
p is 1 oA y 
- >rZ | + —=( (VIII 
(p + r)*f ; | p +r 000Z ( 
4 - 2 
"eee Q| 7 = { 
(p+ r)*f (p + r)? 00 
p 7 — | oA l 
—— (rr — 60) | — —— + 
tr. ] (p +r)? 00 p+ pr dr 
(IX) 


rr — 60) 


= () 


where 
A = 7 + 06 + Zz, 


° l Po ta ; 1 ra) p’ Pa) ' >? 


v= + a Eh) ey eed arene + 
or? (pop +r)? 00? p+r ar (p+r)?00 az? 
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At the boundary of the cross section, the stresses must satisfy 
the following boundary equations: 


4 ¢- 
—— (rr) — (rZ) = 0, 
ds Is 


_ 


(0Z) =0 


dZ 


(2) - * (Zz) <0 XII 
a a = 


Curved Beam With Applied Torque and Bending Moment 
Out of Its Plane of Initial Curvature 


The beam is subjected at one end (@ = 0) to a torque — 7'J 
and a bending moment — Mf? out of its plane of initial center line 
as shown in Fig. 2. Then considering the equilibrium of AP, 
there is a torque Te6 anda bending moment Mo? at P, Fig. 3, so 
that we have 


—Mi— TJ + Me? + Td =0 
Hence 
—M(? cos @ — @ sin 0) — T(? sin 6 + 8 cos @) 
+ Ms? 
whence 
Ts = T cos@ — M sin? 
My = T sin®@ + M cos@ 


and, 
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We shall find the stresses by a method of successive approxima- 
tions similar to that used by Géhner. When Géhner treated the 
case of a curved beam subjected to pure torsion, he found that 
two stresses only are different from zero; namely, r?,0Z. In the 
case of pure bending, four stresses are different from zero; 

—~— a 
namely, 00, rr, ZZ, rZ 
functions of r and Z only. 


In the foregoing case, the stresses are 
In our problem, the work is more com- 
plicated since the six components of stresses are different from 
zero and all these stresses are functions of r, 6, and Z. 

First Approximation. This approximation is indicated by suffix 0 
If the beam were straight (p infinite), we could take the ‘“Euler- 
Bernoulli’’ bending solution for the bending moment Mg and the 
Saint-Venant torsion solution for the couple 7's, Fig. 4. 

The Euler-Bernoulli bending corresponds to 06. = —M¢(Z/1) 
and all other stresses vanishing, where / JS Z*dS = moment 
of inertia of the cross section about the 7-axis. In the Saint- 
Venant torsion with the usual notation 


QurJ, J = fxd8 


T, = 


we have 


T¢ ox 
2J OZ 


We superpose these two solutions and take for our first ap- 
proximation 
rt = ZZ, = rZ, = 0, 
- Z 
66, = —My F 


Ts 


ox 


Oh = 2J Or 


= 


Ts 2 
I, = — : x 


2J OZ 


which satisfy the body-stress equations (1), (I1), (111) with p in- 
finite. From (XI), x satisfies the boundary condition x = const 
which can be taken zero if the cross section is simply connected as 
we suppose here 


Elliptic Cross Section. If the ellipse is 


we find 








Fig. 4 Section of P looking toward A 
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and pow, 
2a? 


a? + b? 


r = —Adr, 


2b? 
= Z = —X,Z 
a’ + }* 


where 


- 26° 
a’ + b? 


2 
\=- ——, 
a? + b* 


9. 


so that J = A,J, and A + A; = 2; hence 


Ty a? 


Oi = — > ah 


oe 


2! 


Circular Cross Section. 
find 


If the boundary is r? + Z* = a’, we 


x = Va? — r? - 


so that X = A, = 1 and therefore J = I; hence 


Ts 
- F, 


2/ 


0Z, = - 
In both elliptic and circular cross sections we have 


o*x 
dr OZ 


0, Vex = —2 


s d Approximati If r and Z are both small compared with 


p, then r*/p*, rZ/p*, Z*/p*, and higher powers will be neglected in 
the body-stress equations. 

In the compatibility equations, r/p, Z/p and higher powers are 
neglected. Denoting by suffix 1 this second approximation, the 
body-stress equation (1) becomes 





1 ord, 
p © 


for elliptic and circular cross sections we have 


Me ox 
2p oZ 


orr, 


or 


oZ 


66, 
p 


MoZ ms 


'p 


(46) 


L Ox 


a ae 


so that equation (46) becomes 


arZ, 
oZ 


Orr; 


or 


Me ox 
2p oz 
The body-stress equation (11) becomes 
orf, 62, 


4 
oZ p 


jn an 
or 


v Ip 


‘( 


0 


Ts 
Jp 
Z l 
7 


Ox 
oZ 


206, 2 
26 


p 
Ox 


)=0 


so that we have 
orb, 
«A. 
or 


202, 
oZ 


Finally, the body-stress equation (III) reduces to 
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ZZ _ 
az 


or 


Me 


2Jp 


oZZ 
az 


ord 

or 
The compatibility equations (IV) to (IX) 
7A; 


(1 + 9)Vo'rn + a." 0 


V8, =0 


oZ? 
ora, 


oroZ 


|+ 


]: 


(1 + )We2ZZ. + 


+ n)Vo%rZ: + 


1 26%, 


(1 + ») [ vee, + r os 


~~ Ty dx 
(1 + n| via, + 2Tp Sr? 
1 orb 


or 


(1+ n) [ vo + 


0°60, 


we have 


ora, _ 


boundary conditions (X) and (XII) we get 


om, dZ | Or dr Me 
dz? ds 2Ip * 


oroZ ds 
( am, dZ ) 
- + 


SOS 
drdz ds dr? ds 
At the boundary x = 0 and we have 
d { a, —" @ 
oo al 


ds \ az 
Therefore 0@,/0Z, d®,/dr are constants along the boundary. 
From equations (50), (52) using equation (51), we get 


Me 


or 
become 


or 


Vom + ZZ) = 0 


Vo(P,) = 0 
The unique solution for ®, satisfying Yo(P:) = 0 and the 
boundary conditions 0%,/0Z, d®,/dr are both constants along 
the boundary is given by 
®, = AZ + Br+ C; 


hence 
7 =0, 22, =0, 
Ms 


1 0%06, 0 
2Jp x 


p dr 


ry = 


so that Ay = 60, only. 

Equations (50), (52), and (53) then reduce to 
or? "  9Z2 : 

2°00, 


M 
oroZ J 


= -(1 + 3 Wx 


as already mentioned 0*x/0r0Z = 0 for circular and elliptic cross gince ,1 (x) = —2, wet get 


sections, so that we have 
Vor, = 0 
From equations (47) and (49) we have 


aZ2, 


oZ* 


o'r; 
Or? 
This is satisfied if we put 
o*®, 
oz?’ 


-_ 


ZZ 


TT; = 


i= 


Equations (47) and (49) become 
* do, 
oraZ? 

_ oe, 

dr?dZ 


of, 
oZ 


or 


whence 


Substituting the foregoing values of 7, Z2;, and rZ, in the 
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) = 
Jp 


(55) 


so that we obtain 


M 
= of 


00, = 00) + (1+ 7) 
Jp 


Equations (54), (55), and the boundary condition (XI) give 


T_T Oe 


or, 
Ip1 +n) 2p dr? 


or? 


v.92; = (56) 


Vo +6, = 0 
dZ dr 


rb; — —=0 
On de 


— 02, ds 
The body-stress equation (48), namely, 
262, 
oZ 


0 
or 


= 0 


is satisfied if we put 
“ T¢ ov, 


7% - — = 


2p oz’ 
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6, @ 





—~ — 1, w 
62, = 6%, + — — 


or 
Equations (56) and (57) reduce to 


° 2 1 
(Vo, ) = 
or 


o*x 


J or 


, 


re) 
(V.V,) = 0 
az '” 1 


The boundary condition (58) becomes 


or VY, is constant (or zero) along the boundary. 
Equations (59) and (60) give 
)r +C 
where C is a constant. 
Take V, = Ary, so that V, vanishes along the boundary, we 
get 


9 


2 1 o% 
Vo™, = ( = 


+ 7) J oF (62) 


oy, 
or? 


Ar — 
or? 


om, 
oz? 


Hence 


ox 


vVe™, = 2A ( or 


-r) 


For elliptic and circular cross sections 


o>? 
x x7 


or? 


so that we have 


Vow, = —2A(1 + A)r 


A 
TX 
x) x 


(—— + * Zz 
Tae hte 


55+ Bam 
i+9' a) *--”? 


Elliptic Cross Section. For the elliptic cross section 


(i - 
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Hence C = 0, 


1 1 
A = ————_— _ 
aren (is: 


whence 


1 1 
Goo 
atm (inst 


and we obtain 


ATs 
2Tp(1 + A) 


r6, = 7, = 


— 


6zZ, = 6Z, Ts 


~ 2Ip(1 + 2d) 


a*b? 


2b? 
a? + b? 


I, 


2a? 


a? + b” 


2b? 
a? + b? 


The second approximation gives the following stresses: 


rm, = 0 
72, = 0 
Zz 


soe 


a’? 


- M 4a* 
rZ = - 


4Ip 


r? 


b? 


) 


2 
= ) rZ 
Te 26% + a1 +) 


2ip (3a* + b*(1 + 9)” 
art? 
pig =4 


A=A, =1 


MZ 
I + 


A 


» 
~- 


= Pp 
06, = — *a+m(i+ 


~~ 


TZ 
r, = J = 


2] 


Ts a 


Tea? 2b* + aX1 +n) 
or » (3a? 


4Ip (3a? + b*\1 + 7) 


~ 


Circular Cross Section. 


b=a, x = '/fa* — r? — Z*), 


J=i, 
The second approximation gives the following stresses: 


0 


rT; 
— 


ZZ, = 0 


o~ M 
rZ, = - — (a? — r? — Z?) 
Alp 


— M M 
(0, = 4 tm) tz 
I Ip 


Todt 


Spl +7. 


Ter 


_f@ , Te 8+9 
2I 


léljp 1+ 


6z, = (3r? + Z? — a?) 


Curved Beam Subjected at One End to a Concentrated 
Load Perpendicular to Its Plane of Initial Curvature 

Let an upward concentrated load W be applied at one end A of 
a curved beam perpendicular to its plane of initial curvature. 
Referring to Fig. 5 the bending moment M¢ and the torque 7’, at 


any cross section, defined by the angle @ which the normal to the 
center line makes with the z-axis, are given by 


My = W-AQ 
T, = —W-QP 








Fig. 5 
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The lengths AQ and PQ can be found by using elementary 
analytical geometry. Equation of the normal at P is 


(ye — y) cos 6 — (zg — 2) sin 6=0 
Equation of tangent at P is 
(ye — y) sin 0 + (xp — x) cos 0 = 0 


AQ is the length of the perpendicular from A to the normal at P. 
If A = (re, Ya), Where a is the slope of the normal at A we 


have 

AQ = (ye — Ya) cos 8 — (29 — Tq) sin 8 
QP is the length of the perpendicular from A to the tangent at ?,, 
so that we have 

QP = (ys — Ya) sin 8 + (29 — tq) cos 8 


In Fig. 5, ta > 2, Y¥@ > Ya 80 that if @ < 90 deg, AQ will be 
numerically positive. The origin O and the point (zq, Yq) are in 
the same side with relation to the tangent at P, and O gives posi- 
tive value for (ye — y) sin @ + (xe — 2) cos 6; hence the expres- 
sion (ye — Ya) sin 8 + (2@ — 2q) cos @ is also positive, so that QP 
will be numerically positive and we get 
(62) 


Me = Wi(ywe — Ya) cos 8 — (29 — Ze) sin 8) 


Te = —Wi(ye — Ya) sin 0 + (29 — Tq) cos 8) (63) 
It is noted that 
“ =—WI(ye — Ya) cos 9 + ye’ sin? 
— (xg — Iq) sin 8 + +9’ cos 6} 
= —W\(ye — ya) cos 8 — (x9 — 7q) sin 9) 
= —Mg 


(since tan 0 = —z9'/ye’) 
Also 


dMs 


—W (ye — va) sin 8 + (19 — 2a) cos 9) 
dé 


+ W(ye’ cos 8 — x9’ sin 8) 


, cos* 8 


sin 0 7 0) 


Te — Wz’ cosec 0 


Te t+ W (- 


—— = —cot 0 
ez) 


(64) 


— ze’ cot 6, where the primes denote differentiation 
with relation to 9. Differentiating (64) with relation to 6 we get 


so that ye’ = 


ze"ye’ — xe'ye” = —x9’? cosec* 0 


The radius of curvature p at any point (z¢, ye) on the center line 
of the beam is given by 

(19"? + ye’?)*/* 

xe" ye’ als xe’ ye" 


hence 
p = —2¢' cosec 0 


so that we have 
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a6 6 Pp 


dT» 


=~ ~Mé 
d . 


(66) 


dM, 
— = J's* = 7 Ww 67 
7) ” ot+ Wp (67) 


T's can be written as 


Te = —Wli(ve — va) sin 0 + (29 — tq) cos 8 — p} — Wp 


hence 


To* = —Wl(ye — va) sin 0 + (z@ — 2a) cos 8 — pl, (68) 
dT ,* 


= —M Wp’ 
40 e+ Wp 


(69) 


We introduced the term 7'4* so that we can use the results ob- 
tained in the previous case when the beam is subjected at one end 
to a torque and a bending moment out of its plane of initial curva- 
ture without unnecessary calculations. 


First Approximation. Assume in the first approximation that 


— MeZ -~ = 
= rad rrpe = rZy = ZZ, = OV, 


Te Ox 


2J OZ 2J 


Te* — Wp ox 
oZ 
Te" ox ‘p KX 
23 at oZ 


be Te ox Te* — Wp ox 
2J Or 2J or 


T'e* Ox 
QS Or 


Wp ox 
2J Or 


where Mg, 7's, 79* are defined by equations (62), (63), and (68). 

s d Appr: Following the same line of treatment as 
in the last case, it can be deduced at once that the body-stress 
equations (47) and (49) and the compatibility equations (50), 
(51), (52), and (53) remain the same but with different meaning 
for Mg which is given by equation (62) so that we obtain 


—" 





rr = ZZ, = 0 
= M 
rZ, = ie 


2Jp 
MZ 


—— (1 
y* (1 + ») 


- + 


The body-stress equation (II) reduces to 


orb, 20%; 
or oZ 


orb, W ox 


7 2Z (70) 


which differs from the body-stress equation (48) in the presence 
of the term 
W ox 


J 
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The compatibility equation (VIII) reduces to 94, < - W (d+ 4 
= Te’ T* % . W dx ey 21h, 
V.0Z, = —-*—. _ —* + (71) 
Ip(i + ) 2Jp or* 2J Or? Taking V, = Arx, we get 


which is the same as equation (56) with the additional term oe WA+4 
, ur,A +1 
W o%x 
2J Or? hence 
and 7's* as defined by (68) is written instead of 7's in the previous Y, = We r +4 r 
case: 41, +1 
The compatibility equation (1X ) becomes 


x 


and we obtain the following stresses: 


%76,) = 0 (72) ; 
vend a We. WA+4., 
: . . _—_ (r6 ao Z+ ~ / 
which is the same as equation (55). 2] 47 X+1 
It follows that in the case of a concentrated load W acting per- 


pendicular to the plane of initial curvature of the beam, there (62) ; 

p- > a = - - 
will be additional shear stresses (r@)o, and (@Z), to those of the 21 dX, Ad 
last case with 7'9* written for 7's, so that we have 


Wp d W WAG 
+ { = Ar? 

xT Ok +3" 
x ba Elliptic Cross Section: 

7 or ‘ (OZ or y i W o%K . 2a at? z ‘ 


a’ + b” : a* + b* a’® b* 
— W 
V.%9Z), = ry, < so that we obtain 
& rT 
WpZ W 3a* + 2b* 
Vi%Xr jor = 0 (Om = —o, + oF a+” 


together with the boundary condition Wor a? 3Wat 1 
6Z = - 
= a ar oa al eT 4] 30° + 
(Tr?) - Z oe = () 
— ‘ * ds , / 3a* + 4b* . 
~~ r 

- ‘ _ ° 3a*h? 
The body-stress equation (73) is satisfied if we put 


Wp ox ov, Hence we get 


(rO)n = oJ at ow r) T9*Z Te* 2b? + a1 + 9) Zz WpZ 
= — - - Ta = 
. Senco: 2ip (1 + 9X3a? + b*) 21 
‘62 Wp ox Wy W 3a? Dp? 
(0Z =s=——— - +2 
mm 2J Or J ; ry, # re = r 
; b 


Equation (74) then reduces to 
Ts*a* 2b? + aX 1 + 7) 
r+ 


F) W Wd ao ee € 
— (Vo) - Vox = - a pt + b*) +7 
or J 2J Or* Wor o* so 
> i) * “or b ” 41(3a* + b*) 
3a? + 4b* ) 
2W Abt 


~ (Vo) = — j + 3a*b? 


2 
Since Vo*x = —2, we get a 


-quation (75) reduces to 


° 
eV,) = 0 
az ‘Y , 


MoZ 


06, = - 
I 


ny W d*x 2Wv\ 
Vow = QJ a2 = J . Circular Cross Section: 
b = d, r = A, = a 


The boundary condition (76) gives V, = const or zero along 
the boundary. For elliptic or circular cross section We have 


re) o? r= Z2, = () 
Bawah, —— = =k, Jodd 
or or? 
rZ, = ha (a* — r* — Z? 
so that we have : 4lp 
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— M,Z M 
06, = ——— 4 —2(1 + nyrZ 
I Ip 


~ W W 
(rn = — =r S + "fa th 


W 


‘ 2 Ft 4 T/ep2 
ry, } 7 @ Z? + */sr*) 


(6Z)n = 
Ga 1% _ TerZ3s+n _ We 


a a Z+ 
— Sip 1+ 2 


To*r Te* 3+ = 
— —= _— y a 


W 
— Z* — 3r%) + 
21 l6lp 1+ ’ 


6Z, = 
3W 
ler (a? “a. Z? + 1/yr?) 
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I. 1s established by this investigation that a bar in 
a state of uniform shear stress becomes unstable for values of 
this stress which exceed a certain critical magnitude, and will 
buckle in the plane of loading in a manner analogous to a bar 
under compression. 

The possibility of buckling as a result of uniform shear stress 
was recognized by the authors in an earlier investigation,” deal- 
ing with the influence of a general state of initial stress on the 
dynamic response of elastic plates. In that reference* the basic 
plate equations were derived from the general nonlinear theory 
of elasticity. In the present study, the buckling equations are 
obtained by the Newtonian approach as well as by the applica- 
tion of the principle of minimum potential energy. Moreover, 
a simple model is presented and analyzed for the purpose of pro- 
viding additional insight into the buckling mechanism involved. 

This case of buckling of a bar under uniform shear has little 
practical significance, for, in order that buckling occur in the 
elastic range, the bar must be extremely slender. Moreover, it 
is rather difficult to induce a state of uniform shear stress without 
impeding transverse displacemente. It is therefore the mere 
existence of this buckling phenomenon, rather than its application, 
which is worthy of interest. 


Formulation of Problem 

A bar of constant rectangular cross section, supported by fixed 
hinges at its two ends, is referred to an z — z Cartesian system 
of co-ordinates, z being the direction along the length of the bar. 
In order to produce a state of uniform shear stress in the bar, 
uniform surface shear tractions are applied along two parallel 
faces, Fig. 1. The assumption is made that the shear tractions 

1 This investigation was supported by the United States Air Force, 
through the Office of Scientific Research of the Air Research and 
Development Command, under Contract AF 49(638)-430 with 
Columbia University 

? G. Herrmann and A. E. Armenakas, *‘ Vibrations and Stability of 
Plates Under Initial Stress,’’ Air Force Office of Scientific Research, 
Technical Note 59-189, ASTIA Document 211 220, February, 1959; 
to be published in the Proceedings of the American Society of Civil 
Engineers, Journal of the Engineering Mechanics Division. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, Atlantic City, N. J.. November 29—-December 
4, 1959, of Tae American Society or Mecuanicat ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, June 3, 1959. Paper No. 59—A-91. 
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Shear Buckling of Bars 


It is shown that a perfectly straight bar, subjected to a state of uniform shear stress, will 
buckle, in a manner similar to a column under compression, tf the shear stress exceeds 
a certain critical value. 
proach and also by the application of the principle of minimum potential energy. In 
order to provide additional insight into this buckling mechanism, a simple model is 


introduced and analyzed. 


The buckling equations are obtained by the Newtonian ap- 


are applied in such a manner so as not to impede any possible 
transverse displacement of the bar. 

The moment condition of equilibrium requires the existence of 
a hinge reaction R, of magnitude 


R = rab (1) 


where a and 6 are the dimensions of the cross section of the bar, 
and 7 is the magnitude of the surface traction. 

It is noted that the only stress resultant acting on any cross 
section of the bar is a transverse shear force of magnitude 2. 

The problem consists of the determination of the critical 
value of the shear traction r, for which it is possible to obtain an 
equilibrium configuration other than the straight one, shown in 
Fig. 1. 


Equilibrium Equations 

The equations of equilibrium of the buckled configuration will 
be obtained referring to the free-body diagram of a deformed 
element of original length dz, shown in Fig. 2. 


& 
: 
" tT 
ae Pee aia 
\ 














Fig. 1 Bar in a state of uniform shear 
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Fig. 2 Deformed bar element 
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It is assumed that the shear traction 7 is applied in such a man- 
ner that the magnitude of the resultant force, acting on a given 
surface element, does not change after deformation. For this 
reason the applied shear force acting on the element is radz, even 
though this force is distributed over the atea a(1 + u’)dz of the 
deformed element. Primes designate differentiation with respect 
toz. 

The direction of the applied shear traction in the deformed 
position could be assumed either parallel to the undeformed axis 
or tangent to the elastic curve. It can be shown that, within the 
accuracy of the present theory, these two alternatives lead to 
identical] results. 

In addition to the stress resultants radz and R, which are 
acting on the element before deformation, additional stress re- 
sultants NV, Q, and M, Fig. 2, may be induced as a result of the 
deformation. 

Let u(x) and w(x) be the components of displacement in the 
axial and transverse direction, respectively, of any point located 
on the centroidal axis of the bar. Referring to Fig. 3, an element 
of length dz before deformation becomes (1 + u’) dz subsequent 
to deformation; moreover, the angle of rotation at any point on 
the elastic curve is approximated by (1 — u’)w’. 

If the sum of the forces and the sum of the moments with re- 
spect to point A are set equal to zero, and if all higher-order terms 
involving the additional stress resultants NV, Q, and M are dis- 
regarded, the following stress equations of equilibrium are 
obtained. 


N’ — Rw” = 0 
Q' =0 (2) 
M’ —Q — R(1 + wu’) — rab = 0 


Taking into account the initial equilibrium of the bar, as ex- 
pressed by equation (1), differentiating the last of equations (2), 
and eliminating Q from the foregoing equations, we obtain 


—Rw’ + N’ =0 
—M”" + Ru’ =0 


(3) 


The additional stresses are assumed to be related to the dis- 
placements in accordance with Hooke’s law for an isotropic 
elastic medium, that is, 


N = EAu’ 
—EIw" 


(4) 
M = 
where E is Young’s modulus, A is the cross-sectional area of the 
beam, and J is the area moment of inertia of the cross section, 
with respect to the centroidal y-axis. 
The displacement equations of equilibrium are 


EAu" — Rw” =0 
Elw'Y + Ru” = 0 


Solution and Discussion 


Elimination of u from equations (5) results in the following 
equation on w: 


Elw'Y + (R?/EA)w” = 0 (6) 


It is recognized that if R*/EA is replaced by P (the compressive 
force) this equation is identical to the classical Euler buckling 
equation. 

For the lowest buckling mode we assume 


uz 
» = W si 
u sin ( L ) 
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Fig. 3 Elongation and rotation of an axial element of length dx 
and the critical force Rerit has the value 


Ren © 3 (EI) (BA)]'* = 


where J is the slenderness ratio defined as 


L 
= yay 


It is apparent that the critical shear force is proportional! to the 
square root of the product of the flexural stiffness EJ and the 
compressional stiffness EA. The critical shear stress 7,.,i, is then 
given by 


Ex 


d (9) 


Tei = 

For most structural material, such as metals, the elastic limit 

does not exceed the order of magnitude of 10~*Z; therefore the 

smallest slenderness ratio for which buckling will take place in 

the elastic range, due to uniform shear, is of the order \ = 10%. 

By contrast, it will be recalled that for the Euler column the 
critical stress is given by 


Enx* 
Cait = d? 
and the smallest slenderness ratio in this case is of the order of 
magnitude A = 102. 

It is evident that only extremely slender bars will buckle, in 
the elastic range, when subjected to the influence of a uniform 
shear stress. 

For certain materials, however, such as resins, the elastic limit 
may reach the order of magnitude of about half the value of 
Young’s modulus. For such a material the dependence of critica] 
stress upon the slenderness ratio, for the Euler buckling as well 
as the shear buckling, is shown in Fig. 4. 


Energy Considerations 

The buckling equations also can be derived readily on the basis 
of energy considerations. 

The total strain energy stored in the bar during its passage 
from the straight to the deflected configuration, consists of two 
parts; namely, the strain energy of compression 


L 
Ve = '/2BA f, u’*dz 


and strain energy of bending 


L 
Va = '/,EI f, w" *dz (11 
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Fig. 4 Dependence of dimensioniess critical stress on the slenderness ratio 











Fig. 5 Model of shear buckling 


The work of external forces is conveniently evaluated by con- 
sidering the moment of magnitude rA = R, per unit length of the 
beam, resulting from the shear traction 7. Since the angle of 
rotation, as seen from Fig. 3, is w’(1 u’), the work of external 


forces is given by 
. L 
W= — f Rw'(1 — u')dz 
0 


The principle of minimum potential energy immediately yields 
the equilibrium equations (5). 


(12) 


A Model 


In the present case, as with the classical Evler column, addi- 
tional insight might be gained by considering a simple model. 
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The model,’ as indicated in Fig. 5, consists of two inflexible, 
but compressible rods, joined together by means of a rotational 
spring and held at the ends by perfectly smooth, fixed hinges. 
Each bar is subjected to the action of a couple of magnitude Fh. 

We assume that for a certain value of F an equilibrium con- 
figuration other than the straight one exists, as indicated in 
Fig. 5(6). 

By inspection of the free-body diagram Fig. 5(c), 
that the displacement w in the z-direction must be accompanied 
by a displacement u in the z-direction, inasmuch as the compo- 
nent of R in the axial direction is tension on the left bar and com- 


it Is apparent 


pression on the right one. 
The relation between N, and R is 


N, = Rsina 
If sin a is approximated by w/L, we have 


. Rw 
N, = L (14 


Taking into account the initial equilibrium, the moment con- 
dition of equilibrium yields 
M = Ru (15 
Equations (14) and (15) correspond to equations (3) for the 
original bar. 
The relative change of length of bar AB is u/L. 
compressional stiffness, then 


If ¢ is the 


Let k designate the rotational spring constant. Then 


M = ka + 8) = ak 


Simultaneous solution of (14), (15), (16), and (17) results in 


2ke 


Reit = (18) 


which corresponds to expression (8) for the original bar. 

For this model, an analysis on the basis of energy considera- 
tions could be readily effectuated. It is particularly evident 
from Fig. 5(b) that the work of external forces in the passage 
from the straight to the deformed configuration is positive. 


* This model was suggested by Prof. B. A. Boley, and the authors 
gratefully acknowledge his interest in their work. 
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Buckling of Circular Cones 
Under Axial Compression 


Presented are the results of an experimental investigation to determine the buckling 
strength of right circular cones under axial compression. 
made with existing theory and with previously published experimental data on circular 
cylinders; thus a recommended procedure for predicting the buckling load of right 


Correlation of these data ts 


circular cones under the foregoing loading condition is presented. 


Theoretical Buckling Load 


Is A previous paper [1]! by P. Seide, a solution to the 
stability problem of truncated cones loaded axisymmetrically was 
obtained by applying the method previously set forth by 8S. Timo- 
shenko for cylinders and spheres [2]. This solution gave the 
following stability determinant for the buckling load: 


Iu%VJe"(tu) + Qvrn2J2(21) 
LuyJe'(2u) — WwJ(2n) 
} 


| i29J's"( a2) + Qvzi2°J o( 212) 
| euals'(a) — 2vJ2(22) 


tu? ¥2"(2u) + 2vay?¥ 22) 
ru¥e'(2u) — 2v¥2(21) 
22" Y2'(2i2) + 2x2? Yo( 22) 


22 2'(t12) — 2vY2(212) 


where 


is (2) 


Xo = 2(be8,)'/* 
za = 2(bese)'/* 


Seide showed that by setting Poisson’s ratio equal to zero in the 
foregoing determinant, the lowest critical load is found to be 


(4) 
By inspection of Equation (2) it is seen that if the value of P., 


1 Numbers in brackets designate References at end of paper. 

Presented at the Summer Conference of the Applied Mechanics 
Division, University Park, Pa., June 20-22, 1960, of Tae American 
Socrery oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, June 18, 1959. Paper No. 60—APM-17. 


nee fief 


_ (Pata conta 


m1 = 2(bys,)'/* 


(3) 
In = 2(b,s2)'/* 


Po = Peyio C08? a 


In*Jo'(2n) + Warn) 222) 
Ind 2'(tn) — QJ (x21) 
Xa2°J2'( 222) + QWwa22*J2( 22) 


Leo 2'(Xe2) — WJ 2( 222) 


is smaller than P,,;,. cos* a, the stability determinant, Equation 
(1), will contain Bessel functions of complex numbers. Since 
such a determinant is not likely to yield a real value for the critical 
load, one would conclude that P,, must be equal to or greater than 
P.yi. cos? a. Assuming P,, = Py), cos? a, Equation (2) shows 
that b; = b,. Using this equality in Equations (3) shows that 


Zu = Zy and Ze = Ze (5) 


In *¥2'(22) + 2vrn? Yorn) 


Tn Yo'(2n) — 2v¥2(2n) ; 
=0 (1) 
Lo2*} 2'(X22) + 2x22" Y2( 222) 


ZeaV2'(2e2) — WwYs2(r2) 


Substituting Equations (5) into Equation (1) results in a deter- 
minant of the following form 


lA E A 
B F B 
Cc G 4 
ID H D H| 


which is obviously equal to zero; therefore, the lowest value of 
P., which satisfies the stability determinant is the following: 


P.. = Pri. cos? a = 2Et*x cos* a/[3(1 — v*)]'” (7) 


This is precisely the same value that Seide obtained by letting 
Poisson’s ratio equal zero in Equation (1) and solving for the low- 
est critical load, which leads one to the erroneous conclusion that 
the foregoing critical load leaves out the effect of Poisson’s ratio. 
This conclusion, h~wever, as shown by Equation (6), is not true. 
Therefore it is concluded that the critical load as given by 
Equation (7) is the lowest critical load and that Poisson’s ratio 
effects are properly included. 





Nomenclature 


C = correction factor 
D = bending stiffness per unit width of shell wall 
Et/12(1 — vy?) 

E Young’s modulus 
Pa true axial buckling load of cone or cylinder 
classical buckling load of cylinder = 2mrEt?/(3(1 

y?)'/ 
R base radius of cone = 8; sin @ 
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radius of cone measured in a plane normal to axis of 
cone; radius of cylinder 

= distance along generator from vertex to top of cone 
distance along generator from vertex to base of cone 
constant wall thickness of cone or cylinder 
semivertex angle of cone 
Poisson’s ratio 
true critical stress of cone or cylinder 

= classical critical stress of cone or cylinder 
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Experimental Results 

Two sets of nickel cones having semivertex angles of 20 and 40 
deg and having constant wall thickness were tested in a 60-kip 
Olsen Universal Testing Machine. Specially built loading caps 
having spherical surfaces were used to insure true loading of the 
cones along their generator. These cones were formed by electro- 
plating pure nickel on steel mandrels whose surfaces had been 
accurately machined to a polished finish. Nickel was used as the 
material because of its high yield point and also because of its 
good electroplating qualities. Young’s modulus for this ma- 
terial was found to be 29,000,000 psi. Different cone thicknesses 
were used ranging from 0.005 to 0.022 in. 

Strain gages were placed on both sides of the cones at various 
points along the generator and circumference. These gages showed 
prior to buckling only membrane forces acting along the genera- 
tor. Local bending due to imperfections was not measurable. 

All cones buckled very suddenly into a diamond pattern similar 
to that which is characteristic of cylinders. Usually two rows of 
buckles appeared with the second row considerably less apparent 
than the first row next to the base. The number of individual 
buckles around the base circumference was somewhat uncertain 
because of the nonuniformity of the buckled pattern; however, 
in most cases there appeared to be seven buckles and in some 
cases perhaps eight. 

The measured elastic buckling loads for the cones tested in this 
investigation along with their dimensions are presented in Table 1. 


Table 1 
: — Set No. 1— 
s = 10.8 in. % = 17.2in. a = 20 deg 
Cone t, Por, Cone t, 


Por, 


no. in. Ib . in. Ib 
0.005 


1 . 

2 0.010 
3 0.011 
4 


11500 
17200 
21300 


500 
0.021 


0.015 


Correlation of Results 

It has long been known that a considerable discrepancy exists 
between experimental and theoretical buckling loads for cylindri- 
cal and spherical shells. Numerous reasons for this discrepancy 
have been discussed by authors [3-6]; however, it is generally 
considered that local inaccuracies in shell geometry and applied 
loading play a most important part. In practice this discrepancy 
is normally taken care of by multiplying the classical theoretical 
load based on small deflections and no defects by an experimental 
correction factor, C. 

Therefore for correlation purposes, it is assumed that the elastic 
critical load and corresponding critical stress for either cones or 
cylinders may be determined using Equations 8 and 9, respec- 
tively, which reduce to the equations generally used for cylinders 
when the semivertex angle, a, equals zero. The correction factor 
C, which contains the Poisson’s ratio term, has been introduced to 
take care of the afore-mentioned discrepancy: 


(8) 


P., = 2xCEt® cos* a 


CEt cos a 
Cn = _ (9) 
r 


Since experimental evidence shows that the correction factor C 
reduces with increasing values of the ratio r/t, it would seem logi- 


Experimental buckling loads for nickel cones 


—__—_——Set Ne. 2 
* = 4.87 in. & = 7.05 in. a = 40 deg 
Por, Cone Por 
Ib in. Ib 


410 2750 
460 5700 
1900 7570 
2900 15300 


a So, 
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BUCKLING CORRECTION FACTOR — C 





CYLINDER 





« 2wcet’ cos*« 

BASED ON CONE TEST BY AUTHORS— TABLE I 
EMPIRICAL CURVE OF BATDORF, SCHILOCROUT, AND STEIN 
NACA TN 3783, NACA TN 1343 

THEORY OF DONNELL AND WAN, 

ASME TRANS., VOL. 72, 1950, 

PROCEEDINGS OF THE THIRD U.S. NATIONAL CONGRESS OF 
APPLIED MECHANICS, 1958 








r/t (CYLINDER) = 


Fig. 1 
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R/(t COS) 


(CONE ) 


Buckling correction factor C for cylinders or cones 
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cal to use the base radius R of the cone in determining the correc- 
tion factor C to be used in Equation (8). The experimental re- 
sults on cones support this reasoning as elastic buckling takes 
place first near the base of the cone. 

The physical significance of the cos a-term in the foregoing 
equations is noted when one realizes that r/cos a is the true radius 
of curvature of the cone measured normal to the generator. Since 
one would expect the buckling stress at a point to depend upon the 
true curvature at that point, the C-factor as previously obtained 
for cylinders as a function of r/t should be applicable to cones, 
provided R/(t cos @) is substituted for r/t in that functional re- 
lationship. 

Correlation of test data has been made by comparing the ex- 
perimental correction factors for cones, as obtained using Equa- 
tion (8) and the experimental critical loads shown in Table 1, 
with previously published correction factors for cylinders. The 
experimental correction factors for cones are plotted in Fig. 1 at 
abscissas corresponding to their respective R/(é cos @)-values. 
The correction factors for cylinders are represented by the curve 
in Fig. 1 which is the theoretical relationship of C versus r/t as 
published by Donnell and Wan [5, 9]. This relationship is based 
on an unevenness factor U which reflects the initial imperfections 
in the shell. A value of U equal to 0.0003 was selected as it is 
consistent with most cylinder buckling data. Comparing the 
cone data with this theoretical relationship shows very good agree- 
ment. Therefore the buckling load for right circular cones can 
be predicted with reasonable accuracy using Equation (8) and 
the correction-factor relationship given in Fig. 1. 

It is worthy of note that the observed number of buckles around 
the base of the cone as previously given is also consistent with 
cylinder buckling data [5]. 

Since the elastic critical buckling stress as given by Equation 
(9) may be above the proportional limit of the material used, it 
is important to consider the case of inelastic buckling. Donnell 
and Wan treated this case theoretically for cylinders in a manner 
similar to their treatment of the elastic case, i.e., based on large 
deflections and imperfections, and found good agreement with 
experimental results. Therefore one would expect the correla- 
tion between the results for cones and cylinders in the inelastic 
range to be similar to the correlation previously discussed for the 
elastic range. If such is the case, one could use the results of 
Donnell and Wan which predict the inelastic buckling strength of 
cylinders to predict the inelastic buckling strength of circular 
cones provided R/(tcos a) is substituted for r/tand C [3(1 — v*)] ‘Vs 
is substituted for o.,/¢... Since the stress changes along the 
generator, one should also check the possibility of failure at the 
top of the cone. 
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Conclusions 


The following conclusions have been deduced from the results 
of this investigation: 


1 The resultant elastic axial buckling load of right circular 
cones, loaded along their generator, can be predicted with reasona- 
ble accuracy using Equation (8) along with the corresponding 
correction factor given in Fig. 1. 

2 The correction factor should be based on the true radius of 
curvature of the cone at its base rather than the true radius 
of curvature at mid-height. 

3 The resultant elastic axial buckling load for fixed-ended, 
right circular cones can be predicted by the foregoing method 
provided the correction factor in Equation (8) is based on data for 
fixed-ended cylinders [7] rather than simply supported cylinders. 
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The Additional Deflection of a Cantilever 


W. J. O'DONNELL? 
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Due to the Elasticity of the Support’ 


A beam ts cantilevered from a semi-infinite solid with neutral axis normal to its bound 
ing plane (two-dimensional problem). 
the beam to rotate about the built-in end, producing a deflection in addition to that 


Deformation of the supporting solid allows 


caused by bending and shear in the beam itself. Results of tests designed to measure 
this additional deflection are presented and compared with various theoretical values 
Calculated deflections, based on classical bending and shear-deflection theory, are also 


compared with measured deflections 


An experimentally verified expression for the 


additional deflection of a cantilever due to the elasticity of the support is given 


a or not a cantilever is machined integral 
with the support, there will be elastic distortions in the support 
which allow the cantilever to rotate at the built-in end. This 
rotation produces a deflection in addition to that caused by bend- 
ing and shear stresses in the beam itself. 

Such imperfect clamping deflections become significant relative 
to the greatly reduced bending deflections at small length-to-depth 
(z/h) ratios, Fig. 5. The object of this study is to present an ex- 
perimentally verified expression for the additional deflection of a 
cantilever due to the elasticity of a semi-infinite support fixed at 
infinity. 

Very little analytical work and no experimental work have been 
done on the problem to date. C. Weber [1],*° F. Vogt [2], and N 
Muskhelishvili [3] have made significant contributions toward 
an analytical solution. An exact theoretical solution has not 
been found. Vogt dealt principally with the case of loading over 
a finite section of the width /in Fig. 5. As this length of loading 
approaches infinity, the solution becomes identical to the plane- 
strain solution by Weber. 

An explanation and a criticism of Weber’s analytical approach 
are presented in this study. Muskhelishvili arrived at a differ- 
ent expression, making use of different assumptions which are 
also explained in this paper 
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Theoretical Analysis 


Weber [1] assumed that a moment load M at the built-in end 
of a cantilever is transmitted to the support by a linear distribu- 
tion of normal stresses. He then proceeded to find a stress func- 
tion which satisfied all of the boundary conditions for the semi- 
infinite support, and developed an expression for the distortion 
of the loaded surface of the support, Fig. 1. The ‘“‘mean’’ rota- 
tion 04 of the loaded surface of the support due to a moment 
load M was then defined so that the work done by M acting 
through this mean rotation was identical with that produced 
by the distributed surface displacements and stresses acting 
over the same surface. 

Taking account of differences in notation, Weber’s solution for 
the case of plane strain is given by 

1 — p*)18M/ 
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_ nE(h')* 
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Nomenclature 


elastic modulus, psi 

depth of cantilever, in. 

effective depth of load distribution on support, Fig. 5, in 
cross-sectional moment of inertia of beam, in.‘ 

distance from support to point of application of load, in 
moment load per unit width at support, in Ib/in. 

load per unit width at L, |b/in. 

radius of fillet radii, in. 

width of cantilever (in Z-direction), in. 
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deflection of surface of support in z-direction, in. 

shear load per unit width at support, lb /in. 

co-ordinate system, Fig. 5, in. 

deflection of cantilever in y-direction z in. from support, 
in. 

effective rotation at support due to moment load, radians 

effective rotation at support due to shear load, radians 

x/h 

Poisson’s ratio 
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The similarity of the equations characterizing the state of 
plane strain and plane stress, respectively, makes it possible to 
convert plane-strain solutions to plane stress and vice versa when 
body forces are constant and there are no variations in the z- 
direction. A corresponding plane-stress solution can be obtained 
from a plane-strain solution by substituting Z for E/(1 — v*) and 
v for v/(1 — v). The plane-stress expression corresponding to 
equation (1) is given by 

18M 
_~ = (2) 
wE(h’)?* 

Consider the implications of the assumption that a moment load 
is transmitted by a linear distribution of normal stresses at the 
junction of the support section and beam section. This stress 
distribution produces a linear distortion of the beam section 
which is not compatible with the distortion of the sémi-infinite 
support at the junction as shown in Fig. 1. Hence it cannot be 
expected that the stress distribution remains as assumed. The 
fibers near y = +h/2 will take a larger load than that given by a 
linear stress distribution. 

The most significant factor in the analytical consideration of 
the accuracy of this solution is the fact that the stress energy is 
dependent on the sum of the energies of ail elements taking the 
load. Elements assumed to carry too much of the load are offset 
by those assumed to carry too little. Hence the sum of the 
energies is only slightly altered by assuming a stress distribution 
for a given equivalent load which does not correspond to the 
actual distribution exactly, provided this distribution is reasona- 
bly chosen. 

Since the actual distribution of the stress at the junction de- 
pends on the combined effect of the support section and beam 
section, the method of considering the two sections separately 
cannot be used to obtain that distribution and the problem can 
only be solved for certain assumed stress distributions. 

Muskhelishvili considered the mixed boundary-value problem 
of a semiplane loaded by an unknown stress distribution in such 
a manner as to produce a linear distortion over part of its surface. 
The stress distribution required to produce this deflection was 
determined and used to obtain an expression for the equivalent 
moment load M. The following equations for the rotation of 
the loaded portion of a half-plane subject to a moment load M 
were obtained: 


16M nie 
3—p\| 

int ( ") 

l+p 

ree cs 
r? 


Oy = 


(for plane stress) (3) 


wE(h')? | 1 


(1 - v?)16M 


~ InX3 — 4v) ] 
ren | + : i? 
,? 


Ox = 


(for plane strain) (4) 





For values of v other than 1/2, horizontal shear stresses in ad- 
dition to the normal stresses are required to maintain a linear de- 
flection over the loaded portion of the support. 

The rotation given by these equations when v = 0.3 is 15.7 per 
cent lower than that given by Weber’s solution for the case of 
plane stress, and 14.0 per cent lower for the case of plane strain. 
This relatively small difference in rotation is significant because 
of the radically different stress distributions involved. Weber’s 
solution assumes a linear stress distribution, whereas the stresses 
required to produce a linear distortion are infinite at z = +h/2. 
This comparison indicates that the rotation is only slightly af- 
fected by the assumed stress distribution, a point which has al- 
ready been discussed. 

Since the fibers near y = +h/2 take a larger load than that 
given by a linear stress distribution, a cubic stress distribution was 
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considered for the present paper. For this purpose, the well- 
known surface displacement resulting from a concentrated load 
was utilized [4]. The mean rotation for a cubic stress distribu- 
tion was developed by superimposing the deflections caused by 
a large number of concentrated loads of suitable intensities acting 
on short elements of the support. The result is given by equa- 
tions (9) and (10) in the Conclusions of this paper. It is of in- 
terest to note that this solution is approximately equivalent to 
the average between the solutions given by Weber and Muskhelish- 
vili, respectively. 

The shear load at the built-in end of a cantilever also produces 
a rotation of the loaded area. Vogt derived an expression for the 
rotation due to a shear load by assuming a uniformly distributed 
shear stress at the support. The mean rotation was again defined 
so that the work input into the foundation was equivalent to 
that given by the distributed stresses and distortions. 

The assumption of a uniform shear distribution may appear 
less than satisfactory since the customary beam theory gives a 
shear-stress distribution of parabolic shape. However, as in the 
case of a moment load, the distortion of the beam section will not 
be compatible with the distortion of the support at the junction 
for a parabolic shear distribution. The fibers near y = +h/2 take 
a larger load than that given by a parabolic distribution. Hence 
the assumption of a uniform shear-stress distribution appears 
reasonable, and although it will not give exact results, it is proba- 
bly sufficiently accurate. Vogt’s expression for the mean rota- 
tion caused by a shear load is given by 

6, = | Seat book (5) 


Eh’ 
The corresponding plane-stress expression is given by 
I gt ) 
—v)V 


¢) ‘ 
=, (6) 
Eh 
The ratio of the mean rotation produced by a shear load to that 
produced by a moment load for a cantilever subject to a con- 
centrated load at x = L is given by 


9s 


(1 — v)rh’ 


= (plane stress ) 
Bx ISL . 


6. (1 — 2v)rh’ 


Oy “ (1 — v)I8L 


Hence the rotation due to shear is small compared to that due to 
bending except in the few cases where L/h’ may be small. 

Both shear and bending loads acting on the support also pro- 
duce a mean vertical displacement of the loaded surface of the 
support. Since the expressions given in the conclusions of this 
paper are intended to give y-deflections relative to the deflected 
centerline of the cantilever at the built-in end, this y-deflection 
does not appear. 


(plane strain) 


Experimental Investigation 


The test specimen shown in Fig. 2 was designed symmetrically 


about the vertical centerline. Hence two cantilevers (A)* could 
be tested simultaneously and duplicate readings could be taken 
for all distortions and deflections. The center section of the test 
specimen was made large enough to be equivalent to a semi-in- 
finite support with respect to the cantilevers being tested. This 
design was checked by measuring deflections in the support with 
Huggenberger extensometers. Measurable rotational deflections 
were confined to an area within 1 in. of the loaded surface of the 
support. 

The larger cantilever (B) on the test specimen was used as a 


4 Letters in parentheses refer to Fig. 2. 
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Fig. 2 Experimental setup. A—test cantilever, B—reference cantilever, 
C—roller of loading bolster, D—cylindrical seat of loading bolster, E— 
rolier of support bolster, F—Huggenberger extensometer, G—clip gages 
deflection-measuring reference. The specimen was designed so 
that the application of the load would not produce any rotation of 
the reference cantilevers with respect to the vertical centerline 
of the specimen. This design was checked experimentally by 
placing mirrors at the built-in end of the reference cantilevers and 
comparing their rotations with the rotations of mirrors at the 
centerline of the test specimen. The reference cantilevers did not 
rotate with respect to the vertical centerline of the test speci- 
men. Hence a load applied to the specimen caused an equal y- 
deflection of every point on the reference cantilever with respect 
to the centerline of the test cantilever at the built-in end. All y- 
deflections were measured from the reference cantilevers. The 
y-deflection at z = 0 was subtracted from all other readings in 
order to obtain deflections relative to the deflected centerline of 
the cantilever at the built-in end. 

A tensile test was run on the test-specimen material (tool steel) 
after heat-treating. The material was found to have an elastic 
modulus of 29.93 X 10° pei and a proportional limit of 110,000 psi. 


Test Procedure 

The deflection between the test cantilevers and the reference 
cantilevers was measured at r/h ratios of 0, 1/2, 1, 3/2, and 2. 
Deflections in the support and near the built-in end of the test 
cantilever were measured with Huggenberger extensometers (F). 
Clip gages were designed and fabricated to measure deflections at 
z/h ratios of 1/2, 1, and 3/2. 

The clip gages were designed so that any motion between the 
contact points produces bending and compression stresses in 
the beam of the gage. These stresses vary linearly with the de- 
flection between the contact points. The corresponding strain at 
the surface of the beams was picked up by A-7, SR-4 strain 
gages. These gages were connected through a Baldwin bridge 
balance switching unit to a Type N, SR-4 indicator. The small- 
est deflection that would produce a readable change in strain 
reading was of the order of 40 microin. The contact force of these 
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gages was 0.25 lb per mil deflection. The gages are shown 
mounted on the test specimen in Fig. 2. The deflection at z/h 
= 2 was large enough to measure accurately with dial gages. 
Notice that the deflections were not measured from the centerline 
of the test cantilevers. Centerline deflections were obtained by 
vPty{L — z) f 

: onI* rom 
measured deflections of off-centerline points. In no case did this 
term amount to as much as four per cent of the total deflection. 

The specimen was loaded by means of a 30-ton Amsler testing 
machine with pendulum dynamometer and pump. The load was 
applied as shown in Fig. 2. The end bolsters consisted of a roller 
(C) mounted on a cylindrical seat (D). The roller was free to 
rotate, thus minimizing the frictional tensile load that might 
have been transmitted to the test cantilever when the specimen 
deformed under load. Notice that the load was applica at the 
neutral axis of the cantilever to eliminate the possibility of trans- 
mitting a frictional moment load. The cylindrical seat (D) was 
used to insure uniform loading across the cross section. The 
upper bolster (E), used to support the specimen, was cylindrical 
and free to rotate thus assuring that each test cantilever carried 
about one half of the total load. 

Subsequent to a check of deflection versus load linearity up to 
maximum load, deflection readings were taken at maximum and 
minimum loads only. 

The load-distributing effect of the fillets at the support was 
evaluated by taking deflection readings with fillet radii of 0.125 and 
0.005 in., respectively, all other parameters being held constant. 
This effect was factored into the equations for the additional de- 
flection due to rotation at the support by including the ap- 
propriate portion of the fillets in the effective depth of loading 
at the support h’. 


Test Results 


The small deflection at z = 0 was the most difficult to measure 
accurately. Four Huggenberger extensometers were used to 
measure this deflection simultaneously. Since readings were taken 
for three load cycles, the measured deflection was obtained by 
averaging 24 readings. The maximum deviation of any of these 
readings from the average was 7.7 per cent. 

Accurate deflection readings were relatively easy to obtain and 
reproduce at all other points. The maximum deviation from the 
average reading at any of these points was less than 4.2 per cent. 
These differences resulted largely from differences in the loading, 
machined dimensions, and instrument locations between the two 
cantilevers being tested simultaneously. 

The calculated deflection of the cantilever due to bending and 
shear stresses in the beam itself was subtracted from the measured 
total deflection in order to obtain the deflection caused by rota- 
tion at the support. This calculated deflection was based on 
classical bending-deflection theory. Shear deflections were ob- 
tained from the solution for a cantilever having a completely rigid 
support; i.e., a built-in end that is completely prevented from 
warping [5]. Had the «sual shear factor of 1.2 been used, the 
deflections due to rotation at the support would be about 1 per 
cent smaller. 

As previously discussed, the moment load must be transmitted 
to the support by a bending-stress distribution having peaks near 
y = +h/2 in order to make the distortion of the beam section 
compatible with that of the support section at the junction. 
Hence for the test-specimen configuration, peak bending stresses 
act over a Ay depth of the support which is small compared to 
the width of the support. The foundation offers considerable 
lateral (Z-direction) restraint around these areas of peak bending 
stress, tending to produce a plane-strain condition in the founda- 
tion. Since the stress state in the foundation is undoubtedly be- 
tween plane strain and plane stress, theoretical deflections due 


subtracting the Poisson’s ratio effect, i.e., 
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Fig. 3 Deflection of a cantilever due to rotation at support 








DEFLECTIONS DUE TO ROTATION AT SUPPORT 








006 T T T 


THEORE TICAL PLANE STRAIN DEFLECTION FOR 4 CUB 
BENDING STRESS DISTRIBUTION AT SUPPORT 


. 


b— 


& MEASURED DEFLECTION 
h 








- 
a 
oO 
a 
a 
2 
o 
e 
a 
z 
4 
ot 
al 
- 
° 
a 
oO 
me 
w 
=» 
ao 
z 
° 
. 
v 
w 
." 
u 
w 
(=) 


SE Tees (ee ae 
05 10 


DISTANCE FROM BUILT-IN END 


Fig. 4 Effect of fillets on deflection of a cantilever due to rotation at 
support 


to rotation at the support are plotted in Fig. 3 for both cases (the 
difference being less than 10 per cent). 

Theoretical deflections resulting from rotation at the support 
are compared with measured deflections for a cantilever having 
negligibly small fillets in Fig. 3. Deflections calculated on the 
basis of Muskhelishvili’s solution were slightly smaller than 
measured deflections, and calculated deflections based on Weber’s 
solution were slightly larger than measured deflections. 
The solution obtained for a cubic bending-stress distribution at the 
support proved to provide the most acceptable expression for the 
additional deflection due to rotation at the support, not only from 
an analytical point of view, but from test results as well. This 
solution is given by equations (9) and (10) in the Conclusions. 

Theoretical deflections caused by rotation at the support are 
compared with measured deflections for a cantilever having fillet 
radii of 1/8 the beam depth in Fig. 4. The stiffening effect of in- 
creased beam thickness due to the presence of the fillets was 
evaluated analytically. Since this effect was found to be quite 
smail (less than 2 per cent at z/h = 0.5), it was not included in 
the calculated bending and shear deflections. Fig. 4 indicates 
that the load-distributing effect of the fillets on rotation at the 
support can be approximated by taking h’ = Ah + 1.5r. How- 
ever, this method of including the effects of the fillets is only ap- 
proximate, even for small fillets. A much more elaborate method 
and extensive tests would be required to account for relatively 
large fillets. 

Measured total deflections are compared with calculated de- 
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flections in Fig. 5. Calculated deflections based on classical ben«- 
ing and shear-beam deflection theory, neglecting the flexibility of 
the support, are plotted. Calculated deflections including the 
theoretical additional deflection due to the flexibility of the 
support, equation (10) of Conclusions, are also shown. Fig. 5 
gives an indication of the significance of the error incurred by 
neglecting the flexibility of the support. 


Conclusions 
The additional deflection of a cantilever due to the elasticity 
of the support is given by® 
16. 67 Mz 
wE(h’)® 
Bis (1 — v*)16.67Mz 
. mwE(h')® 


(1 - v)Vz 
Eh’ 
(2 = 2 = 2v?)Vr 
Eh’ 


(for plane stress) (9) 


(for plane strain) (10) 


Tests indicate that the effect of the fillets can be approximated 
by takingh’ =h + 1.5rforr/h < 1/8. The total deflection can 
be obtained by adding this additional deflection to that given by 
classical bending and shear-deflection theory. 
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Thermoelastic Stresses in Beams 


The behavior of elastic, free beams of arbitrary constant cross section under an arbitrary 
temperature distribution is investigated. An analytical method of successive approxi 
mations for the solution of linear partial differential equations ts applied to the solution 
for thermoelastic stresses in such beams. The stresses are obtained in terms of series, 
the nth terms of which are of the form B"£,(0"T/O") where B is the ratio of the 
maximum linear dimension of the cross section to the length of the beam, T is the 
temperature, % is the ratic of the axial co-ordinate to the length of the beam, and £, is a 
homogeneous linear integral differential operator in y and z only. When Poisson's ratio 
is sero, the first term of the series for the normal axial stress is identical with the 
solution based on a strength-of-materials analysis, and the first term of the series for the 
axial displacement leaves plane sections plane. The leading terms of the series provide 
good approximations when the temperature can be expanded in a rapidly convergent 
power series and in long bars (81). The case of beams of constant circular cross 
section under temperatures varying only with the axial co-ordinate is examined and a 
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numerical example is presented. 


practical analysis of thermal stresses in beams is 
usually based on a one-dimensional! stress-strain law and on the 
Bernoulli-Euler or strength-of-materials hypothesis that sections 
plane before heating remain plane after heating. The present 
work is an analysis based on the linear, three-dimensional theory 
of elasticity, and thus can be used to evaluate the validity of the 
approximate approach. 

The isothermal strength-of-materials theory ordinarily agrees 
with experimental results? and predicts, in all cases, the same 
normal axial stresses as given by the Saint Venant bending theory 
for cantilever beams subjected to a bending-moment distribution 
which is linear with the axial co-ordinate. 

The solution of the two-dimensional thermal problem was 
carried out by Boley [5] by means of a general step-by-step solu- 


' This work is part of a dissertation submitted by the author in 
partial fulfillment of the requirements for the degree of Doctor of 
Philosophy at Columbia University and was supported by the Wright 
Air Development Center. The author wishes to express his gratitude 
to Prof. Bruno A. Boley for his invaluable aid and advice during the 
course of this investigation. 

?One explanation of the wide range of applicability of the ap- 
proximate theory was given by von Karman [1]* and Seewald [2]. 
They derived their results, in the isothermal case, for a two-dimen- 
sional elasticity problem by expanding the bending-moment distribu- 
tion into a Taylor series along the span, and getting series expansions 
for the radius of curvature and for the normal axial stress. The 
terms of these series are proportional to successively higher deriva- 
tives of the bending moment with respect to the axial co-ordinate, 
and the leading term of each series is the same as that arrived at from 
strength-of-materials considerations. Thus if the bending-moment 
distribution is sufficiently smooth, i.e., if it can be represented by a 
rapidly converging power series, the leading term predominates in 
each series, and the Bernoulli-Euler hypothesis leads to good results 
Donnell [3] obtained similar expansions and corrected some numerical 
errors in Seewald’s work. 

Almansi [4] developed a procedure for the problem of a cylinder 
under surface tractions varying as polynomials in the axial co-ordi- 
nate. Goodier [13] examined solutions of the three-dimensional iso- 
thermal case in the form of power series in 8 and showed that their 
leading terms correspond to the Saint Venant solutions. 

* Numbers in brackets designate References at end of paper. 

Presented at the Summer Conference of the Applied Mechanics 
Division, University Park, Pa., June 20-22, 1960, of Tae American 
Society OF MECHANICAL ENGINEERS 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. First draft of manu- 
script received by ASME Applied Mechanics Division, February 27, 
1959; final draft, October 28, 1959. Paper No. 60—APM-28 
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tion of the governing equations. This method was also applied 
to the two-dimensional isothermal problem of a loaded beam by 
Boley and Tolins (6). 

The present work is an extension of Boley’s method to the 
three-dimensional thermoelastic problem of beams of arbitrary 
constant cross section subjected to arbitrary temperature dis- 
tributions. Additional details may be found in [7]. 

The step-by-step method is developed in general terms in the 
following section, and is applied in the next to a general thermo- 
elastic stress analysis of isotropic, homogeneous, simply connected 
free beams. A solution for the stresses and displacements is given 
later for the special case of a right circular cylindrical beam sub- 
jected to temperatures varying only with the axial co-ordinate, 
and a numerical example is presented to illustrate the behavior of 
this series solution. Curves are presented to illustrate this solu- 
tion to the thermoelastic problem and the accuracy of the 
strength-of-materials approach is discussed. 


Outline of Mathematical Procedure 


The solution of the problem is based on the method of ref- 
erence [5] for simplifying the solution of elliptic partial differen- 
tial equations defined in regions where one dimension is much 
larger than any of the others. This method reduces a partial 
differential equation in n independent variables to an infinite set 
of equations in (n — 1) independent variables. A general form 
of this procedure is presented here for the case of a single partial 
differential equation although, in what follows, it will be applied 
to a system of such equations. 

Giver an elliptic linear partial differential equation of any order 
n of the form 


n 
p> Dig(z, y, 2) = f(z, y, 2) 


37=0 


where g is the dependent variable and 


n~—Jj r 


ort 
Di = he 6.3 
2. 2 Y *) oy'—*de*dz! 


Let the solution be desired for a cylindrical region, with the 
generators parallel to the z-axis, defined by z,(y) < z < 2(y), 
vy. < y Sw, 0 < x < L, with boundary conditions of the form 
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n—-1 r 
De Dy kealy, 2 O%9/Oy" De") 
r=0 @=0 
= X,.(z, y,z)onz = %, 2 (1b) 
n—l 
D> ky, 229/02") = G.x(y, 2) on z = 0, L 1c) 


r=0 
Restatement in Terms of Infinite Series. Let 
9=9+ >. m (2) 
m=0 
where g and g,, are so chosen as to satisfy the following equa- 
tions: 


D°go = fo 
D°9; 


where 


m=0 


The choice of the functions f,, is not unique and should be made 
in any manner which is convenient for the particular problem at 
hand. In the present problem f is a homogeneous linear function 
of derivatives of the temperature 7’, and f,, will be chosen in such 
& way as to contain derivatives of 7 with respect to z of order m 
only. Then it follows that g,, will contain derivatives of T with 
respect to x of the single order m. 


k 
Iff = > fm, then for m > k and m > n the recurrence 
m=0 
equation 


n 
= D'Qm-j 
J=1 


D°Gm = 


relates g,, tog; (j =m —n,m—n+1,...,m — 1). 

Clearly the expansion (2) formally satisfies equation (la). 
Since no derivative with respect to z appears in their left-hand 
members, equations (3) are simpler to solve than equation (1a). 
The role of z has thus been reduced from that of an independent 
variable to that of a parameter. However, as a consequence, g,, 
cannot satisfy boundary conditions of the form of (1c), but it 
can be made to satisfy conditions of the following form: 


n—-1 r 


Sy kl O'0o/Oy"-*02") 


r=0 s=0 


Xi,2 


n—l r 
} » k,(O°Gm/Oy"~*dz") = O 
r=0 s=0 
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Thus ee 9m formally satisfies equations of the form of (la, b) 
m=0 
but not of (1c). In order to complete the solution it is then 
necessary to determine g. 
Determination of §. The function g must satisfy the homogeneous 
equation (4) with the following conditions: 
n—-l ¢ 


> k,,(0°g /Oy"~*dz* ) =0 on 
n—1 n—l 


r=0 s=0 
k(d°g /dz") = Gi» — 3 k,(2°Gm/Oz") 
a pe 


r=0 r=0 m=0 


Z2 = 2, 2 


at z=0, L (6b) 

Clearly the exact determination of 9 is, in general, as difficult 
as the solution of the original problem. It is possible, however, in 
the case of elliptic differential equations defined in regions which 
have a long cylindrical shape (h < L, where h is the maximum 
linear dimension of the cross section) to obtain an approximate 
solution for g which is usually adequate. In order to obtain this 
approximation it is convenient to examine each end of the cylin- 
der separately, and to do this it is necessary to classify boundary- 
value problems into two types, depending on whether (i) 
the boundary conditions can be specified arbitrarily or (ii) the 
boundary conditions must satisfy certain integral conditions. 

An example of both these cases is provided by Laplace’s 
equation 


V*d = 0 


Here @ can be specified arbitrarily on the boundary (case i), but 
its normal derivative 0@/0n cannot (case ii), since the divergence 
theorem requires the integral of this quantity over the boundary 
to be zero; i.e., 


ff, eee jds = 0 


With some differential equations only one case arises; for in- 
stance, for Helmholtz’s equation all boundary conditions are 
arbitrary so that the problem is of the first type. In the case of 
stresses, surface tractions must satisfy conditions of equilibrium 
and thus the problem is of the second type. 

In case (ii) it is convenient to introduce a new function Ge which 
satisfies the same differential equation (4) and boundary condi- 
tions on the cylindrical surface (6a) as g, but satisfies average 
conditions on the ends as follows: 


n—1 


f > k,(0"g,/a2")dA 
Ar=0 
n-1l @ 
- f |. - > biren/02" dA 
A r=0 m=0 


at z=0,L (6c) 
Thus the difference g — 9, satisfies conditions of type (i). In 
problems involving simultaneous equations, as for example in 
the stress problem, the average conditions which the approximate 
functions should satisfy are of a somewhat different form from 
that of (6c), and each case should be examined on its own merits. 

The boundary-value problems for @ in the first case, and for the 
difference g — g, in the second, are end problems in which each 
end can be examined separately; they are in a form to which 
Saint Venant’s principle applies. 

In general, Saint Venant’s principle is a property of elliptic par- 
tial differential equations [8]. Thus in the first case mentioned, 
if the cylinder is long and since g satisfies homogeneous condi- 
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tions on the cylindrical surface and nonhomogeneous ones on the 
ends, then g decays rapidly into the interior and is approximated 
by zero in the region h < x < L —h; i.e., away from the ends of 
the beam. Similarly in the second case, since 9— Gs satisfies 
homogeneous conditions everywhe re but on the ends, then g, 
adequately approximates g everywhere away from the ends. It 
may sometimes happen in the second case (as it does in the 
present problem) that the right-hand side of equation (6c) is zero; 
in such a case g, = Ois a good approximation to 9. 

Thus in all problems where Saint Venant’s principle can be 
formulated, approximations g, of the type descibed in the fore- 
The end problem for g, is usually 
unknown functions 


going are usually adequate. 
less difficult to evaluate than that for the 
themselves. For example, in problems involving Laplace’s equa- 
tion in two dimensions, the end problem reduces to a one-dimen- 
sional one [5], and in the stress problem, as will be shown in the 
following section, the end problem is trivial yielding ¢;; = 0. It 
is in general impossible to formulate a Saint Venant’s principle 
for differential equations which are not elliptic, although under 
certain conditions such a principle does apply [9]. However, a 
Saint Venant’s principle can be formulated for the heat equation 
5] and for similar problems defined by parabolic differential 
equations. Therefore it would appear that this method would be 
applicable to those problems as well. 


Thermal Stresses and Displacements in Beams: General 
Theory 

The problem investigated is that of an isotropic, homogeneous, 
linearly elastic, long, simply connected, cylindrical beam free of 
body forces and surface tractions, and subjected to an arbitrary 


Table 1 Equations (9)—equilibrium and 


temperature distribution. Inertia effects and thermoelastic 
coupling are considered negligible so that time enters only as a 
parameter. The physical properties of the material are assumed 
independent of the temperature and the strain and rotation 
tensors are assumed small. 

Stresses. Governing Differential Equations. 
of the stress tensor must satisfy the following three equations of 
equilibrium (7) and six equations of compatibility (8): 


The components ¢,;; 


5,4 = 9 


. , l+yp 
(l + ¥)Oi;0% + Cuuy = —Eaa ; z 


re) F . : 
where ,, = —— and where » is Poisson’s ratio, Z the modulus 
Or 


of elasticity, a the coefficient of thermal expansion, 7' the tem- 
perature change from quiescent condition, i, 7, and k can each as- 
sume any of the values 1, 2, and 3, the summation convention 


over a repeated index applies, and 6,; is the Kronecker delta. 


Let 
Oy = 65 + > (ID) mn 


m=O 


> fon 


m=0 


Tr v Ad vv 
7 hh bj; + T 7 - 
—-v 
where ¢,; and (iJ),, are functions of the Cartesian co-ordinates 
‘ These effects can be neglected when a characteristic thermal time 
(x/L*) is large compared to the natural period of the lowest bending 
mode of vibration (see reference [10], where additional references are 
given) 


in expanded form 








EQUILIBRIUM EQUATIONS FROM EQS. (7) 
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COMPATIBILITY EQUATIONS FROM EQS. (8) 
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x, y, and z and are such that 6;; = ¢;; and J), = (JZ),,, and 
where f;;,, contain z-derivatives of order m only, z is the axial co- 
ordinate and y and z (unless otherwise noted ) are arbitrary co-ordi- 
nates in the plane of the cross section of the beam. Substitution 
of the foregoing expressions for o;,; and f;; into equations (7) and 
(8) yields, in a manner analogous to that of the preceding section, 
an infinite number of sets of nine equations each. A typical set 
is given in Table 1, equations (9). Each set contains the six un- 
known functions (J./),,, each of which contains derivatives of 7 
with respect to x of the single order m. The terms ¢,;; must 


satisfy 


(10) 
(L + PGs, te + Fees; 0 


Boundary Conditions. The boundary conditions for a traction- 
free body are 


njo;; = 0 onthe surface S (11) 


where n, are the components of the unit normal vector to the 
surface. 
Thus the boundary conditions for (JJ ),, on a cylindrical surface 


2:(y), 2e(y) with generators parallel to the z-axis are 


nf YJ), + nf{ZJ), = 0, J =X, Y,Z (12) 

Conditions of the form of (12) must also be satisfied by ¢;; on 
the cylindrical surface, but, in addition, ¢;; must satisfy condi- 
tions (13) which follow. It should be noted that, as discussed in 
the preceding section, in view of the fact that z appears only as a 
parameter in the equations defining (J/),,, no boundary condi- 
tions can be given for (/./),, at the ends (x = 0, L). 


) 


bn td (XX): 3 == > (ZX); 


m=O m=O 


éy.= — >) (YX)_ (13) 


m=O 


Average conditions specifying no net load, moment, or torque 


on the ends (x = 0, L) are 


f oA = f o,ydA = f a,2dA =0 
A A A 
f, T.4A = f, T,,dA = f, (Ti2eY¥ — Tyzz)dA =0 (14d) 


and apply for all z when the cylindrical surface is traction-free; 
these constitute the integral conditions referred to in case (ii) of 
the preceding main section. 

If (XX),,, (ZX),,, and (YX),, satisfy, for all m, equations of the 
form of (14) with (1/),, replacing o;; (which in fact they do), then 
é,;; must also satisfy equations of that form with ¢;, replacing 
o,;;. Thus 6;;, = 0 satisfy equations of the form of (10, 12, 14) 
but not of (13), and the difference ¢;; — ¢;;. gives rise to self- 
equilibrating tractions at the ends. By Saint Venant’s principle, 
as indicated in the preceding section, ¢;;, = 0 are adequate 
approximations to ¢;; away from the ends of the beam. 

The problem described by equations (9, 10, 12, 13) is in the 
desired form. Its solution is presented in the next section. 

Method of Solution. The nine equations (9a,,, b,,, . . ., 7,) of 
any set m = 1, 2,..., yield the six unknown functions (J./),, in 
terms of functions of lower subscripts; i.e., (JJ )p With p < m, 
which should have been determined beforehand and may there- 
fore be considered known. The equations of each set separate 
into two groups; namely, equations (9a,,, b,,, dn; €m» Sm: Gm) and 
(G5 Amy tm) Of Table 1. Only (XX),,, (YY),,, (ZZ),,, and (¥Z),, 
appear as unknown functions in the left-hand members of the 
first group while only (7X),, and (YX),, so appear in the second 
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The quantities with lower subscripts appearing in the right-hand 
sides of the equations of either group are of both types, and con- 
sequently, a coupling arises between the groups. 

It should be noted that for m > 3 the equations maintain their 
form and differ only in the subscript which denotes their position 
in the sequence. Thus for m > 3 there arises a set of recurrence 
equations for the unknown functions (J/),,. 

The details of the solution which appear in Table 2 are pre- 
sented in references [7] and [11]. The principal results are as 
follows: 


(i) The equations of the first group are similar to those of 
plane strain and the ones of the second to those of the Saint 
Venant theory of torsion and bending. The solution to these 
equations are expressed in terms of stress functions for which 
boundary-value problems are formulated. Recurrence equations 
for the stress functions are given in Table 2. 

(ii) The terms 6,; are approximated adequately by ¢,;, = 0 in 
the region h < z < L — hof a long beam (h< L), where A is the 
maximum linear dimension of the cross section and L the length 
of the beam, 

(iii) The terms (XX),,, (YY),,, (ZZ) ,, and (YZ),, are zero for 
m = odd and (ZX),, and (YX),, are zero for m = even. 

(iv) The (nonzero) terms (J/),, are proportional to (h/L)™ and 
are homogeneous linear functions of 0"7'/0#" where ® = 2/L 
(i.e., if T is replaced by C7, with C a constant, in any of these 
terms, then the resultant expression is the original one multiplied 
by C). Thus in view of items (ii) and (iii) 7,, 7,, ,, T,, have the 
form 


(h/L)™&,,(O"T /d2") 
m=0,2,4,... 


and 7,, and 7,, have the form 


(h/L)™£,,(O"T /O2™) 


m=1, 3, 5... 


where £,, are linear operators in derivatives and integrals with 
respect to y and z only. This is the desired form of £,, and is the 
one which dictated the choice of the functions (J/),, and f;;,,. 
Thus if A/L < 1 and if T can be represented by a rapidly con- 
vergent power series, then the leading terms of the series will give 
adequate approximations to the stresses. Note that if T is of the 
form 


N 
a= a Iuly, 2)2", 


n=0 


i.e., a polynomial in the spanwise direction, then the series for all 
the stress components terminate after N + 1 terms. 

It is interesting to note that if 7’ is linear in a rectangular Car- 
tesian co-ordinate system, then (JJ),, = 0 for all m, and that if 
T = T(y, z) is harmonic then the only nonzero term is (XX )» 
which becomes identical with the strength-of-materials formula 

(v) The first term (XX), in the expansion of the normal! axial 
stress o,, when the y and z-axes coincide with the centroidal 
principal axes of the cross section is 


(XX)o = Ea [ - T* + aya) f, T* dA 


+ w/t) f, T*y dA + ety) f, T*: aa | (15) 


T* = T — (v/Ea)Vi*h 


J, and /, are moments of inertia of any cross section about the 
z and y-axis, respectively, and A is the area of the cross section; 
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¢o is a solution of a boundary-value problem of the first type, 
Table 2. For v = 0, the quantity 7* = 7 and thus the term 
(XX) and the normal axial stress a, of the strength-of-materials 
theory are identical. Clearly if the beam is long and if the higher 
spanwise derivatives of the temperature are small then the first 
term (XX )» will predominate and the Bernoulli-Euler hypothesis 
leads to good results. 

Displacements. The displacements u; satisfy the six equations 


(2/E)[(1 + v)o;; — (von — EaT 6; ;) 
(16) 


Ug + Uppy = 26; = 


The displacements u, v, and w, in the directions of the z, y, and z- 
axes, respectively, can be expressed in series form. In the case of 
stresses, the terms (JJ),, contained spanwise derivatives of the 
temperature of the single order m. In order to maintain this 
correspondence between subscript and order of derivatives, the 
displacement series must be chosen as follows: 


a+ > Um, 


m=—2 


“i= 


To these expansions rigid-body motions may of course be added. 
The equations which the terms of these series satisfy are ob- 
tained from equations (16) in a manner completely analogous 
to that used in the case of the stresses. This is done in detail in 
references [7] and [11], where the equations are also integrated to 
yield u,,, ¥,,, and w,, in terms of the stresses. The equations in 
expanded form can be grouped in such a way that only the dis- 


placements Umi, Vm, W, appear in the group. These displace- 
ments can be determined in terms of the stresses, and this de- 
termination does not require the knowledge of any other dis- 
placement. Each group consists of six equations in three un- 
known functions. The manipulations involved in showing that 
the equations are consistent prove to be quite similar to those 
employed in the case of stresses. For m > 1 the equations in any 
group form a set of recurrence equations for u,,, v,,, and w,, 

If rigid-body motions are omitted, the results of such an analy- 
sis of equations (16) will be: 

(i) The terms @, #, and # are approximately zero in the region of 
a long beam (h< L) where the stresses ¢;; are approximately zero; 
i.e., in the region hh < z < L —A. 

(ii) The terms u,, are zero for m = 
w,, are zero for m = odd. 

(iii) The terms u,,, v,,, and w,, are proportional to 8”, where 
8 = h/L, and are homogeneous linear functions of 0"7'/dz". 
Thus in view of (i) and (ii) u has the form 


even, and the terms r,, and 


@ 


> B™L(O"T 2") 
m=-1,1,3... 


and v and w have the form 


AvL,,(O"T /OE") 


where £,, are linear operators in derivatives and integrals with 
respect to y and z only. 


(iv) The first term in the expansion of the axial displacement is 


z 
uu = f, (doo + buy + duz)dz/E 


Table 3 Quantities (!J),, Um, Vm, and Wm in a right circular cylinder with T = T(x) 
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where doo, bo, and dy are functions of z, Table 2. Thus u-; 
leaves plane sections plane. 


Right Circular Cylinder Under Temperatures Varying Only 
With the Axial Co-ordinate 


For the right circular beam under an axisymmetric tempera- 
ture distribution, the use of cylindrical co-ordinates in conjunc- 
tion with the method described in section, ‘Outline of Mathe- 
matical Procedure,”’ leads to ordinary differential equations in the 
radial co-ordinate, with the axial co-ordinate appearing only as a 
parameter. The development is completely analogous to that of 
the preceding section and is therefore not repeated. 

It should be noted that this problem could be approached as a 
special case of the general one of the preceding main section. 
However, such an approach has the disadvantage that in Car- 
tesian co-ordinates the governing differential equations are of 
course partial in y and z. Furthermore, a transformation to 
cylindrical co-ordinates, which is quite cumbersome, gives rise, 
despite the axisymmetric nature of the problem, to partial dif- 
ferential equations in the radial and tangential co-ordinates. 
This result is due to the fact that, because of the nonhomogeneous 
nature of the expanded form of the equilibrium equations, e.g., 
equations (942, b2), the stresses (/J),, had to be defined in terms of 


open integrals of stresses of lower subscript, e.g., (JJ )2, Table 2, 


as well as in terms of the usual stress functions. 

The ordinary differential equations which the terms (J//),, 
satisfy can be readily integrated yielding the stresses in terms of 
multiple integrals of the temperature with respect to the radial 
co-ordinate, the order of which increases with m. These integrals 
can be evaluated once T(z, r) is known. In the special case when 
T is independent of r, integration leads to expressions for (J/),, 
in the form P,;"(r)(d"T'/dz™) where P,;,"(r) are polynomials in 7 
of degree m. These polynomials for m = 0, 1, 2, 3, 4, and re- 
currence equations for their coefficients for m 2 3 are given in 
Table 3 for T = T(z) in nondimensional form with 


B = h/L 


p=r/a y = a/L 


1 - 
: d"T /d2™ 


UJ), = (1 — v\lJ),,/EaT,; 


where 7’; is the base temperature from which temperature incre- 


ments 7’ are measured, r the radial co-ordinate, a the radius, and 
z the axial co-ordinate measured along the centroidal axis of the 
beam. 

It should be noted that for this special temperature distribu- 
tion the first two terms of all series are zero and that the next 
terms differ from zero if T’’ # 0; i.e., if the temperature is other 
than linear in z. Furthermore, the elementary theory predicts 
zero stresses for the present case and is thus of no use in determin- 
ing the actual stresses in the beam. 

The displacements are linear functions of the stresses. Thus 
in the present case the displacements like the stresses are poly- 
nomials in the radial co-ordinate. These polynomials for u,,, 
and w,, are given in Table 3 in nondimensional form with 


Pens 


i; = u,/aT a 

\ detailed analysis of the axisymmetric case and a brief ex- 
amination of the more general problem of a right circular cylinder 
under an arbitrary temperature distribution appear in reference 


if }- 


Discussion of Numerical Results 

Figs. 1-4 present the results of numerical! calculations which 
were conducted in order to illustrate the behavior of the series 
solution to the thermoelastic problem. 

The problem investigated was that of a free right circular, 
cylindrical beam insulated all around and at one end, while the 
other end (z = L) is subjected to a time-dependent heat input ¢ 
which is uniformly distributed over the cross section. The 
beam is initially at 7 = 0. The temperature T(z, 4) can be ob- 
tained by a Duhamel integral of the solution for a slab which is 
initially at 7 = O and which is insulated at one face while the 
other is subjected to a unit step heat input [12]. The tempera- 
ture in nondimensional form is as follows: 


= if 
r= ave) > f [Ht — S/S Sew FEO 
0 


j=0 
+ e~ QF +O/45) ae (17) 


i 2 i 
Tr = f gj di + 2 > (—1)! (cos jr®)e~? *% [ ge?” * di (18) 
0 /J0 


3=1 


where 
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Normal axial stress as a function of time; first four partial sums 
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Fig. 2 Stress profiles across middle (x = L/2) cross section; first four 
paitial sums 


and where k is the thermal conductivity, c the specific heat, and wu 
the mass density. Equation (17) converges fast when / is small, 
and equation (18) converges fast when t is large. 

Clearly the temperature is a function of time and of the axiel 
co-ordinate only. This problem was chosen since for such a tem- 
perature distribution the strength-of-materials approach is of no 
use in calculating the actual stresses and a more general theory 
must be employed. The first term of the expansion for the normal 
axial stress as given by equation (15) and the strength-of-ma- 
terials formula are quite similar in form and are both zero in the 
present problem. Thus the remaining terms in the expansion 
represent the actual stress. 

A particular heat input was chosen, namely, 


4 


fqot/r OLtKr 
\qo t > T 


; 


{\! 
where g and 7 are constants. 


For such a heat input and for ¢ > 7, equation (18) becomes 


[(3%2 — 1)/6 +7 — t/2 


— (2/8't ) (—1)/ (cos jr® ee? ** — 1)e7I***/54] 
=] 


where 7 TK/L? 


Thus as ¢ approaches infinity, 7 approaches the quasi-static 
value go[(3%? — 1)/6 + 2 — 7/2] and the components of stress 
apnroach the steady-state values 


lim o, 


tno 


Baga? — 2r*)/4kLih 


lim o, BALCI 


t—> 


= Kagy(a? — r* 


lim 04 


to 


Eaqy(a? — 3r*)/8kLi1 — 


lim 7,, 


t—> @ 


re = Te, = Oforallt 
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Fig. 3 Normal axial stress distribution along beam axis; first four 
partial sums 




















Fig. 4 Displacement profiles across middle (x 
first four partial sums 


Clearly the steady-state values of the stresses are independent 
of z and 7 but are nevertheless functions of r. These values are 
the steady-state values of the first nonzero terms of the expansions 
of the stresses. The remaining terms all approach zero. 

The first nonzero terms of the displacements and therefore the 
displacements themselves, as can be seen from Table 3, grow 
without limit with time. However, the second nonzero terms of 
their expansions approach steady-state values independent of the 
ramp-time 7 and all remaining terms approach zero. 

Thus for long times the leading terms of the expansions are ex- 
cellent approximations to the functions. For shorter times, the 
relative length of the beam 8 = h/L has some effect on which 
term of the series is the predominant one, since each term (//),,, 
ti, 5,, and w,,0f the expansions is proportional to 6". There- 
fore a comparatively short beam with 8 = 1/4, i.e., y = a/L 
1/8, was chosen for the numerical calculations, since in such a 
beam the truncation error is as large as would ordinarily be en- 
countered. Poisson’s ratio was chosen as v = 1/3. 

All calculations were carried out to include the first four nonzero 
terms of the series. In all cases, as can be seen from Figs. 1—4, the 
third and fourth partial sums were indistinguishable. 

In Fig. 1, it can be seen that (XX), is the predominant term of 
the series over almost the entire range of time, while (XX). and 
higher terms are negligible for all ¢. The second nonzero term 
(XX), is the predominant one for very short times, but then the 
stresses are small and unimportant. Thus even in a relatively 
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short beam (8 = 1/4) the first nonzero term is an adequate 
approximation to the stress o, in the interval where that stress 
is of any importance. In longer beams 8 < 1/10, the term (XX), 
becomes smaller than (XX )}., which thus predominates. From 
Fig. 2 it is also clear that even with 8 = 1/4, the first nonzero 
terms (/ J), predominate over the entire cross section. From Fig. 
3 it can be seen that the first nonzero term predominates for the 
entire length of the beam. Together, Figs. 1, 2, and 3 show that at 
steady state the stress is independent of z and r. 

Fig. 4 is a nondimensional plot of the displacement profiles 
across the middle cross section, corresponding to the stress pro- 
files of Fig. 2. Again, for long beams the leading terms are ade- 
quate approximations to the actual displacements. 
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Elastic Instability of Rectangular 
Sandwich Panel of Orthotropic Core With 
Different Face Thicknesses and Materials 


This paper treats the instability of rectangular sandwich panels with nonisotropic 
cores and faces of different materials or thicknesses. The simply supported panel is 
loaded with a uniform edge compression. The solution is expressed in terms of a major 
buckling coefficient, given as the ratio of the critical lateral buckling load to the critical 
cylindrical buckling load, which is a function of several nondimensional parameters. 
A single family of curves shows the buckling behavior for all parameters. The effect of 
a moderate temperature differential between the two faces can be approximately con- 
sidered by modifying their moduli of elasticity in accordance with their temperature 


levels. 


mined and discussed in detatl. 


Besides the regular panel instability, a sone of core shear instability is deter- 


Numerical examples are presented to illustrate the ap- 


plication of the analysis. 


state a great deal of theoretical effort has been 
devoted to buckling and bending of a homogeneous isotropic- 
cored sandwich panel with identical faces. Among others, 
Reissner’s theory [1]* with the complementary energy method 
and the Hoff-Eringen [3, 4] theory with the variational method 
should be mentioned. 

The simplifying assumptions made in some of the early theories 
were, however, found to be inadequate to explain the behavior of 
aircraft sandwich structures, as indicated by the experiments of 
Kuenzi [14]. For example, in a sandwich panel with a honey- 
comb core the modulus of rigidity in the longitudinal direction of 
the core may be 2.5 times as much as that in the crosswise direc- 
Also, the ultimate shear stresses in the two directions men- 
The assumption of the isotropic core 


tion. 
tioned are quite different. 
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cannot be applied without introducing appreciable error, par- 
ticularly for a core weak in transverse shear. 

As an added complication, the two faces may be of different 
thicknesses and/or materials in many applications. Further- 
more, the exposed outer face of the sandwich panel may be sub- 
jected to a much higher temperature than the inner face, owing 
to the hot jet blast or aerodynamic heating. Such high tempera- 
ture may weaken the material of the outer face, particularly by 
reducing its modulus of elasticity. Therefore a revision of exist- 
ing theories seems necessary to take into account the practical 
features of sandwich structures in high-speed aircraft. In ac- 
cordance with practical considerations for sandwich structures, 
the core will be regarded as being relatively weak under edge 
compression and bending, although it is favorably strong in 
taking transverse shear and compression. Therefore the Reiss- 
ner-Hoff assumption [1, 3] of a weak core, which simplifies the 
analysis substantially, will be adopted as the basis of the present 
theory. 

Regarding nonisotropic sandwich panels, Libove and Batdorf 
[2] considered the sandwich panel approximately as a noniso- 
tropic thick plate and extended the classical thin-plate theory [5] 
to sandwich panels by introducing effective bending and shear 
rigidities and by including shear deflection. Their formula- 
tion regards the faces as membranes and involves a sixth-order 





Nomenclature 


Et® ata 
— flexural rigidity 
12(1 — p?) 
Young’s modulus 
(t’ + t”)/2 
shear modulus 
G,, G, core shear rigidity ratio 
Gi shear stiffness 
distance from neutral plane of sandwich panel to 
middle of thickness of lower and upper faces, 
respectively 
N,,/Po, edge buckling coefficient; equation (5e) 
major buckling coefficient 
P, (1 + 6) , 
—£ ——, face buckling coefficient 
Py 6? 
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t'E'/t"E", ratio of extensional stiffness of lower 
face to that of upper one 
= intensity of external moments applied at panel 
edge 
= number of half waves in direction of load 
= loacing intensity applied at panel edge 
(7) 2 a i sum of one fourth of buck- 
L, 12(1 — p?) 
ling loads per unit width of both faces of a 
panel which is loaded along y = 0, y = L, and 
with Ly +> = 
= —————, one fourth of buckling ioad per 
(1 — p*)(1 + m) 


(Continued on nert page) 
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Maxima and minima data 

ky r 
94205 52 
00162 50 
14952 45 
30504 40 
46073 35 
64539 30 
83255 25 
03335 20 


Table 1 
Point 8 
0.34881 
0.41266 
0.50470 
0.57442 
0.63565 
0.69234 
0.74629 
0.79849 


a, 


— 
BNO WON 


Minima 


(1’ 0.25221 94310 52 
: 0.19377 01331 50 
P 0.11037 45 
2.50000 0.40 


l 
. 2 
Maxima {3 


| 4’ 0 
partial differential equation for each variable. This approach is 
more applicable to sandwich with a strong core than to that with 
a weak one. No specific solution was given. 

Following the formulation of Libove and Batdorf, Robinson 
17], in 1955, obtained solutions for buckling and bending of 
simply supported orthotropic sandwich panels with identical 
faces. In recent years, a large number of reports from the 
Forest Products Laboratory on the same subject were published 
by March [6], Ericksen and March [7], Raville [10], Norris [11], 
and Kimel [12]. Some of their work on isotropic core has been 
adopted as standards for military aircraft in the United States 
13). 


with different face thicknesses but always with the same ma- 


Their approach, however, is limited to the sandwich panel 


terial, and is difficult to apply to two faces with different tem- 
peratures or materials 

The present work extends Hoff's theory [3} to the sandwich 
panel with a nonisotropic core, different face thicknesses, and 
different material properties. A temperature gradient across the 
sandwich panel may also cause a change in the material proper- 
ties. Thus the theory can include indirectly the effect of a 
difference in temperature of the two faces. It is interesting to 
note that different face thicknesses and different material proper- 
ties affect the major buckling coefficient simply through the 
It is believed that the present theory takes into 
effect of major 
A set of numerical examples is given in 


parameter Pp. 
account the primary 
buckling coefficient 

Table 2 to demonstrate the practical application of the theory. 


temperature upon the 


This paper contains the essential results of a lengthy report 
[20] by the authors 


Assumptions 

1 Face Materials: 

(a) Two faces are of different materials and thicknesses and 
may be under different temperatures. 

(b) Poisson’s ratios of the faces are the same. 

(c) No local buckling of the face is allowed to occur within 
each core cell. 

2 Core Material: 


(a) Transverse shear rigidity of the core along the panel length 
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Simply supported sandwich panel under edge compressions 


ie) 














Fig. 2 Resultant forces (N.., Nyy, Nxey Qz, Q,) and moments (M,., Myy, 
M.,) acting on a sandwich element of unit area 


may be different from that across its width, ie, G, ¥ G, 

(6) The core material is so weak in comparison with the face 
materials that normal stresses and moduli of elasticity in the core 
can be neglected in the piane of the sandwich. Therefore the 
core is not considered to carry any bending moment. 

(c) The core is not considered to carry shear stress in the plane 
of the panel, leaving the full share to the faces. 

(d) The deflection due to transverse shear is considered only 
for the core, but not for the faces. The shear stresses in the 
transverse direction are uniform across the core. 

(e) The core is strong enough to take the transverse load and 
handling loads. 

(f) Nonhomogeneity of the core cells is neglected, provided 
that the panel is many times larger than the core cells. 

3. Bond: 

(a) All the bonds are strong enough so that under all loadings 
no bond failure will occur and stresses can be transmitted without 
discontinuity. 


4 Loading: 





Nomenclature 


unit width in a sandwich panel with rigid core 
which is loaded along y = 0, y = L, and with 
L,—> = 

intensity of transverse shear 

P./#A,, core shear stiffness parameter for sand- 
wich plate 

face thickness 

core thickness 

(i+f)/t 

face displacements in z, y, and z-directions, re- 
spectively 
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i/L, core thickness ratio 

L,/nL,, wave-pattern aspect ratio 
of of of 
act * ? detoyt T dy? 
Poisson’s ratio of face material 
(1 + m)i/2 


stress tensor 


biharmonic operator 


’ lower face 
” upper face 
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(a) N,,, edge lateral compression per unit length, as shown in 
Fig. 1, is applied at the neutral surface of the sandwich panel and 
is constant. 


5 Deflection: 

(a) Deflection of the panel before buckling is small in compari- 
son with the sandwich thickness. 

(b) At any location on the panel the transverse deflections of 
the upper and lower surfaces are the same as that of the neutral 
surface. 


The physical justifications of the foregoing assumptions are 
given in reference [20]. Fig. 1 shows a rectangular sandwich 
panel, simply supported along all four edges. The face thick- 
nesses of the top and bottom are ¢” and ¢’, respectively. Its core 
thickness is 7. An edge compression loading, N,,, is applied 
along two opposite edges as shown. Fig. 2 shows an element of 
the sandwich panel. For simplicity, an element of unit size is 
drawn. All types of possible forces (N,,, Q,, etc.) and moments 
(M,,, ete.) are indicated. The location of the neutral plane in 
bending is also indicated. 


Analysis 


The system of differential equations for the unknown deflec- 
tions, u’, v’, w, of the problem are given in reference [20]. In 
rectangular Cartesian co-ordinates the equations can be ex- 


pressed, respectively, in the z, y, and z-directions as 
1 /t’'E’ + m*’E” , 
2 a ae [2use’ + (1 — w)u,,’ + (1 + w)r,,’) 


+ —_—__—— 
i 


1+m [ +m 
i z 


u’ + to =0 (la) 


Pound Fo. 
tor he 


A+ fs 
8 


2 9p: 
- a 


= oe 





1 {/t'E’ + m*t"E" 


9 1 — p? ) [2v,,’ + (1 — wes’ + (1 + wu’) 





‘tm _,[tt” 


v’ + i = 0 (1b) 


I i 


1 ‘ 
= u,’ + ives) 


‘ 1+ m P 
— tH, (' ee v,’ + ity) 


+ TW fPes + 2N yey + | = 0 (le) 


(D’ + D")V‘w — iH, ( 


For the special case considered here, N,, = N,, = 0, which re- 
moves two terms from equation (Ic). The simplified set of equa- 
tions is the basis of the solution. 

Boundary conditions. The boundary conditions are obtained 
for a simply supported panel from reference [20]. They consist 
of the following elastic boundary conditions: 

(2a) 


uz’ + po,’ = 0 z=Oandz =L, 


vy’ + pu,’ = 0 y=Oandy=L, (2b) 
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y = Oand y 
z=Oandz 


Ws, + pw,, = 0 x = Oandz 


Wy + pw,, = 0 y = Oand y 


together with appropriate boundary conditions; i.e., 


w=0, z=0, c=L, y=0, andy=L, (2f) 
Solution and buckling criterion for simply supported panel. In 
order to satisfy the three differential equations in equations (1), 
and the sixteen boundary conditions in equations (2), the solu- 
tions of u’, v’, and w can be taken as 
: ; wz. onmy 
u’ = C, cos — sin 


v= C3 sin 


where C, C2, and C; are three unknown constants to be evaluated. 
Substituting the foregoing assumed solutions in equation (1), we 
obtain three simultaneous algebraic relations for C,, C2, and C;. 
These results can be expressed as the following matrix equation: 


i r 


1 +h 
B pir 


2 
T a C. 
prB . 


li \ 5 
Bt ar) Bet | yi 


The important physical parameters, defined in the following 
equations, should be explained more in detail 


t'E’ 


rita? 
= = pw? 1+ m’ 
2 
P, = (*) (D’ + D"), 


Po 
iH,’ 


P, (1 : 
giody (| +8) 


k= k—k 











Po 


P, in equation (5a) is one fourth of the buckling load per unit 
width for a sandwich panel with a rigid core loaded along y = 0, 
y=L,,andL,— ~. P, is the contribution of the bending 
rigidity of the two faces to the total buckling load N,,. It is 
only a small fraction of N,, and can be neglected except in 

3 These are Hoff’s approximate boundary conditions which are in- 


troduced to replace the corresponding exact boundary conditions 
uy’ + ve’ = 0,2 = 0,2 = Le, y = 0,y = Ly, (2c). 
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the case where the core is extremely weak in transverse shear, and 
then P, will share a certain portion of the load. In equation (4), 
P, is chosen as a standard to compare P,, N,,, and Hy. 

Now we are to evaluate C,, C:, and C;. The nontrivial solu- 
tions of C in the foregoing three homogeneous algebraic equations 
occur when, and only when, the square matrix in equation (4) is 
zero. 

If the geometric and material characteristics of the sandwich 
panel are specified, the parameters a, 8, i, g, p, and k are known 
The only unknown is the buckling coefficient k 

After some algebraic manipulation, k, can be 


constants. 
(=N,,/Po). 


shown from equation (4) to be 


(1 + B%g)((1 — u)(1 + 8*)*r + 28%g + B*)) — 2841 — g)? 
a (1 — wl + BY) + 28%g + B*))r 
+ B((1 — wl + Bg)r + 28%) 
(6) 


Some physical interpretations of & and k, are needed. The 
parameter k = (P,/PoXB + 1/8) is called the face buckling 
coefficient because it is essentially the ratio of the buckling load 
of the faces P, to the cylindrical buckling load Py. For the case, 
r<1, & is much smaller than &; and can be neglected. However, 
for the sandwich panel with very weak core (r > 1), the omission 
of k may cause appreciable error and may not be justified as given 
in some previous works [1, 15]. The major buckling coefficient 
k, as defined in equation (6) is a function of a number of material 
parameters (such as g, uw, r) and geometrical parameters (such as 
a, 8, i). It is difficult to interpret directly from the equation. 
To illustrate the usefulness of equation (6), Fig. 3 shows the 
major buckling coefficient k; versus the panel aspect ratio n8 for 
different values of the core shear rigidity parameter r. According 


to Kuenzi’s [14] experiments, the ratio of moduli of rigidity g = 
G,/G, for typical corrugated honeycomb core is about 2.5 if the 


direction of uv, is parallel to the core corrugations. If the direc- 
tion of G, is perpendicular to the core corrugations, g = 0.4. For 


‘See theorem in J. V. Uspensky, ‘“Theory of Equations,”’ McGraw- 
Hill Book Company, Inc., New York, N. Y., 1948, p. 235. 
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Fig. 3 Major buckling coefficients k, versus n S( =L,/L.) at different values 
of r( =P, /t7H,) 
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expanded honeycomb core, his experiments show that for G, 
parallel and perpendicular to the cell corrugations, g is 1.67 and 
0.6, respectively. With this range of variation in mind, three sets 
of curves with g = 2.5, 1, and 0.4 are shown in Fig. 3. For square- 
celled core, g is expected to be very close to unity. 

It is interesting to note that r = 0 corresponds physically to 
zero shear deflection and that k, becomes independent of g, as 
shown in Fig. 3. Also, for r = 0, k; corresponds to the buckling 
coefficient given by the classical thin-plate theory. For0<r< 1, 
the influence of finite values of g on k, is quite important and 
should not be neglected. 

In Fig. 3, let us follow the curve of k, versus nB (=L,/L,) 
forr = 0. The value of k, is lowest for n8 = 1 and rises higher 
and higher until L,/L, = 1.42. For L,/L, slightly larger than 
1.42, the lowest value of k; is no longer located on the curve of 
n = 1 but lies on that of n = 2. Similar phenomena are well 
discussed in classical thin-plate theory. For the range 0 < r < 
0.5, k, decreases with increasing values of r, no matter what the 
value of L,/L,. As L,/L, — 0, ki ~ 1/rin the limit for any value 
of g. This result can be obtained mathematically by taking a 
limiting process of equation (6) as 8-0. It is interesting to note 
that &, can never be larger than 1/r regardless of the value of 
L,/L,. 

When the faces are of different materials, no available theory 
can estimate the critical buckling load of a sandwich panel in 
practical application. Fora sandwich panel with faces at different 
temperatures, which may be caused by aerodynamic heating or 
proximity to a hot jet, no available theory can predict the 
stresses, deflections, and collapse loadings. In the present 
analysis, the effect of different moduli of elasticity of the faces is 
included in P» in equation (5a). Until more exact theory is 
available, it is expected that the present theory can be applied 
to both faces of different materials and faces of different tem- 
peratures, as long as the temperature difference and the thermal 
warpage is small. 

Equation (5c) shows that r is a function of Py and therefore is 
a function of m = t’E’/t"E". In effect, the single family of 
curves in Fig. 3 covers all varieties of face materials and thick- 
nesses, core properties, panel-aspect ratios, and number of half 
waves. This is a simple result and especially convenient for 
preliminary design. 

In Fig. 3 the curves for different values of g(g = 1 — isotropic 
core, g = 0.4, and g = 2.5) are quite similar in general behavior. 
The major buckling coefficient k, always decreases with g. 

For preliminary design, it is important to know (k;)min versus 
r for different values of g. Therefore, the locus of (k,)min versus r 
for g = 2.5, 1.0, and 0.4 of Fig. 3 are replotted in Fig. 4. It is in- 
teresting to note that for r < 1/2 and g = 2.5, the general 
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Fig. 4 Minimum valves of major buckling coefficients k, versus r at 
different values of g (refer to locus of minima in Fig. 5 and alse in Fig, 3) 
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instability of the panel occurs, while for r > 1/2 core shear in- 
stability occurs and (k;)min coincides with the curve of 1/r. 
Similar regimes occur for g = 1.0 andg = 0.4. 

When the face materials are not the same, the following formu- 
las can be used in order to determine the face stresses for a 
given N,, as long as the panel does not buckle and has no initial 
curvature: 

m WN = | pe 


yy. ” ts (7) 


a a? vu l+m 1” 


A special case. In the case of g = 1, equation (6) reduces to 


1 2 
(1 + 6)? (| ¥ 8) 
SeviGhte dtd Od toa. oaks 8) 
(ep) 


This is identical with the results of many investigators [1, 3, 15] 
except cases where the faces may be of different thicknesses and 
materials are now included by the definition of r. 

Minimum valve of k. In equation (6) we would like to find the 
minimum values of k, with respect to 8, holding the other 
parameters such as g and r constan.. Setting 0k,/08 = 0, we 
obtain the following equation in B: 


8X1 + B*Xg[r(1 — w) + 21%r + g)B 
+ [r(l — mw) + 2)gi [rl — w) + 2XKr — g) 
+ 2r(1 — wr + 1) + 4r(g — 1} 8" 
+ r(1 — wf irl — w) + 2K3rg — r — 2g) 
+ r(1 — pr + 1) + 2r(g — 1)} 8? 
+ rl — p)Xrg — 1)) = 0 (9) 
It is an equation in 8 of tenth degree. The simplest roots are 
8 =Qand 8 = +i. However, by definition, 8 = L,/nL, must 
be positive so the imaginary roots 8 = +7 are ruled out. The 
other six roots of the expression in the angular bracket are difficult 
to evaluate. Numerical values can be obtained for given values 
of g and r. In particular, when g = 1, equation (9) can be 
reduced as follows: 
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Fig. 5 Enlarged view of k, versus n8 forg = 2.5 to show loci of maxima 
and minima (see Fig. 3) 
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BL + B*)i [r(1 — w) + 218 + r(1 — wf + 7) 8? 
-—(1-—r)] =0 (10) 


One important root which can be derived from the last bracket 
of equation (10) is 


PS 7 
é= (i) » rst 


Substituting the foregoing expression in equation (8) we have 


4 


; , (lla) 
(1 + r)? 


(ky \nin = 


When r > 1 the root 8 = 0 should give a minimum value of k;, 
which can be obtained easily from equation (8), i.e., 


r 


(Ki )min = (116) 


Results from equations (lla) and (116) are shown in Fig. 4. 
Seide and Stowell [15] [see their equations (2) and (3)] obtained 
these results for equal faces of the same material. In other words, 
the present analysis generalizes their results to faces of different 
thicknesses and materials, provided that r is interpreted as 
shown in equation (5c). 

Features of extrema in k; and regions of instability. Equation (9) 
may need some further explanation. The root of 8 = 0 for 
finite values of L, and L, corresponds to n = ©; i.e., an 
infinite number of half waves in the panel. Therefore 8 = 0 is not 
physically possible, but is an idealized case which is useful for 
comparison with other cases of finite values of n. Inside the 
angular bracket of equation (9), 8 always occurs in even powers 
and the highest one is of the sixth degree. From algebra, it can 
have at most three positive roots. Therefore there are four 
possible extrema of k, if 8 = 0 is included. However, from ex- 
tensive calculation of the roots of 8, two extrema, one maximum 
and one minimum, have been found in addition to the root 8 = 0 
which may be a maximum or minimum of k; depending on the 
value of r. 

An enlarged portion of Fig. 3 for g = 2.5 is reproduced in Fig. 5 
where all loci of the extrema are shown. A few interesting features 
should be mentioned. For instance, (4;)max oceurs at L,/L, 
= 0, if the panel is under general instability. If the panel core 
is under shear instability (k;)min occurs at L,/L, = 0. This 
dividing point is located at k; = 2.5forg = 2.5. This is the start- 
ing point of the boundary between the zone of panel general in- 
stability and zone of core shear instability as shown in dashed 
line in the figure. 

For clearness, all the loci of the maxima, minima, and inflection 
points are indicated. It is interesting to note that the locus of the 
maxima and the locus of the minima join together smoothly at one 
of the loci of inflection. The data of maxima and minima are 
given in Table 1. 

This interesting mathematical feature has never been studied 
previously. Norris’ [11] curves show (k:)max always at L,/L, = 
0, and do not show (k,)min. Previous theories give the zone 
boundary as a horizontal line. The present theory, we believe, is 
more accurate, showing the zone boundary turning smoothly 
upward toward L,/L, = 0. It checks Norris’ result toward the 
right, when L,/L, is large enough. 


Samples of Instability of Sandwich Panels Under Edge Com- 
pression 


A group of sandwich panels of the same size (24 in. X 24 in.), 
the same weight (2.039 psf), and the same thickness (3/8 in.), 
have different face materials at different temperatures and are 
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The critical edge compression N,, is 
calculated in Table 2 for seven cases. For all the cases, one face is 
assumed to be kept at room temperature. Except for Cases I 
and II, the other face is assumed to be kept always at 900 F and 
made always of stainless steel. Case I is a stainless-steel sand- 
wich with identical faces both of which are at room temperature. 
It is the simplest case and can be used as a common standard 
for comparison with the other cases. For instance, N,, in Case 
II, where one face is double the thickness of the other (i.e., m = 2), 
is 11 per cent lower than that of Case I. This indicates that N,, 
is an optimum when m = 1, for both faces of the same material 
and thickness, and at ordinary temperature. 

In Case III, one face reaches a temperature of 900 F. The 
modulus of elasticity drops 22 per cent. If we impose that the 
effect of the initial warping due to thermal expansion can be 
neglected in calculating N,,, the present theory can be used to 
treat the thermal effect. If the thermal effect on G, and G, of 
the core can also be neglected, the calculation is straightforward. 
N,, is about 12 per cent lower than that of Case I. 

To remedy this situation, Case IV has more material added to 
the hot face so that m = 1 again. No improvement on N,, is 
shown in comparison with Case III because more material is 
under high temperature and the load-carrying capacity de- 
creases 

In Case V, the cold face is made of light titanium instead of 
stainless steel. Because of the lightness of titanium, the thick- 
ness of the hot tace can be increased appreciably by keeping m = 1 
again. It shows an unfavorable combination in comparison 
with Case IV as N,,/(N,,): = 82.7 per cent. 

The cold face in Case VI is made of aluminum alloy 7075-T6 
which is even lighter than titanium. It is slightly better than 
Case V as N,,/(N,,): = 83.7 per cent form = 1. This is about 
95 per cent of Case ITI. 

In Case VII, the cold face is made of magnesium alloy, FSI- 
H24, which is the lightest metal considered in these calculations 
and N,,/(N,,): = 75.8 per cent. It is about 86 per cent of Case 


illustrated as examples. 


ison of b 





III. This indicates that an all stainless-steel sandwich is better 
than a combination with another metal for the limited number of 
cases investigated. Because of a recently developed technique 
of manufacture, it is feasible to braze titanium-alloy face to 
stainless-steel core. However, if an aluminum or magnesium 
face is used for the cold face, a chemical bond is necessary to join 
such cold faces to a stainless-steel core, provided the heat conduc- 
tion from the hot to the cold face is negligible. 

As shown in Table 2, r,,’ and 7,,” are below or close to the 
proportional limits of the materials used. The present elastic 
theory can therefore be applied. 

For all the cases given, r is so small in magnitude that &; is 
within 5 per cent of that for classical thin-plate theory (i.e., k; = 
4). For a better approximation, the effect of temperature on 
the magnitude of r should be considered and k, should be lower 
than what is shown in Table 2. We leave these calculations to the 


reader. 


Discussions and Conclusions 


1 The present theory gives some simple results: 


(a) The implication of difference in face material, thickness, 
and temperature can be included analyticuuy in the cylindrical 
buckling load Py which in turn affects the values of the shear 
stiffness parameter r. 

(b) The face buckling coefficient & is usually negligible if r< 1. 
However, it is appreciable when r > 1; that is, the core is 
exceedingly weak. 

(c) The major buckling coefficient k; can be expressed in terms 
of a number of useful parameters such as the panel aspect ratio 
n8, the core shear stiffness parameter r, the core shear rigidity 
ratio g, and the half-wave number n. It can be summarized in a 
single figure; namely, Fig. 3. 

(d) Through the new meaning of r, all early simple results can 
be verified and extended to faces of different materials, thick- 
nesses, and temperatures. 


kling behavior of 24-in. X 24-in. sandwich panels under edge compression 


Weight W = 2.039 psf 


Panel thickness 


Ill 
20 
20 
23.4 
1.282 


II 
13.333 
26 . 667 
30 
30 
2 
0.3: 
0 
0 

1.6 


t” (10~* in.) 
t’ (10> in.) 
4 Oo eed) 
i 

m= VEE 
? (in.) 
W./W 
G, (108 psi) 
g = G./G, 
P, (eq. 7a)(lb/in.) 
r = P,/(#G,) 
Nyy = ki Po (Ib/in.) 
Nyy/(Nyy)t 
Tyy” (psi) 
Tyy (psi) 
NOTEs: 

1 


2 


& 


335 
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8Y 632. 
02742 0 
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Faces: 
Equal faces of 17-7PH stainless steel. 


i] 
to 
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~J 
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Core: 17-7PH stainless steel, honeycomb cell size '/, in., foil thickness 0.0015 in., weight 


3/, in. 
IV 
22.472 
17.528 
23.4 
30 


.4 
5 


. 29853 
.13118 
069 
6667 
.79 
0.02258 
3.8619 
2285 .4 
0.83744 
48244 
21648 


0.02244 
3.8627 
2257 .9 
0.82736 
51160 
32795 


9.533 pef. 


Same as I except one face is double the thickness of the other. 


Same as I except one face at 900 F. 


Unequal faces of 17-7PH stainless steel, one at 900 F (m 
One face of 17-7PH at 900 F and the other of Republic titanium alloy RS 70 (m 
One face of 17-7PH at 900 F and the other of aluminum alloy 7075-T6 (m 
One face of 17-7PH at 900 F and the other of magnesium alloy (m 


1). 


1) 


1). 


1). 


3 High-temperature properties of stainless steel and properties of titanium alloy, aluminum alloy, and magnesium alloy are ob- 
tained from NACA TN 4075, 3854, Republic titanium alloys, and Dow magnesium handbook, respectively. 
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2 Mathematically, the locus of maximum and minimum of 
k, with respect to n@ is determined. There are two possible re- 
gions of instability for sandwich panels under edge compression; 
i.e., panel general instability and panel core shear instability. 
The boundary between the two zones is determined and discussed 
in detail. 

3 The theory holds for the materials of the sandwich which 
are in the elastic range. If the materials under loading are in the 
plastic range, an additional correction factor for the effective 
modulus of elasticity should be calculated. As the upper limit, 
the buckling stress of each face should never exceed the yielding 
stress of the material. 

4 For simplicity, the Poisson ratios of the two faces are 
assumed to be equal. If one face is at high temperature, the 
Poisson ratio may reach 1/2 asymptotically in the plastic range. 
An additional correction should then be made, The average 
Poisson ratio may be used in equation (6) before such a cor- 
rection factor is available. It is found that & is usually of the 
order of 1 per cent of ky for r < 1.0 and can be neglected. As r—~ 
o, k, > 0, and k — & which is greater than zero since f is inde- 
pendent of r. In such a limiting case, the load-carrying capacity 
of the sandwich panel is due entirely to the faces. 

5 It is recommended that equation (6) be used for the two 
faces at different temperatures, if the warpage of the panel due 
to the temperature difference is reasonably small. It is expected 
that the present theory is sufficient to meet the needs of pre- 
liminary design of sandwich panel under moderate aerodynamic 
heating. 

6 Sometimes, if the cell size of the honeycomb or square cell 
is too large in comparison to the face thickness, it is possible that 
the face sheet may buckle locally within each cell. However, the 
present analysis does not assume such local buckling to occur. 
Additional theory is under development. 

7 For the cases of g not equal to 0.4, 1.0, or 2.5, interpolation 
can serve the purpose for preliminary design. At pnt a wide 
variety of parameters such as r, g, and m are being considered in 
calculating k, by means of an automatic computing machine. 

8 Seven sandwich panels of the same size and weight but 
different materials and temperatures are used to show the ap- 
plication. 
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Introduction 


I. ELASTIC stresses in cylinders due to transient tem- 
perature distribution are of interest because of their possible 
threat to the physical integrity of the part, and because they may 
leave residual stresses which can influence the later performance of 
the cylinder. 

Inelastic thermal stresses 
in some recent papers [1] to [5],' but these consider somewhat 
different problems from that treated here and use different 
methods. In [1] and [2], the methods presented are directed 
toward steady-state temperature distributions in hollow cylinders 
In [3] and [4], the inelastic effect 


in cylinders have been treated 


subjected to internal pressure. 
is creep; i.e., viscoelasticity. 

Weiner and Huddleston [5] use an elastic, perfectly plastic 
material model as in the present paper, but use the Tresca yield 
condition and do not include the temperature dependence of 
yield stress. 

The problem considered here is that of a solid circular cylinder 
with an axially symmetric transient temperature distribution. 
The material is assumed to be elastic, perfectly plastic, and to 
obey a von Mises yield condition with a temperature-dependent 
yield stress. Elastic incompressibility, i.e., Poisson’s ratio equal 
to one half, is not assumed, but the simplifications due to this as- 
sumption are pointed out and the effect of compressibility is 
noted. 

The problem is formulated in the next section, and in the 
following section equations are derived for the stress rates in a 
form suitable for numerical integration. Subsequent sections 
outline the numerical integration procedure used, and calculated 
residual stresses due to a temperature distribution approximating 
a phase transformation are given and compared to the results of 
[5] and the experiments there cited. In the final section, the re- 
sults of calculation on subcritical quenching of steel cylinders are 
given and comparisons are made noting the effects of several fac- 
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distributions, based on the assumption of an elastic, perfectly plastic material obeying 
a von Mises temperature-dependent yield condition 
tegrating the equations is developed and applied to a temperature distribution approxt- 
mating a phase transformation and to a quenched cylin. er 
on the residual stresses is noted. 


A numerical procedure for in- 


The effect of various factors 


tors, including surface heat-transfer rate, yield stress, tempera- 
ture dependence of yield stress, and compressibility 


Problem Statement 

We consider a solid cylinder with radius b, of finite length and 
free of surface tractions. It is subjected to a known axially sym- 
metric transient temperature distribution which does not vary 
along the axis, and produces a dilatation, 3a7'. We consider only 
the part of the cylinder at sufficient distance from the end faces 
so that it may be assumed that planes perpendicular to the axis 
remain plane and perpendicular. Then the principal axes at all 
points of the cylinder considered will be r, 6, z. 

The mean strain is then given by 


o 
= '/fe + +¢e)=aT 
€ /A#€, €6 €, + 3K 


where @ is the mean stress 
o = '/f<o, + G9 + G,) 
and K is the elastic bulk modulus, 


E 


~ 311 — 2p) 


Considerable simplification is possible if it can be assumed that 
Poisson’s ratio v is equal to '/:, so that the material is elastically 
incompressible and volume changes are due only to the imposed 
temperature change. In Equation (1), this makes 1/K = 0, 
eliminating the term in ¢. We treat the general case with v un- 
restricted, but develop the simpler equations for the incom- 
pressible case as we proceed. 

Since planes perpendicular to the axis remain plane and per- 
pendicular, the axial strain is independent of r 


€é, = €J{t) (3) 


The radial and tangential strains are related to the radial dis- 
placement u by 
ou u 
es, as (4) 
Each strain component may be taken as the sum of three parts; 
the mean strain, the deviatoric elastic strain e;*, and the devia- 
toric plastic strain e,”, 


t=r, 0,2 (5) 
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The deviatoric elastic strain rate é,¥ is related to the deviatoric 
stress rate é,, by the usual elastic relation 


i=r,0,2 (6) 


1 
éF =—s& 


2G 


a 
2(1 + v)’ 
the shear modulus. 


There are three conditions on the stress components: 
Equilibrium 
oo, o, — % 


eee =0 
or t r 


Zero resultant on planes perpendicular to the axis, 


b 
f ro,dr = 0 
0 


Zero radial stress at surface, 
a, (b, t) = 0 (9) 


where b is the cylinder radius. 

For the plastic stress-strain relations we use the temperature- 
dependent form of the von Mises yield condition for the per- 
fectly plastic solid and the associated flow rules, as stated in 
general in [6]. For the cylinder the yield condition is 


f = J2— RUT) = 1/ela,2 + 89% + 8,2) — kT) 


where J; is the second invariant of the deviatoric stress tensor, 
and k(7') is the yield stress in simple shear at temperature 7’. 
The flow rules associated with this yield condition are 


(10) 


éP?=0 if 


f<90, or if f=0, f<0 


8,é;? 
- >0 


P = = 
ej Ms; M 2k47') 7 


where 
(12) 


(13) 


and the summation convention for repeated subscripts is used. 
In thermal-stress calculations, the flow rules, Equations (11), 
are not convenient to use directly, because they involve the un- 
known stress rates, §;. The rules can be put in a more suitable, 
equivalent form by using the requirement of positive plastic 


power. We introduce 8,” defined by 


8% = 2G¢,, i=r,0,2z (14) 


which is the actual stress rate in the elastic regions and is a fic- 

titious stress rate in the plastic regions. In terms of this stress 

rate, the plastic power (which is proportional to 4) is 

arr si 1 +. 

8,é,? = sé; — é*) = 2G (s,;4;" — 8,8;) (15) 
Then the flow rules can be written as follows (c.f. [6]). Intro- 

ducing the function g(r, t) which is zero when plastic flow occurs 

and equal to 1 elsewhere, the plastic strain rate is 


é,? = (1 — g(r, t))ms; (16) 


ti=7,0,2 


with 
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f=90, 
JF — 2kk <0 (17) 


J — 2kk > 0 


gr,t)=1 if f<0,. orif 


r,t) = 0 f=0, 
where 
SJ. = 3,42 
From Equation (15), we also have 
_ J¥ — 2kk 


HGH 


Stress-Rate Equations 


To express the radial and tangential strains in terms of tem- 
perature and mean stress, substitute Equations (4) in (1) which 
gives 


? (ru) 3aT ~ (20 
ru) =r{—e,+: + -— 2 
“ €, a K ) 


This integrates to 


A 1 of : 7 ( T+ 4 d 
ia —!'/ or€, a “4 rar 
a 3K 


where u(0, ¢) = 0 is used, since we are considering a solid cylinder. 
Then from Equations (4) 


‘(er+ 3 r+3lar+— 
I Fe : 
faa ae 

t Piers Zia 

Au ade 


Since the sum of the deviatoric stress components is zero, it is 
only necessary to determine two of them. In the elastically in- 
compressible case it was found that the problem could be simpli- 
fied by using as variables, s,, and the stress difference, 


(21) 


8=8& — 4% = 0, — G9, 


and the corresponding strains, €,, and 
e=€— & (25) 


For the elastically compressible case, we retain s and s, as variables 
and must then add the mean stress as an additional variable 


entering the problem. 
6 4 2 o d 26 
e ‘ aT + 3K rdr (26) 


From Equations (22) and (23) 
The equations for the stress rates § and 4, are then, from Equa- 
tions (1), (5), (6), (16) 
& = 2G(é — (1 — g)ps) (27) 


(28) 


. a 
$ = Gileée — , = = - (ji — 
8, (« aT 3K ( aus) 


with the term in ¢ absent in the incompressible case. 
To express J; in the new variables, use 
(29) 


&, = 1/8 — 8,), 6% = —/(8 + 8,) 


then 


J2 = 1/8? + 32,2) (30) 


The expressions for the stress components in terms of s and s, 
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are obtained by using the equilibrium condition, Equation (7), 
and the boundary condition, Equation (9), 


(31) 


Then 
a= 7, -— 8 
and 
o, = '/420, — 8 + 3s8,) 


Also the mean stress is 


os 
g='/, —dr—s+8, 
, 


To satisfy the zero resultant condition, Equation (8), we use 
Equation (33) 


b b 6 8 
f o,rdr = nf |2 dr, — 8 + ,| rdr 
0 0 Jr me 
Then, since 
b b 8 b 
f | f én] rdr = af sr dr 
0 r " 0 


it follows that Equation (8) is equivalent to 


b 
s,rdr = 0 
0 


This condition is used with 4, replacing s,, since it is assumed that 
Equation (35) is satisfied initially. 

When compressibility is included there is a difficulty because of 
the fact that ¢, which is defined in terms of 8 and &,, occurs in the 
expressions for these rates, Equations (27) and (28), so that these 
equations do not give 4 and &, explicitly. It is necessary to solve 
the equations simultaneously by iteration. 

We first derive another expression for ¢, in terms of T and of s 
and s, in the plastic regions. 

Taking the time derivative of ¢ in Equation (34) and substitut- 
ing from Equations (27) and (28) 


> ¢ . o 
o - 042 f dr -é+£€,- (at + x) 


b 8 ) 
2f (1 — gu — dr + (1 — g)u(s — *)¢ 
- 
r 


(34) 


(35) 


u(b, t) u 
9 
b r 
° (ar + WF 
x rdr, 
r? Jo ’ 3K “i 


b 
using Equation (21) and the fact that or dr = 0 which 


follows from the equivalence of Equations (8) and (35). 
Then substituting for é from Equation (26) 


I ae , id ag 
at i aTrdr + €é,—4| aT + aK 
b 8 
-2f (1 — g)u — dr + (1 - oe ~ a 
r 
r 
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¢= 


so that, expressing G and K in terms of £ and v and solving for 
¢, we obtain 


A (6 owes . , 
¢= ote - aTrdr + €,— 4aT 
61 — vy) 1? Jo 
, ‘ Dieting, 
-2 (1 — ge = & + (h — ake — &)¢ (36) 


This expression will be used to estimate ¢. It can be seen that in 
any elastic region the variation of @ with r depends only on 7. 

To apply the flow rules given by Equations (16) and (17) we 
need to state J,” in terms of the new variables; this is, 


Jf = 84% = G{(s — 8,é, — €) — (8 + 8,& — €) 


a gee J a a 
+ 28(é€, — €)} = G \08 + 34, é,— al aK) f (37) 


Also from Equation (19) 


dag + 3s, (« — aT 


es 4k? ) 


ag 2k 
7 oe 38) 
3K G 
To obtain the axial strain rate €,, we apply the zero resultant 
conditions, Equation (35), to the equation for &,, Equation (28), 
then 


9 b 
é,= rT) f {aT + (1 — g)us,)r dr (39) 
; 0 
For the compressible case, Equation (39) is used to estimate 
€,, using an estimated value of yw. For 1/K = 0, this can be 


avoided by substituting the value of uw from Equation (38) into 
Equation (39) to get a relation for é,, then 


POF. 8 ' 2kic | 
. 2 Gh poe . z P 2 ‘ , a “ 1 
f ) aT + (1 g Ok? E a a rdr 


(40) 


é&= 


. 6 2 
° 3 &, 
b? — */, (1 — g) rdr 
( ke 
) 


1/K = 0. 


We now have all the equations for determining the stress rates 
‘and 4,; and from them we obtain the stress components ¢,, @@, 
and o, by integration with respect to time and use of Equations 
(31) to (33). For the elastically incompressible case the equa- 
tions are particularly simple, since then é and 4, at each instant of 
time are determined by s, s,, 7’, and k(7') at that time; the terms 
involving ¢ drop out of all the equations. The rates é and &, are 
obtained from Equations (27) and (28), with ¢ given by Equation 


(26) in the form 
9 r 
é = 3a E —_ = f iver | 
J | 


and ¢€, by Equation (40). The quantity yu is given by Equation 
(38), and g(r, t) is determined from Equations (17) with J, 
given by Equation (37). If only the residual stresses are of in- 
terest, the values of ¢,, a9, and o, need be computed only for the 
final values of s and s,. 

For the compressible case, the equations for the stress rates 4, 
&,, ¢ become more complicated, since we have in addition Equa- 
tion (36) for ¢, and the term in ¢ remains in the equations for 4, 
and also for &, since it occurs in Equation (26) for é. The equa- 
tions must be solved simultaneously. In the numerical procedure, 
described in the next section, this was carried out by iteration. 
For this case Equation (39) was used for €,. 


(26a) 
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Numerical Computation Procedure 


Computations were carried out for the phase-transformation 
problem treated in [5], but with the transformation taking place 
over an interval instead of at a point, and also for the quenched 
cylinder using values for the physical constants which correspond 
to subcritical quenching of a steel cylinder. For the phase-trans- 
formation problem, the temperature at any instant is taken as 
zero over the untransformed region of the cylinder, a linear in- 
crease through the interval in which the transformation is 
occurring, and a constant value in the transformed region. The 
temperature distribution of this form is assumed to move through 
the cylinder. For the quenching problem, the temperature was 
determined by solving the heat-conduction problem for the 
cylinder. This was done simultaneously with the stress calcula- 
tion. A step-by-step procedure in time was used; that is, the 
temperature and stresses at all points and the location of the 
plastic regions at time ¢ + Ai, are computed from the values at 
time, ¢. 

The heat-conduction problem for the quenched cylinder was 
solved by finite differences. The following dimensionless varia- 
bles were used: 


T—T, . 6 


f= i= —_4, 
7; — To cpb? 


where 


7, = initial temperature 
7) = ambient temperature 

K thermal conductivity 

ec = specific heat 

p = density 

H = surface heat-transfer coefficient 
The calculation was carried out for equally spaced values of 7? 

and of 7, 


nA? 


Writing 
T(iA?, jAl) = T}, T(id?, (j + 1)Ab) = T, 
then 7 was calculated from the explicit finite-difference expres- 


sions: 


1/47? + 1/27? 


+(1 


mens T° 
4(n — 1) : 


For the incompressible case, the stress calculation proceeded as 
follows. The increments Ae; are calculated from Equation (26a), 
with a finite sum replacing the integral as in all the calculations. 
The increment Ae, is calculated from Equation (40) using values 
of s,s,,and g at the beginning of the interval; i.e.,s,°, s,,°, and g,° in 


our notation. Then trial values of s,; and s,; are calculated using 
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sf = 8° + 2GLe; 


8," = 8,° + 2G(Ae, — aA7,), 
i.e., omitting the plastic part so that we are actually using the 
fictitious stress rates of Equation (14). The elastic or plastic 
state at each point, g; = 1 or 0, is then determined according to 
whether J; is less than or greater than k*(7';) where J2;" is caleu- 
lated using the trial values, s;* and s,;". If g; = 0, the trial values 
are modified by replacing them by 


_ HT) 
: V Jas* <a 


kK(T;) 


34 
» Oxi 
V Jai® 


8 


which satisfies the condition 
1/82 + 38,2) = kT), 


and can be seen to be equivalent to using an approximation to yu 
which is correct to terms of order (A/)*. The calculation of the 
u; is thus avoided. 

If the position of the plastic regions has changed during this 
time step, the estimate of Ae, may be in error, and a correction 
must be applied to the s,; to insure that the zero resultant condi- 
tion is fulfilled. The s;, s,,, and g; are recalculated and if the g; 
have changed because of the correction, the correction process 
is repeated until the g; do not change. This completes the calcu- 
lation for this time step. The values of ¢,, a9, and a, need not be 
calculated at each time step. 

For the compressible case, the procedure is modified as follows: 
First u is estimated from the previous time step using Equation 
(19). This is used to get approximate values of €,, using Equa- 
tion (39), and of ¢, using (36). Then s and s, can be calculated 
as before except that now the computation includes ¢. Using 
the computed values of s and s,, ¢ is computed from Equation 
(34) and checked with the value given by using the initial estimate 
of o. If there is agreement to within sufficient accuracy the ap- 
proximate values are accepted. If not, ¢ and €, are corrected and 
the calculation repeated with the corrected values until agree- 
ment is obtained. 

The calculations were carried out on the IBM 704. 
lation time for a quenched cylinder was about 8 min, using 
n = 20, v = 0.3 and a piecewise linear relation for k(7'). 


The calcu- 


Residual Stress Due to Phase Transformation 


In [5] Weiner and Huddleston determined analytically the 
stresses in a solid cylinder due to a phase transformation which 
occurs at a fixed temperature, using a discontinuous temperature 
distribution to approximate the effect of the phase transforma- 
tion. Calculations for the same problem were made by the present 
method using a temperature distribution which varied linearly 
through an interval, as illustrated in Fig. 1 of [5]. Elastic in- 
compressibility and constant yield stress were assumed in both 
sets of calculations. 

It was found that the present calculations agreed fairly closely 
with Weiner and Huddleston’s formulas especially near the sur- 
face of the cylinder, when the phase transformation interval is 
small; i.e., 4 per cent of the radius. However, the differences are 
large near the center of the cylinder, where the discontinuous dis- 
tribution gave infinite stresses. The length of the transformation 
interval had a significant effect on the calculated stress near the 
cylinder center, but much less effect on the values near the sur- 
face. 

Figs. 1 to 4 show some of the calculated residual-stress distribu- 
tions together with comparisons with the stresses given by the 
Weiner and Huddleston formulas and the experimental values of 
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Fig. 1 Redial and tangential residual stresses after phase transforma- : 

len, & = 4 ‘3/2. Valves for P = 0 from reference (5). Fig. 3 Radial and tangential residual stress after phase transformation. 
Theoretical curve calculated with k = */;,/3,P = 8. Experimental curve 

from reference [7]. 
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Fig. 2. Axial residual stress after phase transformation, k = \/3/2. r 

Values for P = 0 from reference (5). Fig. 4 Axial residual stress after phase transformation. Theoretical 
curve calculated with k = 2/5\/3, P = 8. Experimental curve from 

Buhler and Scheil [7] for water-quenched solid cylinders. The reference [7]. 

notation used here differs from that in [5]. We use the dimen- 

sionless stress, = . (42) 

0; 
a” 29Ga(T, — To)’ r, 0,2 (41) where here a(T, — T,) is the linear expansion due to the phase 

transformation. P is used to denote the ratio of the length of the 


and phase-transformation interval to the cylinder radius, in per cent. 
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Since the Tresea yield condition was used by Weiner and Huddle- 
ston, their values of k are multiplied by 2/+/3 in making the 
comparison. 

Figs. 1 and 2 show the calculated stresses for 


k = 1/er/3 
and the corresponding stresses from [5]. The effect of phase- 
transformation interval is apparent. For larger values of yield 
stress the effect of P is even greater and the agreement with the 


discontinuous temperature approximation is not as good. 
Figs. 3 and 4 show the residual stresses for 


k = 2/5+/3, 


and also the experimental values of Buhler and Scheil [7] for a 
steel cylinder. The value of & corresponds to yield stress of 16,070 
psi in simple shear. For this value of & and P a second plastic 
region starts at the outer surface of the cylinder after the yieldiag 
which accompanies the transformation has passed, and when the 
transformation is completed the cylinder is plastic from 7 = 0.66 
to the surface. This effect means that the process is outside the 
range of values to which Weiner and Huddleston’s formulas 
apply. 


Stress Distribution in Quenched Cylinders 


Calculations of transient and residual stresses in quenched 
cylinders were made for a small range of parameters correspond- 
ing to subcritical water quenching of a steel cylinder a few inches 
in diameter. For the elastically incompressible case, calculations 
were made for \ = 3.06 and 12.2 for constant yield stress k = 
0.0388 and 0.0775, and also with A = 12.2 for (7) as given by 
the two graphs in Fig. 5. For the elastically compressible case, 
v = 0.3, and = 12.2, calculations were made for = 0.0388 and 
k = k,(T), the solid graph in Fig. 5. 

These values would apply, for example, to quenching a 2.5-in- 
diam steel cylinder from 1250 F. Then A = 3.06 for surface heat- 
transfer coefficient, H = 1000 Btu/hr sq ft deg F, and X = 12.2 for 
H = 4000 Btu/hr sq ft deg F. The dimensionless yield stress 
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Fig. 5 Temp of yield stress, used in quenching 


calculations. 
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k = 0.0338 corresponds to a yield stress in tension of 15,000 psi, 
and in k,(7) the yield stress in tension varies from 47,500 psi at 
room temperature to 13,000 psi at the quenching temperature. 
In the expression for k, 


k 
2Ga(T; -_ , ey 
G was calculated using vy = 0.3 in 


E - 
2(1 + pv) 


for both compressible and incompressible cases. 

The progress of the plastic zones was as follows. A plastic zone 
first appears at the surface and grows in thickness. Then the 
center becomes plastic and the central plastic zone rapidly ex- 
pands and for a period the whole cylinder is plastic. The surface 
unloads first and then the center. Finally, plastic zones reappear 
at the surface and then at the center. At room temperature, the 
cylinder was plastic throughout except for the largest values of 
room-temperature yield stress, k = &,(7) and for & = 0.0775, 
A = 3.06. In these cases there was a zone midway between the 
center and the surface where the material remained elastic at the 
end of the quench. 

It is clear that these calculations are for severe quenching con- 
ditions. The residual stresses are large and the shape of the 
stress distributions is similar for all the cases. The effect of 
changing \ from 3.06 to 12.2 is very small for £ = 0.0388 and 
0.0775. The comparison is shown in Figs. 6 and 7 for the higher 
yield stress. For the smaller yield stress the difference was even 
less. It can be seen that the differences in the residual values of 
d,, 0, O, are essentially zero near the surface and a few per cent 
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Fig.6 Residual stresses after quenching. k = 0.0775, \ = 3.06 and 


12.2; incompressible material. 
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near the center of the cylinder. If we plot the principal shear 
stresses, Fig. 7, we get agreement at both center and surface. 

The values of the principal shear stresses at the center of the 
cylinder, in terms of the yield stress, are the same for all the 
problems treated here because of the condition s = 0 atr = 0 
and the plastic state at the end of the quench which give 


Hence the residual values of the principal shear stresses at the 
center are 
ae, 


= = ~f o,— 0 =0 
2k 2k 2 ; 


r 


The mean stress at the center, however, varies considerably with 
the quenching conditions. 

At the surface the residual stresses, og/k and o,/k were very 
nearly the same for all the different conditions. It can be shown 
that at ? = 1, since o, = 0, 2(¢, — og) = s + 38, and this quan- 
tity satisfies the equation 


l 
& + 34, = 2G [ -« — g)u(s + 3s,) + 6 f, (i —- ous rar | 


The difference, ¢, — o», is zero at the surface when the cylinder 
is elastic everywhere, and never becomes very large. Hence when 


the surface is plastic, we have approximately 


(i) (CY -5 GY 
: = 3, . = 4/, 
k k k 

In Figs. 6 and 7, the breaks in the slope of the stress distribu- 
tions indicate the boundaries of the elastic zone. For \ = 12.2, 
the cylinder is plastic throughout. 

In Fig. 8 are given the residual stresses for \ = 12.2,£ = 0.775 
constant and for & = &,(7) (shown in Fig. 5) which has the 
same yield stress at room temperature. Both sets are plotted as 
the ratio of the stress to the yield stress at room temperature. 
The effect is mainly an increase of about 0.2k in the residual mean 
stress near the center of the cylinder due to the temperature de- 


pendence. 
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Fig. 7 Residual shear stresses after quenching. k = 0.0775, \ = 3.06 
and 12.2, incompressible material. 
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Two pairs of calculations were made to test the effect of the 
assumption of elastic incompreasibility. In making these com- 
parisons, 
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21 + v) 


j= 
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— k+0.0775 
w-= kek, (T) 
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Fig. 8 Residval stresses after quenching. Effect of temperature de- 
pendence. \ = 12.2, k = 0.0775 and £,(7); incompressible material. 
Valves plotted for k,(T) are ratios of residual stresses to yield stress at 
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Fig. 9 Residual stresses after quenching. Effect of elastic compressi- 
bility. \ = 12.2,k = 0.0388. 
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was calculated with the correct value, vy = 0.3, although assuming 
elastic incompressibility amounts to taking » = 1/2 in 
the elastic bulk modulus 


FE 
K ag 
3(1 — 2p) 
In the first calculation with & = 0.388, the effect is very small, 
as can be seen in Fig. 9. The difference is mainly an increase of 
0.15k in o near the center. The small magnitude of the effect is 
not surprising since the cylinder is elastic for only a short time 
during the quench. 

When the temperature-dependent yield stress &,(7) is used, 
the effect of compressibility is more marked, as shown in Figs. 10 
and 11. In this case there is an elastic zone intermediate be- 
tween center and surface at the end of the quench, but it is very 
much wider in the compressible case. The shear stresses again 
agree at the surface and center of the cylinder, but neglecting 
elastic compressibility leads to values which are too large for the 
mean stress at the center and for two of the shear stresses at 
intermediate points. 
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Associate Pref 


On Strain-Hardened Circular 
Cylindrical Shells 


A consistent kinematic hardening theory termed complete hardening, based on a Tresca 
initial yield condition, has been applied to determine the general flow laws for rota- 
tionally symmetric shells 
with zero axial load are solved using complete hardening and a simpler but approxt- 
mate kinematic hardening theory, termed direct hardening. 


Representative ‘‘long”’ and “short” cylindrical shell problems 


The direct-hardening re 


sults compare favorably with the complete hardening ones. 


ea the first paper on plastic-shell theory was 
published only a few years ago [1],* the literature is now so 
voluminous that it would be impracticable to give a complete 
bibliography. However, most of the previous papers have been 
concerned either with a perfectly plastic shell or with one which 
strain-hardens isotropically. The only exception is a paper by 
Onat [2] which derives the basic equations for a rotationally 
symmetric shell according to the Tresca yield criterion and a flow 
However, the resulting non- 
linear equations are so complex that there appears little hope of 


law first proposed by Prager [3] 


solving any but trivial problems. 

The problem of establishing a theory of shells may be ap- 
On the one hand, certain assump- 
tions can be made regarding the shell material and its construc- 


proached in one of two ways. 


tion and the desired relations between stress and strain resultants 
deduced therefrom. Alternatively, the resultants can be as- 
sumed as generalized variables and their relations postulated 
directly. The first method has more physical appeal; the second 
may offer certain simplifications. 

Both methods will be demonstrated in the present paper and 
solutions to various problems obtained and compared. A\l- 
though, for simplicity, the applications are all to circular cylindri- 
cal shells without end load, we shall present most of the theory 
in terms of the general rotationally symmetric shell. The ap- 
proach used is simpler than that of Onat [2] in that we consider 
an ideal sandwich shell and hence obtain only piecewise linear 
equations. 

The basic theory is presented in the next section. This in- 
cludes a complete derivation of the yield condition and flow law 
for a general rotationally symmetric shell. The results are then 
particularized for a circular cylindrical shell without end load. 
Finally, a corresponding direct theory is presented. 

The next section applies the two theories to a particular 
example. and tabular and 
graphical results are presented for two specific shells. 


General solutions are obtained 


A discussion of the significance of the particular problems con- 
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sidered and of the theory in general is contained in the final sec- 
tion. 


Rotationally Symmetric Shell Theory 


We consider an ideal sandwich shell consisting of two very 
thin sheets of thickness ¢ and tensile yield stress Y, separated by 
a core of thickness 2h which carries only shear. Principal 
stresses in the top and bottom sheets are denoted by 0, *, o:*, o:* 
= 0 and o,~, ¢;~, ¢;~ = 0, respectively. The corresponding di- 
mensionless forces and moments are 


n, = N,/2Yt = (¢;- + o;* 


m;, = M,/2Yht = (o;" — ¢ 


respectively. 

The material of the sheets is assumed to be rigid-plastic, to 
satisfy Tresca’s yield criterion of initial yield; and to harden 
according to Prager’s law [3] with a tensile hardening rate c. 
In principal stress space, Tresca’s yield criterion is the hexagonal 
cylinder shown in Fig. 1. For a rigid-plastic material, the ma- 
terial remains rigid unless the stress point is on the boundary of 
this hexagon and moving outward from it. According to Prager’s 
law, when the material is plastic the yield cylinder translates 
without rotation or change of size or shape as if the stress point 
were a smooth ball pushing against it. Further, the plastic 
strains are always proportional to the displacement of the 
cylinder. Thus if g:, g2, gs, are the co-ordinates of the point on 
the cylinder center line which was originally at the origin, the 
strains are given by 

ce = a i=1,2,3 (2) 

In the present problem, o; = 0 so that it is convenient to con- 

sider the trace of the yield cylinder in the o,, a plane. Since & 


CYLINDER 
J CENTERLINE 


Fig. 1 Perspective of Tresca yield surface 
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~ 0, Equations (2) no longer apply directly but must be re- 
placed by [4] 


q = (2c/3)(26 + €2), qQz = (2c/3)(e: + 2€2) (3) 


With the point q:, g: known, the stress point is the vector sum of 
(q:, 92) and a vector from the origin to a point on or in the original 
In particular, if the stress point is at the corner B, 


hexagon. 


O=urtryY O=@at+yY (4) 


On the other hand, on the side BC there is only one stress relation 
but there is an additional strain-rate normality condition: 


2=@+t+Y (5) 


Similar results are available for all sides and vertices as shown in 
Table 1. 

We define dimensionless extensions and curvatures of the cen- 
troidal surface of the shell by 


e, = (c/Y)A, K; = (c/Y)hK,; (6) 


‘ 


where A; and K; are the corresponding dimensional quantities. 
The strains in the top and bottom surface are then 


é:* = (Y/c)(e; F k;) (7) 


Combination of Equations (7) and (3) then gives the relations 
between q,;* and the generalized strains: 
= (2/3)¥ [((2e, + e2) F (2k: + ke)) 
(8) 
= (2/3)V [(e: + 2er) F (Ki + 2ke)] 


If an element of the shell is fully plastic, both the top and 
bottom stress point will be on the appropriate yield hexagon. 
Since each hexagon has 6 sides and 6 vertices, there are 144 
possible combinations of Table 1 to consider. We shall denote 
these regimes by inserting a hyphen between the one-or-two- 
letter symbol signifying the positions of the top and bottom stress 
points, respectively. For example, in regime B-D it follows from 
Equations (1), Table 1, and Equations (8) taken in order that 


m = (o,~ + o17)/2Y = (qi~ +m *)/2Y = (2/3)(2e + e) (9a) 


Similarly, the other stress resultants are 


n, = (2/3)(e,; + 2e.) + 1/2, (9b) 


m, = (2/3)(2k, + kz) — 1, (9c) 


me = (2/3)(Ki + 2k2) — 1/2 (9d) 
At a plastic regime consisting of a side and a corner, the results 
are slightly different. Thus in regime BC-C, we find 
ny + m, = (2/3) [(2e, + e€2) + (2k: + kz)] 
(10) 
Mz, = (2/3)(Ke + 2k;) 


(2/3)(e, + 2e:) + 1, 


The remaining category of two sides leads to two strain rate 
Thus in regime BC-CD: 


Atatitke =0 
2/3)(—e: + @2 — Ki + Ke) + 1 


relations. 
a = Ky 


(11) 


—n + Ne — Mm + Mm = 


Ne — mM = (2/3)(e, + Zee — Ki — 2k2) + 1 


Table 1 


Corner Side 
A AB 
B BC 
c cD 
D DE 
E EF 
F FA 
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Fig. 2(a) Flow laws and dividing lines for shells with no end load-plane 


stress 


Similar techniques may be used for the 141 other possible com- 
binations. 

The initial yield surface is easily obtained from Equations 
(9-11) and their counterparts by setting all strains equal to zero. 
Evidently it will be a hyperpolyhedron in four-dimensional stress- 
resultant space. 

For the particular case of a circular cylindrical shell without 


end load 
lla 


(126) 
and we can express the problem entirely in terms of nz = ng, m = 
m,, @: = @, and k, = k,. Not only does this simplify all equa- 
tions, but it considerably reduces the number of equations. As 
shown in [5], when a strain variable is identically zero, the cor- 
responding stress variable can be eliminated completely from the 
Thus we need only consider those of the 144 regimes 
As far as the initial yield sur- 


problem. 
which are compatible with x. = 0. 
face goes, we need consider only those regimes for which Equation 
(12a) is satisfied when g,* = g.* = 0. In general, after plastic 
flow has taken place, values of q:* can subsist such that a different 
set of regimes will satisfy (12a) [5]. However, it can be shown 
[6] that in the present problem such is not the case and that all 
possible plastic histories will include only those regimes which 
initially satisfy (12a). 

It is readily verified that only 12 regimes satisfy both of Equa- 
tions (12), and that the initial yield condition is a hexagon in a 
space with co-ordinates ny and m,. The flow laws for each 
regime are easily computed and the boundaries between regimes 
ean be found by considering a stress point simultaneously in 
both of them. All pertinent information is shown in Fig. 2(a 
For simplicity it has been assumed that all stress points progress 
regularly [7] so that the strain rates may be replaced by the 
strains in Table 1. 

The corresponding relations via a direct approach to the shell 
problem are obtained by starting with the same initial yield 
condition in stress space and directly applying Prager’s kinematic 


Plane-stress flow laws 


Strain rate Stress-strain 

“= ao=qatyY 
qe + ¥ 
—o=q-—-qtY 
qa-yY 
qa: —- Y 
a—-a-Y 
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= a 
a+ é&= o2 
& = a; 
q = o2 
éat&= 2 — oO} 
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Fig. 2(b) Direct-hardening flow laws and dividing lines for shells with 
no end load 


The rate of hardening 18s ¢ hosen to provide agree- 
The flow laws shown in Fig. 2(6) are 


analogy to it 
ment in uniaxial tension. 
then obtained by a direct kinematic consideration of the figure 


as a rigid frame. 


Example 

The foregoing theories will now be used to obtain complete 
solutions for a simply supported cylindrical shell of length 2Z and 
radius a subjected to a uniform external pressure p. We denote 
the inward radical displacement by w and define the following 
additional dimensionless quantities: 


P = 


pa 2y% 
(13) 


2 = L?/2ah Os = 


In terms of these quantities the equilibrium and strain-displace- 
ment relations are 


m,” 287+n,+ P =0, r, = —W, K, = —W’/28? (14) 
where primes denote differentiation with respect to &. 

It turns out that we will need only the three regimes G, GH, 
and H in the solution of this problem. The flow laws for these 
regimes may be combined by introducing a parameter yu which is 0 
for the complete theory, Fig. 2(a), and 1/4 for the direct theory, 
Fig 2(b): 


n. 


Ny 


Equations (14) are easily solved for each of the three regimes 
listed in (15). The complete solution for regime GH and the most 


general symmetric solutions for regimes G and H are as follows: 


GH: W = (yu + 3/4)(C, sin BE + C, cos BE) 
ny = C, sin BE + C, cos BE 
+ (BE/2K1 + w)(C, sin BE — C, cos BE) — P 
2[ng + (1 + wi(C, sin BE 
+ (>. cos BE + 1] 
4)(C, sin OE sinh 6 
+ C, cos 0& cosh 6&) + 


» 


3/4)'/—C, cos O€ cosh O¢ 
+ Cy, sin 6& sinh 0F + 1 


3/4)(C, sin @f sinh 6 


+ Cy cosh bE cos bE +P-—!1 


(—C', cos bE cosh bE 


+ Cy sin 6 sinh 6€) 


The solution is now reduced to deciding on the proper combina- 
tion of Equations (16) and evaluating the arbitrary constants 


from the boundary conditions. At the simply supported end, 


W(1) = m{1l) = 0 (17a) 
and at the center 


W’'(0) (17b 


= m,'(0) = 0 
All physically significant quantities must be continuous at any 
plastic interface. In view of Equations (14) and (15) this leads 
to three independent conditions: 

continuous (17e) 


W, a m, 


- 
The stress profile for initial yield of a ‘“‘short’’ cylinder, 8 < 7 y 
is on side GH with — = 0 at G. This suggests the profile 
G for Os — <p, GH forp<é<1 (18) 
Since the continuity conditions are nonlinear in the plastic inter- 
face p, it is convenient to regard p as independent and P as de- 
Equations (17) can then be used to determine C,, C:, 


pendent. 
In par- 


C;, Cy, Cs, Cs, and P in Equations (16a, 5) in terms of p. 


ticular, if p = 0, we obtain the load necessary for initiation of 


plastic flow: 


P, l 2) cos 8)/(1 — cos 8 19) 


— { 1 
Numerical results for the particular case 8 = mw/4 are shown in 
Table 2 and Figs. 3-6. Since p is increasing, the assumption of 
regular progression is verified. 

For a “long’’ shell, 8 > 2/2, the initial stress profile is not 


unique. However, it turns out that subsequent flow must be 


according to regimes 


GH for p<é<1 (20) 


H for0 < — <p, 


Table 2 Numerical solutions to short-shell problem (3 = x/4) 


Direct hardening— 
(—C,=) 
C2 P 

207 
232 
291 
390 
543 
949 
729 


p Cs Cs 


0 

0.12732 —1.730 
0.21645 —1.780 
0.30000 —1.861 
0.38197 —1.983 
0.50930 —2.296 
0 
0 


0.002296 
0.01148 
0.03148 
0.06791 
0.1795 
0.4212 
1.003 


—0.01833 
—0.05615 
—0.1150 
—0.2011 
—0.4168 
—0.8139 
—1.671 


-63666 -—-2.888 
-76394 —4.185 


WWMM hh Nh 
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457 0.8317 4.487 


Complete hardening 
(—C,=) 

Cs Cs C: P 

2.207 

2.232 

2.289 


0.002295 
0.01149 
0.03151 2.385 
0.06800 2.532 
0.1801 2.922 
3 
5 


—0.02117 
—0.06486 
—0.1329 
—0.2326 
—0.4830 
—0.9456 
—1.947 


—2.307 
—2.375 
—2.484 
—2.648 
—3.076 
—3.885 
—5.663 


0.4236 -671 


1.012 -331 0.7214 4.609 
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Fig. 4 Short shell—maximum deflection versus load 6 = 1/4 
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Fig. 5 Stress profiles—short shell 
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Fig. 6 Short shell—defiections 8 = 7/4 
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Fig. 8 Long shell—@ = 3/41r—deflected shape 
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Solution to long-shell problem (3 = 3/47) 
Complete hardening 
0.75292 
0.88547 (P — 1) 
—0.39678 (P — 1) 
0.27535 (P — 1) 
—0.24218 (P — 1) 
0.17981 (P — 1) 


Table 3 


Constant Direct hardening 
p 0.69292 

0.68953 (P — 1) 

—0.37727 (P — 1) 

0.23936 (P — 1) 

—0.13490 (P — 1) 

0.14043 (P — 1) 


Substituting Equations (16a, c) into (17) we obtain a set of equa- 
tions homogeneous in P — 1. Therefore the interface p is de- 
termined independently of P by setting the determinant of the 
coefficients of C,, C2, Cs, Cs, Cs, Cw, and P — 1 equal to zero. 
The remaining constants and hence the entire solution are thus 
linear and homogeneous in P — 1. Results for the particular 
case 8 = 37/4 are shown in Table 3 and Figs.,7 and 8 

As shown by Boyce and Prager [10] the displacement fields ob- 
tained in the foregoing are necessarily unique but the stress rates 
may not be. Although velocities or displacements do not deter- 
mine stress rates uniquely in the small, it is unlikely that any 
other solution could be found satisfying the given boundary con- 


ditions. 


Conclusions 

We consider first an analysis and comparison of the results of 
applying the complete and direct problem to the example of the 
Because of analytical difficulties, the short- 
However, 


preceding section. 
shell solutions were compared for the same interface p. 
the corresponding loads differed by only 2 per cent, so that an in- 
telligent comparison can still be made. Qualitatively, both 
solutions compare well since flow takes place from the same two 
regimes. The quantitative results compare less favorably. The 
deflections differ by approximately 25 per cent whereas the stress 
profiles show an average deviation of about 10 per cent. 

A good qualitative comparison is also evident in the long-shell 
solutions. The stress profiles again show an average error of the 
order of 10 per cent. 
much better than for short shells. 
tions are about 3 per cent greater than the complete hardening 


However, the deflection comparisom is 
The direct hardening deflec- 


ones. 

An argument based partially on physical reasoning can be 
given which explains the differences in the two classes of shell 
For long shells, hoop-membrane action probably 
dominates. A rough verification of this is the approximately 
horizontal nature of the stress profile, Fig. 7. Also, about three 
quarters of the shell is at the corner H for all loads. 
direct and complete hardening flow laws for n, in terms of e, are 
identical there, it is to be expected that the comparison of the 
two solutions should be good for long shells. The results of Fig. 8 
For short shells, bending action should 


solutions. 


Since the 


support this conjecture. 
dominate, and the vertical nature of the stress profile in Fig. 5 
bears this out. As the load increases, material from side HG is 
continually flowing into corner G, Fig. 2. 
portant portion of the flow law for this corner is the m,, 


For bending, the im- 
K, @X- 
pression. These are 

m, = kK, + 1 for direct hardening, 


z 


m, (4/3)x, + 1 for complete hardening 


For roughly the same moment distribution (which they have; see 
Fig. 5), it follows from the foregoing that after two integrations 
the complete-hardening deflections should be about three quar- 
ters of the direct-hardening ones. It is clear from Figs. 4 and 6 
that this is approximately true. 

It is reasonable to expect that the foregoing arguments for the 
long and short shells considered should also apply for shells of 
other dimensions, so that similar results could be expected. 

From a more general viewpoint, there are many similarities be- 
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tween complete and direct hardening. Both approaches are 
based on a kinematic analogy and include a Bauschinger effect. 
Further marked similarities are evident in the flow laws and 
dividing lines for the particular case treated of shells with no axial 
load, Figs. 2(a, b). 

On the other hand, there are many differences between the two 
approaches. Complete hardening refers back to a basic flow 
mechanism (such as Tresca’s), whereas direct hardening does not. 
As a consequence, complete hardening probably reflects a more 
accurate picture of material behavior. For example, the com- 
plete-hardening material is initially isotropic and flows incom- 
pressibly; the direct-hardening material exhibits neither property 
Basically, the origin of the discrepancies between both ap- 
proaches is the neglect of some transverse component of frame 
motion. Generally, this neglected component could be expected 
to increase with load, so that the complete and direct-hardening 
results should diverge with increasing load. This conjecture is 
borne out in the shell problems which were solved. 

Another complication introduced by the neglected transverse 
component of frame motion is a different hardening rate for each 
approach. To effect a sensible comparison between the complete 
and direct-hardening results the hardening rates were adjusted to 
produce consistent tensile-hardening properties. 

In general, direct-hardening solutions can be obtained with 
greater ease than comparable complete-hardening solutions [5, 8]. 
In view of the inherent simplicity of the direct-hardening laws it 
would be of immediate interest to investigate their relative ac- 
curacy as applied to any given class of problems. For the par- 
ticular class of problems considered here, namely, shells with no 
axial load, the results indicate a fairly good comparison between 
Furthermore, the 


the complete and direct-hardening solutions. 
comparison was noticeably better for the ciass of shells here re- 


ferred to as “long’’ shells. This is a significant observation since 
most practical shells would fall within this group. 

Perrone and Hodge [8] solved a number of plate problems with 
complete and direct hardening. Their results demonstrate a less 
favorable qualitative and quantitative agreement between the 
complete and direct-hardening solutions than in the present shell 
problems. This is probably due to the greater differences in the 
flow laws and dividing lines between the complete and direct-hard- 
ening problems in plates than in shells. These differences in turn 
are probably due to a greater reflection of three-dimensional effects 
in plates than in shells. 

Rather than being useful only as an approximation, direct- 
hardening solutions might also serve the alternative purpose of 
aiding in the search for complete-hardening solutions. In fact, 
this was done here in the solution of the long-shell problem. 

Initially, it was assumed in the direct-hardening solution that 
the entire shell was flowing from corner H. The resulting stress 
profiles indicated that this assumption was wrong, and that flow 
was probably taking place from two regimes, H and GH. A 
second assumed solution based on this modified flow pattern 
proved to be correct. In the subsequent complete-hardening 
problem the initial stress profile was assumed to be the same as 
that of the correct direct-hardening solution, and the ensuing 
solution verified this assumption. 

A final word is in order about the basic initial postulates; 
namely, that the material hardens in the manner predicted by the 
kinematic model. Although the complete kinematic hardening 
theory does contain some useful idealizing ingredients such as 
incompressibility, initial isotropy, a Bauschinger effect, and in- 
cremental hardening there is, as yet, little experimental justifica- 
tion for its use. The only tests with which some slight correla- 
tion may be made were only recently performed (Naghdi, et al. 
{9}). Tubular aluminum-alloy specimens were subjected to com- 
bined tension-torsion tests in the strain-hardened range. The 
results indicated that strain-hardening proceeded roughly in the 


Transactions of the ASME 





manner predicted by the kinematic model. However, unlike the 
implicit assumption of the present analysis, the principal] axes were 
constantly changing. Hence no direct correlation may be made. 
Evidently, tests are needed wherein the principal axes remain 
fixed. In the event that subsequent experiments do indicate 
an unsatisfactory agreement with the kinematic model, then a 
general linear hardening theory recently developed by Hodge [7] 
might find application. Kinematic hardening is contained as a 
special case in his general theory. Hence the solutions obtained 
here might still serve some purpose by pointing the way toward 


solution for the appropriate nonkinematic case 
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Sphere Subjected to a Radial 
Temperature Gradient’ 


An exact solution is obtained for the behavior of an ideal elastoplastic hollow sphere 
which ts thermally stressed by a slowly increasing temperature difference between the 


inner and outer surfaces. 
neglected is also presented. 


An approximate analysis in which elastic strains are 
It is shown that the approximate analysis gives the asymp 


totic form of the exact solution at infinitely high temperatures 


A NUMBER of papers dealing with thermal stresses in 
elastoplastic bodies have appeared recently. Mention may be 
made of the work of Wilhoit [1],3 Bland [2], Bodner [3], and 
Weiner [4], who have considered thermal stresses in annuli, 
cylinders, flat plates, and thin spherical shells. To the list of 
solutions obtained by these authors, the present paper adds the 
example of a thermally stressed elastoplastic thick-walled hollow 
sphere. The thermal stresses are produced by raising, slowly and 
monotonically, the temperature of the inner surface of the sphere 
while the temperature of the outer surface is held constant. The 
surfaces of the sphere are free of traction, and it is assumed that 
the sphere is initially free of residual stress. The material of the 
sphere is ideally plastic, homogeneous, and isotropic, with a yield 
limit that is independent of hydrostatic pressure and tempera- 
ture. Infinitesimal strains are assumed, and it may be confirmed 
a posteriori that this assumption is justified for an extremely wide 
ange of temperatures. Within this framework an exact solution 
of the problem is found. 

Since problems in plasticity are frequently simplified by neglect- 
ing all elastic strains, it is of interest to compare the exact solu- 
tion with an approximate solution in which elastic strains are 
ignored. This is done in the final section of the paper. The 
comparison is especially interesting in the present case for the 
approximate solution contains a discontinuity which is inad- 
missible in the exact solution. 


Governing Equations 


In view of the spherical symmetry of the problem, the equi- 
librium and kinematic equations are 


do 2(0, — o@) du, 
7 — = 0, ¢= , 
dr 


dr r 
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with the customary notation. Each component of strain is the 
sum of an elastic, a thermal, and a plastic part, where the elastic 


and thermal parts are given by the usual relations. Thus 
é, lo, — 2vog}/E + aT + «,' 
€ = (1 — v)og — vo} /E + al + &? 


where a@ is the coefficient of thermal expansion, T is the tem- 
perature, and E and v have their usual meanings. The plastic- 
strain components ¢€,”, €9”, must satisfy the incompressibility 
condition 


e” + Je? = 0 1) 
On the assumption that changes in temperature take place 
slowly the temperature is given by the well-known steady-state 


distribution 
T= T, + AT(b r— 1)/(b/a — 1 


where a and b are, respectively, the radii of the inner and outer 
surfaces of the sphere, where 7, and 7, are the correspond- 
ing surface temperatures, and where AT = T, — 7,. Since the 
uniform part of the temperature distribution causes no thermal 
stress we may conveniently set 7, = 0. The yield condition is 


simply [5] 


a, — 0 


r 


where Y is the yield stress in simple tension or compression. On 
account of the spherical symmetry the flow rule is automatically 
satisfied, except possibly for sign, whenever (1) is satisfied [5] 
It is assumed that the material constants FE, v, a, Y are inde- 
pendent of temperature. 


It is now convenient to introduce nondimensiona! variables de- 


fined as follows: 
q- 
3 6 «bile 
» = Eu,/Y(1 — vb = Ea AT/Y(1 
= Ee”/Y¥(1 — v) ee” = Ee? /Y — » 
In terms of the nondimensional variables the governing equations 
become, after some reduction, 
dq, , 2(4q, — q) 
— + = 0) 
dé c 


a, — | <1 (3) 
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(q, 2vqe 


(l—vp 


v qe — vq 


Since the surfaces of the sphere are free of traction, the boundary 
conditions are g, = Oat { = B-' and f = 1 

We can anticipate the general behavior of the sphere as 7’, (or 
The inner part of the sphere, being hottest, will tend 
Hence the inner part of the 


T) is raised 
to expand more than the outer part 
sphere will press outward on the outer part, giving rise to a com- 
pressive radial stress g,. The equilibrium of the various parts of 
the sphere then requires tensile hoop stresses in the outer part and 
compressive hoop stresses in the inner part. For sufficiently high 
temperatures we may expect yielding in hoop compression near 
the inner surface and/or yielding in hoop tension near the outer 


surface. The subsequent analysis will bear out this expectation 


Elastic Phase 


When + = 0 the sphere is, by hypothesis 
is raised the initial response is entirely elastic, and the well-known 


unstressed. As Tr 


general solution [6] of the governing equations is 


(1+ v)A 1 — 2v) 
= — : | Trott Be - 


1 — vt? (l-v 


where A and B are constants of integration. The boundary 


conditions ¢{1/8) = ¢,{1) = 0 determine these constants as 


T 7rh(8 + 1 
= — B= (10 
2(6* — 1 (8% — 1 


The elastic distribution of stress and displacement follow im- 
mediately 

The foregoing solution is valid until the stresses increase to the 
From (8), (9), and 


point where the yield condition (3) is violated 


10 


T 
% — = say 
and it is easily verified that this quantity always attains its great- 
Hence 


est absolute value at the inner surface of the sphere 
vielding occurs first at the inner surface, at the temperature rT 
which is determined by the condition that (¢, — gg) = 1 when [ = 


1/8 and r = r*. Thus 


267+ 8+ 1 
~~  B(28 + 1 


First Plastic Phase* 
As Tf is increased beyond 7* a plastic zone spreads outward from 
the inner surface. Let p, denote the radius of the elastic-plastic 


‘The analysis in this section follows closely the analysis of a 


hollow sphere under internal pressure given in [5] 
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interface, and let 7; = p,/b be its nondimensional radius. Within 
the plastic zone the stresses are governed by the equilibrium equa- 
tion (2) and the yield condition g, — ge = 1. These equations, 
together with the boundary condition ¢,(1/8) = 0, immediately 
lead to the stress distribution 


—2 In pt 


9 —(1 + 2In BF 


q = 
i/e<¢ (12 


Within the elastic zone, equations (7), (8), and (9) still apply 
although the constants of integration are no longer given by (10). 
The three unknown quantities in the elastic solution, namely, the 
constants of integration A and B, and the parameter 7, are fixed 
by the following conditions: First, g, = 0 at the outer surface; 
next g, is continuous at the elastic-plastic boundary; and finally, 
the material at the elastic-plastic boundary is just on the point of 


vielding. These conditions lead to the set of equations 


2A+B—r7r/(6 — 1) =0 
2A/m? + B— r/(B — 1)m = —2 In Bn, 
3A ™?* — 7 28 — ] ur = | 


from which we obtain 


me m* ( = | 
~ (2+ m1 — m) i 


a, 


2m(3 — m*) ln By 
(2 + m1 — m)? 


2m,(1 + m) 
(2 + m1 — m) 


= 1) mC — j° + 3 ln Bm, 
(2+ m1 — m)* 


Thus all paraineters, including 7, which affect the stress distribu- 
tion in the elastic zone are expressed in terms of the single parame- 
ter m. Although it would be preferable to have 7 as the inde- 
pendent parameter, a glance at (13) clearly indicates that it is not 
possible to solve for m, as an explicit function of r. 

Once A and B are known the displacement in the elastic zone 
follows from (7). It remains to consider displacements in the 
Elimination of e,”, eg”, and gg between (2), (4), (5), 


“) 


plastic zone. 
and (6) yields 
3rtl 4 — | { _ dq, 
(8B — 1) (l-y dg 


which may be integrated directly to give 


7(3/2 — ¢) (1 — 2v)fq 


(8-1 (l-vp 


(14 


where C is a constant of integration. Expression (14) is valid in 


both the elastic and plastic zones. By substituting into (14) the 
expressions (7) and (9) which hold in the elastic zone, we find C = 
-3A. Since A and q, are known, (14) determines the displace- 
ment throughout the sphere. 

The foregoing solution is valid until the tensile hoop stresses 
which exist near the outer surface cause further yielding. Let us 
assume that the most critical location is the outer surface, and 
inquire when yielding begins there. From (8), (9), and (13) we 
find that (ge — ¢,)r-1 = 1 when 7, reaches the value »,** given 
by the equation 


exp }2(1 — m,**)*/3,**} = Bn.** (15) 
The temperature 7** corresponding to 7, ** follows from (13) and 
(15), 
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r** = 28 — 1){1 + m**?/(1 — m**)} (16) 


We note that 7** is a function of 8 only, the functional relation- 
ship being expressed parametrically in terms of 7,** by (15) and 
(16). 

The assumption about the most critical location for further 
yielding may now be checked. It can be verified that, at the 
temperature r**, the curve of (qa — q,) versus ¢ is monotone 
increasing in the elastic zone if, and only if, 8B < 2e'/* = 2.791. 
It follows that the assumption is correct when 8 < 2.791. How- 
ever, when 8 > 2.791 the curve of (qg — g,) versus ¢ has a maximum 
within the supposedly elastic zone at which point the yield condi- 
tion is violated. it appears that in the latter case a second plastic 
zone is initiated somewhere in the interior of the elastic zone rather 
than at the outer surface. 


Second Plastic Phase 

Here we restrict ourselves to the case 8 < 2.791. 
is increased beyond r** a second plastic zone, which began at the 
outer surface, spreads inward. Let the radius of the spherical 
boundary of the zone be ps and let m2 = pe2/b. 

From the equilibrium equation (2), the yield condition gg — 4, 
= 1, and the boundary condition ¢,(1) = 0, the stress distribution 
in the second plastic zone is easily found to be 


Then as 7 


q, 
(17) 
q8 


In the first plastic zone equations (12) still apply, while (8) and 
(9) hold in the elastic zone, although the constants of integration 
are now determined by the following conditions: The radial stress 
q, must be continuous at f = m and f = m. Att = m, andf = 
yn: the material is on the point of yielding, in hoop compression 
and in hoop tension, respectively. These conditions lead to a set 
of four linear algebraic equations in the three unknowns A, B, and 
rt. The equations are consistent only if the determinant of the 
augmented matrix of coefficients vanishes, a requirement which 
leads to the equation 


2(m2/m — 1)? 
32/M™ 


In my: + In 8B = (18) 


It is now convenient to introduce a parameter € = m2/m, — 1. 


Then, from (18) we find 
m = B~'/(1 + €)~'/ exp {e/3(1 + ©)} 
m = B~ ‘(1 + €)'/ exp {€*/3(1 + €)} 


and in turn the equations for A, B, and t can be solved to give 


= (1 + €)'? 
3€B'’? 


exp {€?/(1 + €)} (19) 


Ft ee a (a + 1/3} 
«ee I 
3e(1 + ©) ‘ 


_ 28 — 1)(1 + € + e?) 


fey i 
——7———— exp 16° /K( 1 
B71 + e)'72 exp | (1 + €); 


(20) 


Thus all quantities which appear in the formulas for stress and 
displacement are expressed in terms of the single parameter e. 
The stresses in the elastic zone follow from (8) and (9), while the 
displacement follows from (14). The foregoing solution is valid 
for all temperatures greater than r**. 

The growth of the plastic zones with increasing temperature is 
illustrated in Fig. 1. As might be expected, the sphere becomes 
fully plastic only for infinite temperatures. Stresses within the 
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sphere at a number of temperatures are shown in Figs. 2 and 3. 
It may be noted that, as the temperature increases, the stress 
gradients in the elastic zone become increasingly steep, and that 
in the limit of infinite temperature the elastic zone degenerates to 
a surface of discontinuity of qe. 

It would be an advantage to be able to eliminate the parameter 
€ between equations (19) and (20) so that the displacement 
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Fig. 1 Position of elastic-plastic boundaries 
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Fig. 2 Distribution of circumferential stress 
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Fig. 3 Distribution of radial stress 
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could be expressed explicitly as a function of r. Although this 
cannot be done for general 7, it can be performed approximately 
when € is small; i.e., when 7 is large. By expanding (20) in 
powers of € and inverting the series by successive approximations, 
we obtain 

28 — 1)/rB’/* + 208 — 1)*/r?B + O1/r*) = (211) 


é = 
By using (21) and (19) the constant © = —3A may be expressed 
as a series of inverse powers of tT and then, from (14), the asymp- 
totic form of the displacement is obtained, 


(ut 
1) \/*~ > ~ ope 


Similarly, we derive the expressior the width of the elastic 


zone, 


™ — m = 28 — 1)/Br 


Approximate Solution 


Let us consider now the approxima te solution in which the 


elastic strains are neglected As will be seen, the neglect 


of elastic strains leads to considerable simpiih ation. 
and (5 


When elastic strains are omitted the relations (4 reduce 


while the other governing equations (2 3), and (6) remain un- 
changed We that 5 


und (25) are incom- 
patible with each other if the plastic strains vanish. 


Hence the 


note equations (24 
existence of a region of zero plastic strain or of zero plastic strain 
rate is impossible. The entire sphere must be deforming plas- 
Then clearly the sphere is divided into two zones; an 
and an 
outer zone within which the stresses are The 
boundary between the two zones, determined by the condition 


tically 
inner zone within which the stresses are given by (12), 
given by (17 


that g, be continuous across the boundary, is the spherical surface 
(=f 
ary. The foregoing stress distribution is seen to be the limit of the 
elastic-plastic stress distribution for infinitely high temperature 
for the dis- 


The hoop stress gg is discontinuous across the bound- 


When elastic strains are neglected, expression (14 


placement reduces to 


(26 


Since yielding occurs in opposite senses in the two zones of the 
sphere, and since the displacement and hence the strains are con- 
tinuous, it follows that the plastic strain at the (fixed) boundary 
This fact enables us to de- 
Thus C = 


hetween the two zones must be zero 
termine the constant C, through the use of 
—7/23(8 — 1 


(25). 


, and hence from (26 


1 | 
2pe2f 


Expression (27) is the leading term of the expansion (22). The 
approximate analysis in which elastic strains are neglected thus 
vields the asymptotic limit of the exact solution for infinitely high 
temperatures. 

A better approximation to the displacements can be obtained 
in the following way: We calculate the displacements from the 


exact stress-strain relations (4) and (5). However, to compute the 
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elastic strains we use the approximate stress distribution given 
by the simplified analysis. It is easily seen that this method will 
lead to expression (14), it being understood that g, in the expres- 
sion denotes the radial stress given by the simplified analysis. 
The determination of the constant C now requires attention. 
Here the boundary between the two plastic zones must be re- 
garded as an extremely thin elastic zone. Recalling that C = 
—3A, we find from (8) and (9) that C is related to the stresses in 
the elastic region by 

(28) 


7/28 - 1) (q, - 


and hence 


T {4 
+ (g. — 
xB-1) J) ¢ . 


where the integration extends over the elastic zone 


fa 
gejde + ¢ — 
r 


If the elastic 


zone is thin, then 


where A is the nondimensional width of the elastic zone. On the 
assumption that (¢, — qe) is approximately linear in the elastic 
With these approximations, (29) 


and the improved approximation to 


S(@. — dt = 0 
at f 28(8 — 1) 


the displacement is 


Tr i ' 1 | 


"“@-nHni"*”* eet” ae 


zone, 
yields C= 


— 2v) 


tq, (30) 


The error in (30) is O(1/r 

An estimate of the width of the elastic zone may be obtained by 
considering the jumps in the terms of (28) across the elastic zone. 
Thus from (28) 


[7/208 — 1)¢] + [¢- — qe] + [C/f*] = 0 (31) 
where the square brackets denote the change in the quantity 


across the elastic zone. Now [g, — ge] = —2, and to a first 


approximation 
— Bhr 
28-1 


—3hCB? 


Hence, from (31), 


h ~2(8 — 1)/Br 


which agrees, to first order, with (23). 

The approximate analysis is readily extended to the calcula- 
tion of stresses in the more realistic case where the yield stress is 
a function of temperature. The calculation of displacements, 
however, becomes difficult and cumbersome owing chiefly to the 
fact that the boundary between the two plastic zones may move 


as T varies. 
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Membranes and Solids 


A fundamentally new app: oach to the rupture-fracture problem is presented. Because 
of the particular type of dynamic phenomena being investigated, the formulation is given 


in terms of the conservation equations of continuum mechanics instead of in the usual 


elasticity-plasticity relations 


The introduction of a similarity co-ordinate permits a 


complete closed-form solution to a particular problem of practical interest subject to 
certain compatibility conditions which depend upon the specific properties of the material 


under consideration 


Introduction 


emihiat a thin, uniform-thickness, infinite plane 
membrane subjected to a uniform edge tensile stress and hence 
1 uniform stress field throughout. Assume the membrane is 
punctured by a sharp point at some interior station. In the par- 
ticular formulation of the problem as presented herein, we may 


assume that either of two things may happen: 


a) The small hole and membrane remain static and in equi- 
> 0. 
will rupture catastrophically. 


ibrium, for all times 


b) The membrane 


Whichever happens—(a) or (b}—depends upon the value of 
the edge stress and also the physical properties of the membrane 
It will be shown that there is a possible combination of stress and 
material properties for which the membrane will rupture and this 
will represent a criterion for rupture instability of the type con- 
sidered. The determination of this criterion will be discussed 
ind we shall obtain a particular complete solution for the dynamic 
behavior of the membrane during this period of rupturing insta- 
bility 

Because the instability is dependent several different 
parameters, it is quite likely that the solution obtained is not 


upon 
unique. That is, another combination of the various stress and 
material properties may correspond to an entirely different dy- 
namic behavior of the rupturing membrane. However, in so far 
as can be determined, the solution given herein is the only one pre- 
sented up to this time for the dynamic behavior of a fracturing 
or rupturing element. As such, it should be of interest in applied 
mechanics generally, and especially in connection with fatigue 
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failures and other rupture phenomena. It also may be of interest 
to workers in biophysics and related fields in connection with cer- 
tain cell and tissue phenomena. It is conceivable that applica- 
tions may be found in celestial mechanics. 

Finally, the three-dimensional analog of the symmetrical mem- 
brane also will be analyzed using the same techniques as were 
used for the membrane. In this case we have a solid mass sub- 
jected to a uniform tensile field throughout and the rupture 
criterion as well as dynamic rupturing behavior may be deter- 


mined 


Procedure Plane Membrane Solution 

We analyze first the rupturing constant-thickness plane mem- 
brane, subjected to a particular uniform tensile edge stress, ¢,. 
We are interested in the behavior of this membrane starting with 
time ¢ For the 
dynamic phenomenon being investigated in this paper, the mem- 


0, the instant it is punctured by a sharp point 


brane (and solid) material may be assumed to have the properties 
of a border region fluid-solid or fluid-gas. Therefore the analysis 
may be based upon the conservation equations of continuum 
fluid mechanics instead of the somewhat uncertain relations of 
combined dynamic elasticity-plasticity action, as is usually done 
in analyzing fracture phenomena. However, it should be men- 
tioned that there is an over-all compatibility equation of energy 
conservation in which the elastic-plastic behavior is considered 
as will be shown later. 

Thus the rupturing membrane must satisfy the following equa- 
tions (given in the two-dimensional symmetrical polar co-ordinate 
form): 

Mass conservation 

op O( pu) 


a? 


Momentum conservation (Navier-Stokes equation ) 


ou ou (2? 1 Ou 
4 “/sy + 
or? r Or 


u = 


ot or 


vie « 
p or 





Nomenclature 


velocity of small disturbance in membrane or solid (velocity 
of sound) 
pressure 
radial distance co-ordinate 
time 
particle velocity 
kinetic energy 
initial strain energy of element 
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~ 


strain energy remaining in element following rupture 
similarity co-ordinate 

angular variation 

density 

stress, positive when tension 

viscosity 


cs + SD Oe 


subscript, outer 


subscript, inner 
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also an equation for the velocity of small disturbances (since the 
effect of the point rupture spreads radially and reaches a finite 
distance from the center of rupture), 


dp\'/? 
y= 3 
‘ (‘*) * 


In the foregoing equations, p is the negative mean value of the 
principal diagonal elements of the stress tensor, i.e., 


p= (0, + O9t GO, (4) 


so that for the uniform membrane stress field we have (¢, = o¢, 


og, = 0), 


2 


(5) 


Physically, the phenomenon may be described in the following 
manner (this explanation will justify the assumed boundary con- 
ditions for the foregoing mathematical formulation of the field 
equations): 


For ¢ < 0, the entire membrane is in a uniform tensile 
stress state, ¢,. 

(B) Att = 0, a small puncture is introduced at some interior 
station. We may think of this as the sudden introduction, along 
the are of a small circle (the puncture point), of an equal and 
Hence at this inner circle 


opposite, i.e., compressive stress, — ¢,. 


we have 


= Oop 


Cop is the “fracture’’ or ‘‘tearing”’ stress for the material; i.e., the 
tensile stress which will just cause the membrane to fracture. 


(C) for t > 0, conditions are as shown in Fig. 1 


(a) The punctured region now has a radius r; moving with an 
the velocity of fracture. The stress 
Material density 
material, 


assumed constant velocity u,;, 
along the circle bounding this region is cp. 
here is p;. Within this circle we have a region of ‘‘dead”’ 
with cracks or tears or fractures as required. 

(b) The outer-reach of the effect of the puncture is at a radius 
r, = Ct ' is the velocity of small disturbances in the 
stressed membrane material). The particle velocity at radius r, 
is zero, the edge stress is +¢,, and the material density is p,, 
the initial stressed membrane density. 


(where ¢ 


membrane density, 


field 


(c) For r; < r < r,, the particle velocity, 
and stress have some variable values as required by the 


equations (1), (2), (3). 


Because of the constant velocities of the outer and inner 
boundaries, and the constant stress og, at the inner boundary, an 
essential and fundamental simplification is involved by introduc- 


ing the similarity co-ordinate 
(7) 
Since (based upon dimensional considerations) u must be linear in 
£, it follows that when 
v 
t&,3 
we may neglect the viscosity term in the Navier-Stokes equation. 
We will assume this is so, and we shall neglect this quantity in our 


302 
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subsequent analysis. Then equations (1), (2), and (3) become: 


Mass conservation 


ip  d(pu) 
dt dé 


“<= 


Momentum conservation 


, du 
pé 
* dé 


dp 
: (‘*) 

Now, the phenomenon which is represented by a different 
map in the physical (r, ¢)-plane for each time ¢, is shown by a 
single field in the &-plane which holds for all times ¢, Fig. 2 
Note &, C is the velocity of sound of small disturbances in the 
stressed membrane affect. £, is the 
velocity of the fractured and hence also the frac- 
ture velocity in the membrane. 

The solution to these equations which satisfies all of the physi- 


and is the outer reach of 


boundary 


cal and boundary conditions as previously given in (A), (8), and 
(C), is 


uter reach { 
of ef fect 


yo «<e 
: Outer reach 


of effect | 


joa «iis 
MEMBRANE 
a 


Fig. 2 
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3p = 6p,£,(E (10) 


Equation (8) indicates that the velocity of the inner fracture 
surface is half the stressed membrane 
This may be taken as the velocity of the fracture 
note that 


velocity of sound in the 


Mott! found 
crack in metals is 


In this connection, it is interesting t 
that the velocity of travel for a linear fatigue 
given by approximately 


as compared to the value 
(12 


found in the foregoing. 

The solutions of Equations (8), (9), and (10) imply certain re- 
strictions on the field quantities for the particular solution ob- 
tained: 


a) Because £; = &, 
(b) Since og,, the stress at the inner radius is just equal to the 


10), 


2, it follows that p,; must equal 2p,. 


fracture stress for the material, from Equation ( 


20 Cor + 0.92p,£.? (10a) 


° 


This determines the required value ¢,. From this equation it 


follows that 
Cop > 0.92p,£,? (106) 


since otherwise the membrane will fracture at points other than 
the inner boundary. 

It seems obvious that any stress greater than ¢@, as given in 
Equation (10a) (other quantities remaining the same) will also 
cause an instability rupture, although the complete dynamic 
solution will not be as given in Equations (8), (9), and (10). It is 
not clear what effect a change in p; (other quantities remaining 
the same) will have on the rupture phenomenon. 

It is also necessary that over-all energy conservation be main- 
This is essentially a com- 
To obtain this 


tained during the rupturing process. 
patibility condition on any acceptable solution. 
we may proceed as follows. 

Let P equal the potential (strain 
just before it is punctured. 

Let U equal the strain energy remaining in the entire mem- 


energy in the membrane 


brane during rupture. This will require an assumption as to the 


division of p between og and ¢,. It will also depend upon the 
number of tears or fracture surfaces in the dead membrane. 

Let K, equal to the kinetic energy of the portion of the mem- 
brane between r,; and r,. 

Let Ky equal the kinetic energy of the dead membrane; i.e., 
the membrane for r < r;. 


Then over-all constancy of energy requires 


P.~U « K, + XK, (13) 
In this equation P and U can be approximated for a given 
material of known stress-strain characteristics and for an as- 
sumed fracture configuration. Note that no restriction to elastic 
That is, 
stressed in the plastic range. 
K, and K: can also be determined from the solution to the field 


action is necessary. the membrane may be initially 


equation as given in Equation 


1N. F. Mott, “Brittle Fracture of Mild Steel Plates,’’ Engineering 


(British), vol. 164, 1947; vol. 165, 1948 
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We may interpret this energy-balance equation in either of two 
ways:? 

1 It may be solved (for an assumed fracture geometry) in 
terms of: 


critical stress 

velocity of small disturbances 

effective modulus of elasticity 

effective density 

tearing stress 
and a criterion obtained for the existence of the instability con- 
sidered herein. 
2 The particular instability solution obtained will occur pro- 

All terms in the energy- 

balance expression can be approximated from the given solution 


viding the energy balance is maintained. 


for a given material except for the fracture geometry; i.e., num- 
ber of tears or cracks. We may solve the equation and the solu- 
tion will then give the number of cracks required for the existence 


of the instability in question. 


The Three- Dimensional Solution 

We may proceed in exactly the same way for the three-dimen- 
sional case. Now using spherical co-ordinates, and noting as be- 
fore the assumption which eliminates the viscosity term from the 
Navier-Stokes equation, we have: 

Mass conservation 


° oO 2p 
p , Apu pu _o 


4 
ol or Tr 
Momentum conservation 


1 Op 
p or 


C (“) ° 
dp 


which become, in terms of the similarity 


ou Ou 
+ 4 
ot or 


co-ordinate 
Equation (7): 
Mass conservation 


. dp d( pu 


c 


5 = 
’ dé dé 
Momentum conservation 


¢ du 


‘a 


C = (22) : 
dp 


The solution to these which satisfies all required boundary and 


(16) 


physical conditions is 
2 5S (17) 


? The over-all energy compatibility conditions involved in the two 
statements which follow are similar to those utilized by Griffith in his 
classical formulation of brittle-material crack theory and by later 
workers who refined the Griffith theory to include elastic and plastic 
effects in various approximate ways. See in this connection a paper 
by G. M. Boyd, “The Conditions for Unstable Rupturing of a Wide 
Plate,’ presented at the March 28, 1957, meeting of The Institution 
of Naval Architects in London. 
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(18) 


g 
é E, 

p+o, = 2p,£2|)3ln~+2{1— r (19) 
s ¢ 

which indicates that the velocity of fracture in this case is 0.67C. 

Just as for the plane membrane, an over-all energy balance 
must be maintained for the rupturing solid, in order for the in- 
stability to oceur. 


504 / septemBER 1960 


Conclusion 

A physical model for a rupturing plane membrane has been 
developed and a particular solution has been obtained for the dy- 
Results obtained indicate that the 
The necessary over-all energy 


namic action of this element. 
velocity of the fracture is 0.5C. 
compatibility condition is briefly discussed. 

The solution for the uniformly stressed solid indicates that the 
velocity of fracture is 0.67C. 
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Expansion of Thick-Walled Cylinders 


IRWIN BERMAN 


Staff Engineer, 

Research Division, 

Foster Wheeler C<rporation, 
New York, N. Y. 

Mem. ASME 


Fabricated From Cold Bent Plates 


The problem of the elastic-plastic expansion by internal pressure of thick-walled cylin 
ders that were fabricated by cold bending initially flat plate is analyzed by the use of the 
principal shear theory of piecewise linear plasticity. 


The strain-hardening material 


may have been initially anisotropic and may have developed inhomogeneity and further 


anisotropy due to the cold bending 


The numerical example which is then solved shows 


that, even for materials which have similar initial yield properties before bending, 
there are substantial differences in terms of the pressure at which inttial yielding occurs 


in the cylinder and in terms of subsequent cylinder behavior. 


Those differences in cyl 


inder behavior occur because the materials which are compared have yield surfaces which 
behave differently when the material is plastically strained. 


paper considers the stresses and deformations 
in inhomogeneous and anisotropic thick-walled cylinders that 
were made of a strain-hardening material. The stresses and 
deformations are caused by the application of an increasing in- 
ternal pressure to the point at which the entire cylinder becomes 
The thick-walled cylinders were fabricated from plates 
It is as- 


plastic 
which had been cold bent into the cylindrical shape. 
sumed that before they were bent the flat plates had homo- 
geneous but anisotropic strength properties. Since a strain- 
hardening material is being considered, the strength properties of 
cylindrical shape may be 
both inhomogeneous and anisotropic. The bent plates and 
cylinder heads are assumed to be assembled so that the initial 
material properties of the cylindrical portion of the pressure ves- 
sel are the same as the final material properties of the bent plate 
Therefore the cylinder analysis will include the effect of fabrica- 


the plates after they are bent into the 


tion as an integral part of the results 

A short review of those portions of the theory which will be 
used in this paper, i.e., piecewise linear plasticity based on princi- 
pal shear stresses, will be presented in the following section. In 
the third section, the strength properties of the plates after they 
are bent into the cylindrical shape are determined. The subse- 
quent three sections present the cylinder analysis. Expressions 
are developed from which the stresses and strains in the cylinder 
may be determined in terms of various material constants. In 
the final section, a numerical example illustrates the importance 
of the results in terms of the difference in cylinder behavior for 
materials with similar initial yield and strain-hardening proper- 


ties but different “secondary” hardening prope rties. 


Piecewise Linear Plasticity Based on Principal Shear Stresses 


The theory of piecewise linear plasticity based on principal 
shear stresses, hereafter called the principal shear theory, was 
presented as a special case of the general theory of piecewise 

' This paper is part of a thesis submitted by the author in partial 
fulfillment of the requirements for the degree of Doctor of Philosophy 
in Applied Mechanies at the Polytechnic Institute of Brooklyn. 

Presented at the West Coast Conference of the Applied Mechanics 
Division, Pasadena, Calif., June 27-29, 1960, of THe AMERICAN 
Society or MecHanicat ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. Manuscript re- 
ceived by ASME Applied Mechanics Division, June 17, 1959. Paper 
No. 60-—APMW-2. 
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linear plasticity by Berman and Hodge.* This theory may only 
apply to those problems of plasticity for which the principal direc- 
tions of stress and strain coincide and remain fixed in each element 
throughout the loading process. As in the other flow theories of 
plasticity, the principal shear theory requires that for each ma- 
terial element the yield surface, flow laws, and change of yield 
surface with plastic flow be specified. 

The criterion of initial yielding may be represented by a surface 
on a three-dimensional principal stress representation. If hy- 
drostatic states of stress do not effect the yielding of a material, 
then the yield surface may be replaced by the yield curve in the 
plane of stress states for which the hydrostatic component of 
stress is zero. A typical initial yield curve for a material which 
conforms to the principal shear theory is shown in Fig. | as 
A'B'C'D'E'F’. The initial vield curve of Fig. 1 may also be 
considered as an approximation to the actual yield curve of a 
real material. The positions of the sides of the initial yield hexa- 
gon may be described by six linear relationships between the 
stresses as 

side A’B’; 


side B’C’ 
side C’D’; 
side D'E 
side E’F’; 
side F’A 6 


where S,, S2, and S; are the three principal stresses and a, b, c, d, ¢ 


and f are material constants which are required to define the 


position of each side of the initial yield hexagon. It should here 
be noted that the basic theory is only concerned with the state of 
stress at a point. Therefore, all material “constants’’ may 
equally well be regarded as material “‘variables’’ if they are dif- 
ferent from point to point. 

In the derivation of the flow laws, it is assumed that the rigid- 
plastic material is incompressible and that the plastic-strain-rate 
vector on a side regime of the yield polygon must be normal to that 


side. The flow laws for a typical side C’D’ may be written as 


Cs Se Si) Cc, 


?I. Berman and P. G. Hodge, Jr., ‘A General Theory of Piecewise 
Linear Plasticity for Initially Anisotropic Materials,’’ Arch. Mech 
Stos., vol. 11, Nov.-Dee., 1959. 
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Fig. 1 Yield curves—principal shear theory 

where s;, 82, and s; are the principal strains, a dot above a quan- 
tity denotes rate of change, and the capital letters 4, B, C, D, E, 
and F are material constants called side-hardening constants. 
In a similar manner, the flow laws of side F’A’ may be expressed 
by equations (8) and (9) and by 


Fs, = (S, — S:)/f (10) 

Let the position on the principal stress representation shown in 
Fig. 1 be called the stress point. If the stress point is on a side 
of a yield polygon so that plastic flow and strain-hardening take 
place, the side moves parallel to itself along with the stress point. 
In addition, plastic strain-hardening on a side creates new ma- 
terial properties in all directions. For the principal shear theory, 
each remaining side moves parallel to itself at an independent con- 
stant rate. The motion of the yield curve when the stress point 
is acting on sides C’D’ and F’A’ is shown in Table 1. 


Table 1 
Side of stress point 
A'B’ 
B'C' 
C’D’ 
D'E’ 
E'F’ 
F’A’ 


C’D’ 
\ Ss, 
(S: 
(Se 
(Ss 
(S; 

= (S, 


KacC&: = 
KaCé. = 
Ca 
KaC& 
KecCé: 
KrcCk; 


Side motion 


The constants A with two lower case letter subscripts are ma- 
terial constants and are called transition contants. They de- 
scribe the ratio of the motion of the adjacent sides to that of the 
side on which the stress point acts. The constants K with two 
capital letter subscripts are material constants and are called 
secondary hardening constants. They deseribe the ratio of the 
motion of the remaining sides to that of the side on which the 
stress point acts 


Plate Bending 
The material properties of the plate before bending are taken 
The plate considered is 


to be homogeneous but anisotropic. 
bent cold into the correct cylindrical shape with only such inter- 
mediate and final heat-treatment permitted as may be necessary 
to prevent brittle failure. The rate of change of the properties of 
an element of material is assumed to be such that the physical 
properties, which are present after the completion of the heat- 
treatment, were reached within the framework of the principal 
306 
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shear theory. The cylindrical bending is caused by end couples 
such that at a short distance from the ends the stresses and strains 
are constant along each circumferential fiber. The strain in the 
width direction is negligible and any change in the thickness of 
the plate is neglected in the determination of the position of an 
element. Since the purpose of the plate-bending analysis is to 
determine the material properties of the plate after bending, and 
the plastic strains are large compared to the elastic strains, the 
material is assumed to be a rigid-plastic one. Thus, if the origin 
in stress space always remains within the yield curve, there is no 
springback of the plate and there are no residual stresses after 
bending. 

The bending neutral axis of a circular cross section of the bent 
plate may be defined as the line of no change in length for an in- 
finitesimal additional deformation. In the present simplified 
analysis, it is assumed that the circumferential strain is propor- 
tional to the current distance from the neutral axis. It is also 
assumed that the change of strain from the initial unstrained 
position took place continuously in the positive or negative direc- 
tion. Thus the current properties are determined by the position 
of the neutral axis at that time. 

Since the strains in the width direction are zero and the material 
considered is rigid-plastic, at a small axial distance from the 
curved edges of the bent plate, the stress in the width direction is 

S; S; . 11) 
where the subscripts 1, 2, and 3, as shown in Fig. 1, refer to the 
The 
stress path for each element will be a horizontal line as shown 
in Fig. 1. In the following development, it is assumed that the 
stress path of a material element initially contacts C’D’ or F’A’ 
of the yield hexagon and, during metal flow, the stress point is 
always on side C’D’ or side F’A’ of the current yield hexagon. 
The inequalities which must be satisfied for this to be so will be 


radial, circumferential, and width directions, respectively. 


derived later in this section. 

For the portion of the plate outside of the neutral axis, while 
metal flow is taking place, the stress point of each element is on 
side C’D’ of the yield curve. Since the stress point contacts side 


Change of yield curve with stress point acting on sides CD and F A’ 


K asF a 
Ker Fa 
KerF& 
K pr FS 

K;.F& 

F 3, 


S;)/a 
S;)/b 
S)/e 
S:) e 
S2)/e 
S:) f 
C’D’ from the interior of the yield curve, both the position of 
the stress point and the position of side C’D’ may be obtained 


from equations (3), (7), (8), and (9) and represented by 


Ca. = (S: — S,)/e — 1 (12) 
in terms of the strain of the element of the material. 

For an element of the bent plate which is on the inside of the 
neutral bending axis, while metal flow is taking place, the stress 
point is on side F’A’ of the yield curve. Both the position of the 
stress point and the position of side F’A’ may be obtained from 


equations (6), (8), (9), and (10) and represented by 


Fs, = (S, — 8.)/f -— 1 (13) 
By the integration of the proper expression in Table 1, the posi- 
tion of side C’D’, resulting from the motion of the stress point 
outside of side F’A’, may be written as 


KepFs; = (S, — §,)/c — 1 (14) 
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Since the circumferential strain is proportional to the distance 
from the neutral axis, the circumferential strain may be expressed 


as 


8s = r/R —1 (15) 
where r is the radial co-ordinate measured from the current center 
and & is the radial distance to the neutral axis measured from the 
same center. Also, since the stress point of each element of the 
plate is on side C’D’ or F’A’ during plastic flow, 


(16) 


The position of the bending neutral axis may then be deter- 
mined from the equation of radial equilibrium, 


dS,/dr = (Sz S,)/r, (17) 
the boundary conditions at the inner and outer surface, from 
equations (12), (13), (15) and (16), and from the continuity of 
the radial stress at the neutral axis. The expression from which 


the bending neutral axis may be obtained may then be written as 


In (R/r el — C) ln (r,/R 
R) + SF R- r;) (18) 


Rif + F 
= ct" i. 
where r, is the inner radius and r, the outer radius. 

The foregoing analysis is predicated upon the assumption that 
the stress points of the elements of the plate initially contact and 
cause plastic flow only when they are in contact with sides C’D’ 
and F’A’. The conditions that are necessary for this assumption 
to be valid in terms of initial contact may be obtained from the 
equations of the initial position of the hexagon equations (1-6) 
and the equation of the stress path equation (11). The result 
may be written as 


c < 2b, 


f < 2a, 


After plastic flow has taken place, the conditions which are 
necessary in order that the stress points remain on sides C’D’ or 
F’A’ may be determined from the appropriate expressions in 
Table 1, the initial conditions, and equations (11), (15), and (16). 
The inequalities which must be satisfied in order that, during 
plastic flow, the stress points of the elements outside of the 
neutral axis remain in contact with side C’D’ may be written as 


2h( 1 2bK4Cr/R, (21) 


el — C) + cCr/R « KC) + 


e(l — C) + cCr/R < 2d(1 K,,C) + 2dKy,Cr/R 22) 
The inequalities which must be satisfied in order that, during 
plastic flow, the stress points of the elements inside of the neutral 


axis remain in contact with side F’A’ may be written as 


fl + F) — fFr/R < 2e(1 + K,,F) — 2eK,,Fr/R, (23) 


fl + F) — fFr/R < 2a(1 + K,,F) — 2aK,,Fr/R (24) 

The case of an initially isotropic, homogeneous plate will be 
numerically considered in the final section. Let all the yield con- 
the side-hardening constants C, 
The expression from which the 


stants be designated by c, and 
the transition constants by AK’ 


neutral axis is determined may then be written as 


R)(r;/R)| + C{(r./R) — (r,/R)| — C ln (r,/r;) = 0 (25) 


In [(r 


The inequalities described in equations (21), (22), (23), and (24) 
may all then be satisfied by the expression 


Cl — r/R\1 — 2K’)| <1 (26) 


The location of the neutral axis may be determined from equa- 


tion (18) or (25). The new position of side C’D’ of the yield 
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curve after the plate is bent may then be obtained. Thus the 
initial yield criterion for each element of the cylinder which is 
loaded by internal pressure is known. Let A’B’C’D’E’'F’ of Fig. 
1 represent the initial yield curve of an element of the fiat plate 
prior to bending. A typical subsequent yield curve for an element 
in which the stress point acted on side F’A’ is shown by A,’B,’C,'- 
D,'E,'F;'. The position of side C,'D,' of the yield polygon may 
be obtained from equations (14), (15), and (16) and written as 


S: — 8, = cll + KepF — KepF(r/R)] (27) 


For elements of the plate which are outside of the bending 
neutral axis, during bending the stress point acted on side C’D’ of 
the yield curve. A typical subsequent yield curve for those ma- 
terial elements is shown by A,’B,'C;'D,'E;'F,' in Fig. 1. The 
position of side C,’D,’ may be determined from equations (12) 
and (15) and written as 


28) 


Cylinder Expansion 

Since, for the partially plastic, thick-walled cylinders which 
are considered, the elastic strains are of the same order of magni- 
tude as the plastic strains, both elastic and plastic strains will be 
accounted for. The material is assumed to be incompressible in 
both the elastic and plastic ranges in order to reduce the com- 
plexity of the calculations so that the important sequence of 
events may be followed more clearly. The problem which is 
solved is one for which there is negligible axial strain during the 
entire expansion process and for which the stress point during 
plastic flow always remains on side C’D’ of the current yield 
curve. The inequalities which must be satisfied so that the stress 
point of each element should initially contact side C’D’ and re- 
main in the regime C’D’ during the plastic flow may be deter- 
mined from Table 1 and the position of each yield polygon. 

The cylinders were fabricated so that the initial yield polygon of 
an element is the same as its final yield polygon in the bent plate. 
Therefore equations (27) and (28) may be used to define the 
initial position of side C’D’ for cylinder expansion. Typical 
graphs of the initial position of side C’D’ of the yield polygon for 
cylinder expansion for all radial positions are shown by the 
solid lines in Fig. 2. Two of the curves are for a material which 
may harden in an isotropic manner whereas the third is for a 
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Fig. 2 Initial yielding in cylinder 
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material which may harden kinematically. In isotropic harden- 
ing, subsequent yield curves are enlarged versions of the initial 
yield curve with the same origin. In kinematic hardening, the 
yield curve remains constant in size, and translates but does not 
rotate. 

Because of negligible axial strain and complete incompressibil- 
ity in both the elastic and plastic regions, the strain relationships 
may be written as 


(29) 


8 +s = 0 (30) 


where s, is the radial strain, s. the circumferential strain, and s; 
the axial strain. For the small deformations that are being con- 
sidered in both the elastic and the plastic portions of the cylinder, 
the radial and circumferential strains of an element may be ex- 


pressed as 
(31) 
(32) 


8s, = du/dr, 
8 = u/r, 


where u is the radial displacement of an element. Equations (30), 
(31), and (32) may be combined and the resulting expression inte- 
grated so that the radial displacement may be expressed as 


u = K/r (33) 
where K is an integration constant. By the use of equations (31), 
(32), and (33), the values of radial and tangential strain may be 
expressed in terms of the radial position and integration constant 


as 
s = —K/r?, (34) 


(35) 


$2 = K/r? 


Entire Cylinder Elastic 


Under the prescribed conditions of total incompressibility, 
Poisson’s ratio is equal to one half. For zero axial strain, the ex- 
pression relating the axial strain to the stresses leads to the rela- 
tionship between the stresses which may be written as 


S; = (S, + S:)/2 (36) 
Hooke’s law, relating the circumferential strain to the stresses, 
may then be written as 

ss = 3( Se = S,)/4E (37) 
where £ is Young’s modulus. By means of equations (35) and 
37), the stress difference S. — S, may be written as 


S, — 8S, = 4EK/3r? (38) 
If the internal pressure remains below the critical value at 
which initial plastic flow takes place, the value of the integration 
constant K may be expressed in terms of the pressure, of Young’s 
modulus, and of the inner and outer radii of the cylinder. In 
order to do this the equation of equilibrium which is not identically 
satisfied may be used. This equation of stress equilibrium may 
be written as 
dS,/dr = (S; — 8;)/r (39) 
I'he expression S; — S; may be eliminated from equations (38) 
and (39) and the equation 


dS,/dr = 4EK /3r* (40) 
obtained. At the inner radius r; the value of the radial stress is 
S,; = —p and at the outer radius r, the value of the radial stress 


is zero. These boundary conditions may be used after the inte- 
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gration indicated in equation (40) is carried out. The results are 
written as 


(41) 


Then, by the use of equation (40) and the outer boundary condi- 
tion, the value of the radial stress may be determined as 


K — (3p/2E)r,?/ [1 _ (r;/r.)?) 


S, = (2BK/3)((1/r)* — (1/r,)*) (42) 


The complete stress and deformation solution may now be de- 
termined by the use of equations (33), (36), (38), (41), and (42). 
Thus 


S: — S, = 2p(r;/r)*/|1 — (r,/r,)*], (43) 


S; = —p{(r,/r)? _ (r; r,)?]/ {1 a (r,/r.)*], 
S2 = pl(r,;/r)? + (r:/r.)*1/ 01 — (r./r.)* 1, 
Ss = p(r;/r.)*/(1 — (ri/r.)*), 


u = (3p/2E)(r,?/r)/(1 — (r,/r.)*| 


Initial Yielding 

For the conditions of this problem, the stress path of each ele- 
ment is horizontal on the stress plane as shown in Fig. 1. When 
the stress point contacts side C’D’ of the initial yield polygon, 
Three possible graphs of the initial 
Also shown by dotted 


plastic flow takes place. 
position of side C’D’ are shown in Fig. 2. 
lines in Fig. 2 is the stress profile for the elastic cylinder when 
initial yielding occurs. Since this stress profile is shaped as shown 
in Fig. 2, initial yielding may occur only at the inner surface or at 
the surface of the final bending neutral axis. The elastic equation 
describing the stress profile equation (43) may be combined with 
the equation defining the position of side C’D’ inside the bending 
neutral axis equation (27). If the appropriate radii are then used, 
the value of the pressure at which initial yielding occurs at the 
bending neutral axis and at the inner surface, respectively, may 
be written as 

Py, = (c/2\(R (48) 


-.\2 ae 2) 
orl Ti/Tol is 


Py = (c/2)[1 — (ri/r.)*) 1 + Kerf — KepF(r;/R)] (49) 
The true initial yielding will occur at the surface corresponding 
to the initial yield-pressure equation for which the pressure is a 


minimum. By the use of equations (48) and (49), if 


{1 + KepF — KepF(r,/R)| < (R/r,)? (50) 


then initial yielding occurs at the inner surface. If 


{1 + KepF — KepF(r;/R)) > (R/r,)? (51) 


then initial yielding occurs at the bending neutral axis. If 


(1 + KepF — KepF(r;/R)| = (R/r;)? (52) 
then initial yielding occurs simultaneously at the inner surface 
and the bending neutral axis. 


Elastic-Plastic Cylinder 

Depending upon the effect of the previous bending-strain his- 
tory on the position of side C’D’ of the yield polygon, under in- 
creasing internal pressure, yielding may: (a) start at r; and grow 
outwards continuously until the entire cylinder becomes plastic; 
(b) start at r; and grow outward, then start at R and grow both 
ways (the two plastic regions then expand and merge forming a 
single elastic-plastic boundary which grows outward until the 
entire cylinder becomes plastic); (c) start at R and grow both 
ways, then start at r; and grow outward (the two plastic regions 
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expand and merge forming a single elastic-plastic boundary which 
grows outward until the entire cylinder becomes plastic); (d) 
start at 2 and grow both ways until the entire cylinder becomes 
plastic. 

Only the (a) and (b) types of behavior will be discussed further 
in this paper since they are more likely than the others to occur in 
In order to explore the first type of behavior 
namely, the case for 
which the position of the elastic-plastic boundary is at r; < r, < 
R, and the case for which the elastic-plastic boundary is at R < 
ry <7,, where r, denotes the radius to the elastic-plastic boundary 
The explicit stress and deformation expressions will be developed 
For the second type of behavior, 


a physical problem 
fully, only two cases need to be considered; 


for the first type of behavior. 
the case in which two plastic and two elastic regions exist side by 
side has to be considered in addition to the two cases considered 
for the first type of behavior. The results for multiple elastic- 
plastic regions will be discussed and tabulated 

(a) Single elastic-plastic boundary r, <r, < R. 
for which the single elastic-plastic boundary lies within the limits 
r; Sr, S< R after a pressure increase from the condition of 
initial yielding. At the elastic-plastic boundary, both the equa- 
tion defining the initial yield condition of side C’D’ and the equa- 
tion which determines the position of the stress point are valid 
and (38) may be combined and the integration 


Consider the case 


Equations (27 
constant determined as 


2E 


+ KepF — KepF(r,/R)] (54) 


2ke = c[l 


The complete solution for the elastic portion of the cylinder ry < 
r <r, may be obtained from equations (33), (36), (38), (42), and 


(53) as 


For the plastic portion of the cylinder, which is limited by r; < 
r <r,, the appropriate flow law during the period that the stress 
point touches side C’D’ of the yield hexagon is given by equation 
(7). The initial stress difference at each radius may be deter- 
mined from side C’D’ of the final yield hexagon of the bent plate 
which is given by equation (27). Since the initial conditions 
must satisfy the elastic as well as the plastic expression, the initial 
value of the circumferential strain s.* may be obtained from equa- 
tion (27) and from Hooke’s law as shown by equation (37). The 
result may be written as 


+ KepF — KepF(r/R)) (60 


The current stress difference at any radius in the plastic region 
may then be determined by the integration of equation (7). By 
, 60), the result may be 


the use of equations (27), (35), (53), and 


written as 


3s — S, = ky + k(r/R) + 2k,{r,/r)* (61) 


where 


{l — (3cC/4E) (1 


T KerF > 


k= 


¢ 


—cKepF [1 — (3cC/4E)], 


2k, = (3c9C/4E)(1 + KepF — KepF(r,/R)] 
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The radial and circumferential stresses for the plastic region may 
then be obtained by the use of equations (39) and (61) and by the 
use of the inner boundary condition that atr = r;,,8, = —p. The 
axial stress may be determined by the use of equation (36). Al- 
though equation (36) was derived for the elastic region, it is also 
valid for the plastic region. This is so because the assumption 
that the stress point during plastic flow remains on side C’D’ 
means that the plastic strain in the axial direction is zero. Since 
the total axial strain was assumed to be zero, the elastic strain is 
also zero. Elastic incompressibility and Hooke’s law therefore 
again lead to equation (36) as the expression for determining the 
axial stress in terms of the circumferential and radial stress. The 
individual stresses in the plastic region may therefore be written 
as 
S, = —p + k,[ln (r/r,)] + k,\(r/R) — (r:/R)) 

+ k,[(r,/ri)* — (r,/r)*], (65) 
+ k,(2(r/R) — r,/R)] 


2 f \2) 
r)* + (r,/r)*l, 


S, = —p + k,[1l + In (r/s 
+ k.\(r, (66) 

+ In (r/r,)] 

+ k,[(3r/2R) — (r;/R)] + kfr,/r.)* (67) 


S: = —p + k,{(1/2) 


The value of the internal pressure which causes the elastic- 
plastic boundary to be at position r, may now be calculated from 
equations (39), (55), and (61) and may be written as 
r.)*] + k,[in(r,/r;)] 
+k {(r,/R 


p=k [il —(r 


v 
— (r,/R)| + k,{(r,/rs)? — 1) (68) 

For the first type of elastic-plastic behavior in which initial 
yielding starts at the inner surface and grows outward con- 
tinuously, the results of this section are valid for all values of 
r;<r,<R. It must then be shown that yielding does not take 
place at the bending neutral axis before the elastic-plastic 
boundary reaches the bending neutral axis. Since the neutral 
axis was defined as the fiber which does not change in length 
during bending, the pertinent initial yield curve in cylinder ex- 
pansion for the radius FP is given by equation (3). Thus it must 
be shown that the stress point at the bending neutral axis, as 
given by the elastic expression equation (55), does not exceed the 
value c for all positions of the elastic-plastic boundary within the 
range r; S ry, < R. 
stipulating that for all values of the variable r,/R such that 0 
< r,/R . §, 


This requirement may be satisfied by 


{1 + KepF — KopF (r,/R) Kr, Ry -— 1 (69) 


Equation (69) may be written in the form 
—KepF (r,/R) — 1){(r,/R) — (1 + C1 + 4K pF )')/2KepF | 
— [1 — (1 + 4KepF)'*)/2KcpF} <0 (70 


from which it may be determined that, if KepF < 2, multiple 
regions will not form. 

(b) Single elastic-plastic boundary R <r, < r,. 
case in which no plastic unloading has taken place and the current 
single elastic-plastic boundary is within the limits R < r, < r,. 
If equation (28) is combined with equation (38) the resulting ex- 
pression for the integration constant K may be written as 


Consider now the 


K = k,(3r,2/2E) (71) 


Ww here 


2k, = c{l — C + C(r,/R)) (72) 
The complete solution for the elastic portion of the cylinder, 
r, <7 <1,, may then be determined from equations (33), (36), 


(38), (42), and (71), and written as 
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S: — Sy = 2k{r,/r)*, 
S, = —k,[(r,/r)* — (r,/r.)?); 
S: = k,|(r,/r)® + (r,/r0)*) 
Ss = k(r,/ro)*, 
u = k(3/2E)\(r,?/r) 


where the deformation of equation (77) applies to the entire 
cylinder. 

The flow law for the plastic portion of the cylinder may be ex- 
pressed by equation (7). Two plastic regions are considered 
separately. The first is the plastic region within the limits r; < r 
< R. For this region the stress difference S, — S; may be ob- 
tained from equations (27), (35), (7), (60), and (71) and written 


as 
S: — S, = k, + k(r/R) + 2kdr,/r)* (78) 


where 


2k, = (3e°C/4E) (1 — C + C(r,/R)] (79) 


By the use of equations (36), (39), and (78) and the inner 
boundary condition that at r = r;, S; = —p, the individual 
stresses for the plastic region r; < r < R may be written as 


= —p + k,[In(r/r,;)] + k[(r/R) — (r:/R)) 


+ k,l(r,/ri)? — (r,/r)*], (80) 


—p + k,[In(r/r;) + 1] + &,[2(r/R) — (7,/R)) 


+ k,[(r,/r,)? + (r,/r)*), (81) 


—p + k,[(1/2) + In (r/r,)} 
+ k,{(3r/2R) — (r;/R)) + kfr,/r;)? (82) 
For the remaining plastic region R < r < r,, the stress dif- 
ference S; — S,; may be obtained by means of equations (28), (35), 
(37), (7), and (71) and written as 
S. — S, = 2k(r,/r)? + ky, + k,(r/R) (83) 
where 


(84) 
(85) 


ky = el — C1 — 3cC/4E), 
k, = cC(1 — 3cC/4E) 


By the use of equations (36), (39), and (83) and the continuity 
of the radial stress at the bending neutral axis, the individual 
stresses for the plastic region R < r < r, may be written as 

= —p + k,[ln (R/r,)] + k,[1 — (r)/R)] 


k,[(r,/ri)® — (r,/r)*?] + ky [ln (r/R)] + &,[(r/R) — 1), (86) 


3 = —p + k,[ln (R/r,)) + &, [1 — (7:/R)] 
+ k,{(r,/r;)? + (r,/r)?] 

+ ky [1 + In(r/R)] + k&,[2(r/R) — 1), 

“2 + k, [In (R/r;)) + k,[ i- (r;/ )] + kf(r,/r;)? 

+ k,[(1/2) + In(r/R)] + k,[(3r/2R) — 1) 


(87) 


(88) 


The relationship between the internal pressure and the current 
elastic-plastic boundary may be obtained from the boundary 
conditions and equations (39), (73), (78), and (83). The result 
may be expressed as 
p = k,[In(R/r,)] + k, [1 — (r,/R)] 

+ k,l — (r,/r.)?) + &,[(r,/r;)? — 1) 


+ k,[ln (r,/R)) + k,[(r,/R) — 1] (89) 


(c) Multiple elastic-plastic boundaries. For the second type of 
elastic-plastic expansion, from the time that initial yielding takes 
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Fig. 3 Multiple elastic-plastic boundaries 


place at the inner surface until the time that the elastic-plastic 
boundary reaches a particular value r; < r, < R, the equations 
of Case (a) are valid. Yielding then starts at the bending 
neutral axis and multiple elastic-plastic regions exist until the 
plastic regions merge. After the plastic regions merge, subse- 
quent conditions are described by Case (6) until the cylinder be- 
comes fully plastic. Thus the analysis of the case of multiple 
elastic-plastic boundaries will allow the complete solution for the 
second type of elastic-plastic expansion. 

The minimum value of the elastic-plastic boundary for which 
multiple regions exist is the minimum value of r, for which equa- 
tion (70) is not satisfied. The circumferential boundaries of 
the regions which will be considered are schematically shown in 
Fig. 3. The stresses and displacements in each region and the 
position of the elastic-plastic boundaries which correspond to 
various internal pressures may be obtained by the use of the 
equilibrium equation (39), the position of the stress point, the 
initial yield criteria, the flow law (7), the external boundary con- 
ditions, continuity of the radial stress through the thickness of 
the cylinder, the stress relationship (36), and the deformation 
expression (33). The expressions for the radial and circumferen- 
tial stress in each region, together with the expressions which are 
used to determine the additional elastic-plastic boundaries and 
the internal pressure at a particular value of the inner elastic- 


plastic boundary r,, are given in Table 2. These expressions will 


be used in the numerical example which follows. 


Table 2 Expressions relating to radial and circumferential stresses 
Circum- 
ferential 
equation 
(66) 
(91) 
(93) 
(95) 
(57) 


Radial 
equation 
(65) 
(90) 
(92) 
(94) 
(56) 


Condition 
Plastic 
Elastic 
Plastic 
Plastic 
Elastic 


Region Limits 
A rmsr 
B Tr <r 
Cc Pa r 
D R r 
y r 


E re 


IAIAIAIAIA 


The previously undefined equations in Table 2 may be written 
as 
S; = (Si )mry tT ko {1 —_ (Ty r)*], (90) 


S2 oS (S; mer y — kyl + (r,/r)*), (91) 


Si = (Si)mra + &,[ln (r/r)] + ky [(r/R) — (7./R)) 


«a 2 2 = 
k,{(r,/r) (r,/r,)*), 


S: = (S:)mrg + kp[1 + In (r/r,)] 


+ k,[2(r/R) — (ro/R)) + &,[(r,/r)? + (r,/ra)*), (93) 


S; = (Si)er + k,(In (r/R))] + k,[(r/R) — 1) 


k.[(r, r)?? — (r, R)*?), (94) 


S2 = (Si)mer + k,[1 + In(r/R)] + k,[2(r/R) — 1] 
— k,((r,/r)? + (r,/R)?) 
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The radial position of the boundary between regions B and C is 
designated as r,. It may be determined in terms of r, by means 


of the expression 


(Kepel’/Rr,)r.? — (C1 + KerF’)/r, — (KerF/R) Ira 
— [1 + KopF — KopF(r,/R)| = 0 (96) 

If r, is set equal to r, in equation (96), the maximum value of r, 
for which multiple elastic-plastic boundaries exist may be deter- 
mined. 

rhe radial position of the boundary between regions D and E 
is designated as r,. It may be obtained in terms of r, from the 
expression 


C(r,/R)? + (1 — C)(r,/R)? + KerF(r,/R)* 


— (1 + KepgF\(r,/R)*? = 0 (97) 


The equation for the internal pressure, which corresponds to a 
particular position of r, for which multiple elastic-plastic bound- 


aries exist, may then be written as 


p = k[l — (r,/r,)* - 
+ k,{ln(r,R/ryr,)) + kl(ry + R — 1; — r,)/R) 
+ k,{(r,/r,)' 1 + (r,/r.)* — (r,/15)*]) 


+ ky [In(r,/R)] + k,[(r,/R) — 1] (98) 


Numerical Example 

Numerical calculations will now be employed to illustrate the 
importance of the effects of cold-bending in fabrication upon the 
resultant behavior of a cylinder being expanded by internal pres- 
sure. In order to keep the calculations fairly simple, in addition 
to its properties which are consistent with the assumptions of 
this paper, the material considered is isotropic and homogeneous 
The laws for this special case of aniso- 
3 


prior to plate bending. 
tropic material were previously derived by Hodge 

The cylinder geometry may be designated with complete 
generality by the ratio of the inner to the outer radius of the 
cylinder being expanded. In this numerical example the ratio 
used is 0.75. For the elastic-plastic material in cylinder expan- 
sion, Young’s modulus is taken equal to 30,000,000 psi. The 
magnitude of the yield constants of the initial yield polygon prior 
to plate bending is 30,000 psi. The dimensionless side-hardening 
constants chosen are equal to 2.4 for the five strain-hardening ma- 


3P. G. Hodge, Jr., ‘‘A General Theory of Piecewise Linear Plas- 
ticity Based on Maximum Shear,’’ Journal of the Mechanics and 
Physics of Solids, vol. 5, 1957, pp. 242-260. 
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terials considered and equal to zero for the perfectly plastic ma- 
terial. 
analysis is the one describing the behavior in subsequent expan- 
sion of that portion of the cylinder which was compressed in bend- 
ing. Since there is a little test information available from which 
to choose a value of this constant, a range of values from minus 
The secondary 


The secondary hardening constant which is used in this 


one to plus one was chosen for this problem. 
hardening constant which has been designated as Ke, will inde- 
pendently take on the five values —1 (kinematic hardening), 
—'/,, 0, '/2, and 1 (isotropic hardening). 

The position of side C’D’ of each element of the yield polygon 
before cylinder expansion may be determined by the use of equa- 
tions (27) and (28). This position is shown in Fig. 4 for the six 
materials considered at each radius of the cylinder. Also plotted in 
Fig. 4 are the elastic stress profiles for which initial cylinder yield- 
ing occurs. As may be determined by the use of equations (50), 
(51), and (52), in all these cases initial yielding occurs at the inner 
surface. 

For all the materials except the one which hardens isotropically, 
Ker <2. Therefore, for these five materials, as shown by the in- 
equality (70), with increasing pressure the elastic-plastic bound- 
ary progresses outward until the entire cylinder becomes plastic. 
For the material which hardens isotropically, after yielding has 
progressed so that the elastic-plastic boundary is slightly beyond 
the initial yield surface, the inequality (70) is no longer satisfied. 
Thus yielding takes place at the bending neutral axis before the 
With increasing 


pressure, the two plastic regions expand until they join. The 


elastic-plastic boundary reaches that radius. 


radius at which this occurs may be obtained from equation (96 
The single elastic-plastic boundary then continues outward until 
the entire cylinder becomes plastic. 

The internal pressure corresponding to the various positions of 
the inner elastic-plastic boundary is shown in Fig. 5. The circeum- 
ferential stress at various positions of the elastic-plestie boundary 
for Keer = '/2 and —'/2 and for a perfectly plastic material are 


shown in Figs. 6, 7, and 8. 
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Dispersion of Flexural Waves in an 
Elastic, Circular Cylinder 


In this paper it is shown how the branches of Pochhammer’s frequency equation for 
flexural waves in a circular cylinder may be constructed approximately with the aid 
of a grid of simpler curves and asymptotic equations for long and short wave lengths. 
With very little computation, in comparison with that required in the direct determina- 
tion of the roots of Pochhammer’s equation, a qualitative view is obtained of the rela- 


tions between frequency, phase velocity, group velocity, and propagation constant, for 
any branch, as well as some information as to the shapes of the modes 


& solutions of the linear equations ol elasticity for 
extensional and flexural vibrations and waves in an infinitely long 
circular cylinder, with its surface free from traction, were given 
1],2 in 1876, in the 


which been the subject of numerous 


by Pochhammer form of transcendental fre- 


quency equations have 


studies in the succeeding years. The extraordinarily intricate 


branches of these equations give the relations between frequency, 
propagation constant, phase velocity, and group velocity which 
are required for an understanding of the physical significance of 
the solutions 

Recently, methods which do not require extensive numerical 
computation have been developed for the approximate mapping 
of the branches of Pochhammer's « juation for extensional waves 
and the branches of similar equations which appear in solutions 
for both extensional and flexural vibrations or waves in plates 
2-8 These methods are extended, in this paper, to the case 
of Pochhammer’s equation for flexure 


The essence of the technig le Ol Mapping has been the pre- 
liminary construction of intersecting families of simple algebraic 
curves which the branches cannot cross except at certain of the 
points of intersection. This information, along with the asymp- 


totic behavior at long and short wave lengths, has been suffi- 
branches through the grid of 
If the 


is ordinate and propa- 


cient to permit the tracing of the 
intersecting curves, or ‘“‘bounds,”’ in considerable detail. 
construction is performed with frequency 
gation constant, i.e., wave number in the direction of propaga- 
tion, as abscissa, the slope of the straight line connecting & point 
on a branch with the origin is proportional to the phase velocity 
and the slope of the branch itself is proportional to the group 
velocity. A pair of values of frequency and wave number, i.e., 
a point on a branch, corresponds to a mode of motion whose 
properties may be determined by inserting the pair into the 
Some, 


certain cases all, of the bounds have been the branches of the fre- 


formulas for displacement, strain, and stress. and in 


quency equation for waves in the same body with mixed, instead 


of traction-free, boundary conditions; one family of bounds cor- 


! This investigation was supported by the Office of Naval Research 
under a contract with Columbia University 
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responding to equivoluminal deformation, and another to rota- 
tionless dilatational deformation. Passage from mixed to 
traction-free boundary conditions is accompanied by coupling 
of the two types of deformation and leads to the complicated 
behavior invariably encountered with nonmixed boundary con- 
ditions. The resolution into the two types of simple deformation 
gives, in addition, insight into the modal composition correspond- 
ing to points on the branches both at and between intersections 
of bounds 

In the case of Pochhammer’s equation for flexure, no such 
resolution is possible. Although simple bounds corresponding 
to equivoluminal deformation (but not to a mixed boundary- 
value problem) may be found, simple bounds corresponding to 
purely dilatational deformation are not possible. This obstacle 
has been surmounted, in the present study, by introducing 
auxiliary curves by means of which the missing bounds are con- 
structed. Six families of curves are employed to construct the 
latter and the result is a second family of bounds of intricacy 
comparable with the branches in previous problems. Neverthe- 
less, sufficient bounds are then available to permit the construc- 
tion of the branches of Pochhammer’s equation for flexure. In 
this paper, an analytical study of the frequency equation is sum- 
marized and an example is given of the construction of bounds 
and branches for Poisson’s ratio 1/3 and real propagation con- 


stant. 


. : 
Pochhammer’s Equation 
In the form given by Love [9], Pochhammer’s displacements, 
in cylindrical co-ordinates r, 8, z, are 
u, U cos et vt PO 
ue = V sin® ev t PD (1) 


u,= W cos8 ef vt PO 


where p is the circular frequency, y is the propagation constant, 
and 


oS (h oJ ) J;(xr) 
A (Ar By i(Kr +¢ (Kr 


U= t 
or or r 


J (xr) co Miler) 


J (hr 
{ 


r r or 


W = tAyJ,(hr) iBn2J (xr) 

in which J; denotes Bessel’s function of order unity and 
v;? = (A + 2yu)/p 

= p/p 


h? = p*/v,? — y?, 


Kk? = p?/v.? — y?, v2? 


(3) 
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where \ and uw are Lamé’s constants, and p is the density. The 
constant A is associated with the dilatational part of the defor- 
mation while B and C are associated with equivoluminal parts. 

It is convenient to introduce dimensionless wave numbers, a, 
8, ¢, and frequency, Q, in terms of the radius, a, of the cylinder 
and the velocity, v2, of equivoluminal waves in an infinite medium: 


a = ha, B = xa, f = ya, Q = pa/v: (4) 
so that (3) become 
a? = k-Q? — ¢2 


Bt = 0 — ¢ 
where 


k? = (X + 2u)/p = 21 — o)/(1 — 20) 


and ¢ is Poisson’s ratio. 

Upon inserting (1) into the formulas for the components of 
traction across r = a, setting these equal to zero and eliminating 
the constants A, B, C, we obtain Pochhammer’s frequency equa- 
tion, which may be written 


JW: BN fiIe? + fJaIe +hIst+iJa +f) = (7) 


where 
2(8? — £7)%, fe = 28%5¢? + B? 
= B* — 1084 — 2B84¢? + 2625? + Bx 
= 287262¢? — B? — 9f?) 
= B* —B* + 882 — 26252 + 8? aon 


Jz Si(x) xd o(x)/J (2x) (9) 


is Onoe’s function [10] of the first kind and order unity: the 
analog of the trigonometric cotangent. The behavior of 
4, (x) is illustrated in Fig. 1. 

In view of (5) and (6), Pochhammer’s equation (7) relates 
the dimensionless frequency, {2, to the dimensionless propagation 
constant ¢; with k, or Poisson’s ratio, as a parameter. Only the 
squares of 2 and ¢ appear in (5) and (6) so that positive and 
negative values are Negative frequencies 
have no physical significance but negative propagation constants 
are permissible and give the mirror images of the curves that are 


interchangeable. 


described in the sequel. 
From (5) and (6) it may be seen that the plane of 2 and real 

positive ¢ is divided into three sectors in which (7) has different 

behaviors according as the arguments @ and 8, of the trans- 

cendental functions, are real or imaginary: 

Q/F <1): 


Sector 1 (0 a and @ imaginary 


a@ imaginary, 6 real 


§ 
Sector 2 (1 Q/f < k): 


Sector 3 (k << Q/€ < ©): a@and B real 


In Figs. 2 and 3, the radii dividing the sectors are designated OF 
(Q = forB = 0)andOD(Q = kf ora = 0). 
Calling » the phase velocity and v, the group velocity, we have 


t p/y = v22/f, v, =dp/dy = vedQ/dt (10) 


so that the slope of the straight line from the origin to a point 
in the ¢, Q2-plane satisfying (5), (6), and (7) is proportional to the 
phase velocity and the slope of a branch defined by (5), (6), and 
(7) is proportional to the group velocity, the constant of pro- 


4 


} In determinantal form, Pochhammer’s frequency equation is 
4— Wa 2¢(8? ‘ 3g) 21g 

4— Qe 2¢(5 : 6? — 

25(5 (8? — §*) (3g — 1) 


f2 — #2 + 


a 1) 


in which the columns derive from the constants A, B, C, 
tively, and the rows from the components of surface traction in the 
directions of r, 6, and z, respectively. 
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Fig. 1 Onoe's function 3;(x) = xJy(x)/J;(x) 
portionality being the velocity of equivoluminal waves in an 
infinite medium. A point of inflection of a branch signifies a 
maximum or minimum of group velocity according as the change 
of sign is from positive to negative or vice versa as ¢ increases. 


Asymptotic Behavior at Long Wave Length 
We require the ordinates, slopes, and curvatures of the branches 
of (7) at €¢ = 0, i.e., infinite wave length along the rod. 
Ordinates. When ¢ = 0, (7) can be expressed as a product of 
three functions. One of the three factors is 8*, giving zero fre- 
quency as discussed in the next section. The other two factors, 
set equal to zero, are 


4(Bo.) —1=0 (11) 


29(ao) + 29(B.) + Bo? —8 =0 (12 


where, from (5) and (6), a = Q/k, By = Q. The roots of (11) 
and (12) are determined readily with the aid of Onoe’s tables and 
give the cut-off frequencies. 

Corresponding to (11), A, C, and ¥ are zero, so that, from (2), 
the displacement is purely axial and equivoluminal. The roots 
of (11) are independent of Poisson’s ratio and are almost uni- 
formly spaced. The first seven frequencies are listed in the 
starred columns in Table | and are identified by circles along [ = 
0 in Figs. 2 and 3. The associated modes of displacement have 
one diametral nede and a number of circular nodes equal to one 
less than the order of the root of (11). These are the axial shear 
modes. 

Corresponding to (12), A/C = —J;(8)/Ji(a@) and B and ¥ are 
zero, so that the motion is one of coupled dilatational and 
rotational plane strain in the plane of the cross section. This is 
an early indication of difficulties to be encountered subsequently. 
In the case of Pochhammer’s solution for extensional waves in a 
rod or Rayleigh’s solution [11] for both extensional and flexural 
waves in a plate, the analogous motion is purely dilatational. 
Equation (12) yields a nonuniform distribution of frequencies 
which varies markedly, but systematically, with Poisson’s ratio, 
as discussed in the Appendix. The first te- 
o = 1/3, i.e., k = 2, are given in Table 1 aid are identified by 
crosses along { = O in Figs. 2and3. Whether a mode of a given 
order is predominantly dilatational (A/C > 1) or equivoluminal 
(A/C < 1) depends on Poisson’s ratio. The modes of resultant 
displacement have nodal points but no nodal diameters or circles. 
By the usual substitution of ¢/(1 + @) for a, this solution is 
converted to the analogous solution of Poisson’s equations‘ of 


“encies, for 


4 Reference [9], p. 497. 


Transactions of the ASME 





Fig. 2 Bounds, barriers, auxiliary barriers, and intersectors 


Table 1 


Branch no. 1 2° 3 4° 5 6 y° 8 
Q 0 1.84 2.86 5.33 6.55 7.48 8.53 9.97 


Curv. of branch 
aa 3.01 1.17 0.34 0.70 0.83 1.79 1.01 


* Asterisks designate axial shear modes 


extensional motion of thin plates (generalized plane stress) and 
then (12 
tion for the extensional vibrations of a thin circular disk.* 


is identical with the case n = 1 of Love’s general solu- 
The zero frequency in Table 1 represents the cut-off frequency 

of the lowest branch of (7) and also two rigid motions of the 

rod; one transverse translational and one rotational. 

[1], the 


Slopes and Curvatures. As shown by Pochhammer 


lowest branch has the asymptotic behavior 

Q = ¢(1 + o)/2 (13 
for ¢ < 1, so that the terminal ordinate and slope are zero and 
the terminal curvature is 


d*Q)/df* rap = 2[(1 + 2)'/2 (14) 

To determine the slopes and curvatures of the upper branches 
at ¢ = 0, we note, first, that equation (7) may be expressed as a 
function of either a and 8 or 2 and ¢, where the two pairs of 
variables are related through (5) and (6). Then, calling the 
left-hand side of Pochhammer’s equation P, we have, by the rule 
of differentiation of implicit functions, 


dQ P; 


df Po 


Paar + PB; 
Pag + PsBo 


5 Reference [9], p. 498. 
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Cut-off frequencies and ratios of curvatures of branches to curvatures of bounds at cut-off. 





bearer 


sSé7e90n 2S we 
Fig. 3 Branches of Pochhammer's frequency equation traced through 
the grid of bounds and barriers 


Poisson's ratio = 1/3. 


i 10 11 e° 13 14° 15 16 17° 18 
11.70 


0.81 


13.14 
0.99 


13.91 
0.89 


14.86 
1.52 


16.35 
1.01 


18.02 
0.89 


19.50 20.26 21.16 22.67 
1.01 0.92 1.43 1.01 


where a subscript designates the partial derivative with respect 
to that variable. Hence, from (5) and (6), if neither a nor 8 
is zero, 

dQ kt(BPa + aPs) 


df QYBPa + k*aPs) 
so that the slope is zero at [ = 0 except if Pg = 0; i.e., 


except if 


[Pa + kPg)r=0 = 0 (17) 


dQ ( dQ \? 
P 18) 
dt + Poo at ) ( 


Now, at €[ = 0, dQ/dt = Oif Pg # 0; 


Again, 


l 
Py 


[Ps + 2P ro 
2 


hence 


dQ ‘df*);=0 = (19) 


dQ 
df? jrno 


Upon insertion of (7) into (20), the curvatures of the branches 
at ¢ = Oare found to be 


—Pr/Polr=o 


or, since @y = -—aq, 


Bre = —8-'at ¢ = 0, 


kK(kP. + Pg) ] 
t=0 


(20) 
Q(P, + kPg) 
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~ XB? — 1)(2Ja + 8? — 6) 


dg? 


oo] _ (58% — 9)Ja + B* — 156% + ad (21) 
f=0 aks 


at the cut-off frequencies given by (11) and 


oO] _ (Ja — 1 aIs* + I + 9) — | 
r=0 (Je — 149s" + Is + ge) 


¥e 


at the cut-off frequencies given by (12), where 
g. = 21+ k*), ge = 26%? — 6k? — 16) 
gs = (Bk? — 126k? — 4082 + 32k? + 184)/2 
gs = 4(B? — 3), gs = 2(8? — 8) 
gs = (84 28? + 4a? + 32)/2 


(23) 


and a = Q/k, B = Q. 

It may be seen, from the denominators in (21) and (22), that 
(17) is the condition for coincidence of a root of (11) with one 
of (12); i.e., a coincidence of cut-off frequencies. This can occur 
at certain values of Poisson's ratio (Appendix) and then the 
curvatures are infinite and the slopes are nonzero and finite. 
The behavior is analogous to that in plates [5]. 


Asymptotic Behavior at Short Wave Length 


In Sector 1, both @ and @ are imaginary so that the transcen- 
dental functions in Pochhammer’s equation are nonoscillatory 
and there is one and only one root 22 for each real f. As [— o, 


so does 2 and the limiting form of (7) is 


16(1 —k 


cle — 8c* + 8(3 — 2k-?)c? — 


Q/r 


where c = 2/f = v/m. Equation (24) is Rayleigh’s equation for 


the velocity of surface waves. It has one real, nonzero root 
corresponding to imaginary a and 8. For k = 2, the root is 
Q/¢ = 0.932 and this asymptote is shown as the line OR in Figs. 
Zand 3. The displacement at large ¢ is entirely analogous to 
that in Rayleigh’s surface waves, being confined, in this case, to 
the neighborhood of the cylindrical surface. These results were 
found by Hudson [12]. 

In Sector 2, 
latory and there 
When £ is set equal to zero, Pochhammer’s equation is satisfied 
identically but all the amplitudes are zero. The appropriate 
form of the solution, for 8 = 0, may be obtained by returning to 


a@ is imaginary and @ is real. Hence Jg is oscil- 
is an infinity of roots for each phase velocity. 


equations (2) and replacing the equivoluminal parts by 


U = iByr? + C, 


(Sa 
Now, Ja = 2 has no roots, for imaginary a, other than a = 0 
which is inconsistent with 6 = 0. Hence, except at ¢ = 0, 
no branch of (7) crosses the line 8 = 0 (i.e., 2 = ¢ or OE in Figs. 
2 and 3) so that no mode has the phase velocity v». 
For large ¢, in Sector 2, Pochhammer’s equation reduces to 


29s? + (82 — 4)Jg — Bt = 0 
which yields two families of roots; namely, the roots of 


(16 + B4)'2 = 0 (25a) 


19g —44 B? + 


4Jg —4+ 62 — (16 + B)'27 =0 (25b) 


For a given root 8, (6) is approximately 
Q = ¢ + B2/2¢ (26) 


for large ¢. Thus the branches in Sector 2 are asymptotic to 
{2 = ¢ and their distribution is determined by the roots of (25a) 
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and (25b). All the modes, then, approach the phase and group 
velocity v. asymptotically. Since @ is imaginary and large, at 
large ¢ near this asymptote, the dilatational part of the displace- 
ment is again a surface wave, nonoscillatory along the radius; 
but @ is real and hence the individual components of equivolumi- 
nal displacement are oscillatory along r with a number of circular 
nodes in the cross section depending on the order of the root of 
(25a) or (256). 

In Sector 3, both a and @ are real. For a = 0 (the line OD in 
Figs. 2 and 3) Pochhammer’s equation is satisfied identically, but 
the associated amplitudes A, B, C are all zero. The required 
nontrivial solution may be obtained by returning to equations 
(2) and replacing the dilatational part of the displacement by 


U = A,V = -A,W =?tAyr (27) 


which are the appropriate forms for a = 0. These represent a 
translation of the section in the direction of z (= r cos @) and a 
rotation about y(= rsin @). The normal component of traction 
on the section varies linearly with z and the tangential component 
is uniform and in the direction of z. Along with the same equi- 
voluminal parts as before, (27) converts Pochhammer’s equation 
to a quadratic in Jg. Fork = 2,0 = 1/3, the quadratic has the 


solutions 


19, = . 2+ (fp 126? + 100 28 
The two families of roots, 8, of (28), when substituted into (5) and 
(6), with a = 0, give the points at which the branches cross 2 = 
kf (OD in Figs. 2 and 3) and so give the frequencies and wave 
numbers of the modes with phase velocity equal to the velocity 
of dilatational waves in an infinite medium 


Bounds, Barriers, and Intersectors 

A set of bounds of the branches of a freq ilency equation is 
defined, in this paper, as a family of curves which have the 
following properties: 

1 Their construction requires very much less computation 
than that required for plotting the branches of the frequency 
equation directly. 

2 Their co-ordinates satisfy the frequency equation only at 
certain points which can be determined readily. 

3 They pass through a family of cut-off frequencies at f = 0 
called 
Curves that intersect the bounds or barriers at points 
which satisfy the frequency equation are called 
Branches can cross bounds or barriers only at the points of inter- 


Curves that satisfy conditions 1 and 2, but not 3, are 
barriers. 
intersectors. 


section of the latter with intersectors. 

In the present case, one set of bounds (B,), which terminate at 
the cut-off frequencies of the axial shear modes, is a family of 
hyperbolas and the associated intersectors (/,) are also simple 
curves approximated closely by hyperbolas. The second set of 
bounds (B,), which terminate at the remaining cut-off frequencies, 
is a family of complicated curves which are themselves con- 
structed on a grid of three pairs of families of intersecting curves 
designated as auziliary barriers. Two of the six families of 
auxiliary barriers are used subsequently as barriers of the 


branches. 


Bounds B, and Intersectors /, 
Consider the equation 
B, = Jp — 


In view of (6), (29) is the equation of a family of hyperbolas in 
the ¢, Q-plane. The curves are asymptotic to 2 = ¢ (OE in 
Figs. 2 and 3) and pass through the cut-off frequencies of the 


(29) 


1=0 
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axial shear modes (the circles at { = 0 in Figs. 2 and 3) as may 


be seen by comparison with (11 Further, when (29) is sub- 
stituted in the frequency equation (7), the latter is satisfied only 
if £ = 0, which gives the cut-off frequencies (11), or if 


I, Ja 1 — (8? + ¢€*)/28% Bp? 2 0 30 


With (5) and (29), (30) is a family of curves whose intersections 
with B, are the only points on B,, aside from those at [ = 0, 
which satisfy the frequency equation. Hence B, is a family of 
bounds and /, is the associated family of intersectors. 


Now, for real a, (30) is approximated closely by 
1,Age—1=090 (31) 


In view of (5), (31) is a family of hyperbolas asymptotic to 2 = 
kt (OD in Figs. 2 and 3). 


of hyperbolas, designated by circles in Sector 3 of Figs. 2 and 3, 


The intersections of the two families 


are, to a close approximation, points through which the branches 
pass, and the hyperbolas asymptotic to OF are bounds. In 
Sector 2, a@ is imaginary and (30) has only one root for each root 
8 of (29). Thus, on each bound B,, in Sector 2, there is one point, 
such as d, in Figs. 2 and 3, at which a branch of (7) crosses the 
bound. The points like d, on the higher bounds B, are far beyond 


the range of ¢ in Figs. 2 and 3. 


Bounds B. 

In previous constructions of frequency spectra by means of 
bounds, e.g. [3-8], the curves analogous to J, have also been 
bounds or, at least, barriers, crossed by the branches only at the 
intersections with B,;. Thus the well deter- 
mined by a grid of two intersecting families of hyperbolas. In 
the present case, curves such as /, cannot give the remaining 
= () since the cut-off modes 


branches were 


family of cut-off frequencies (12) at ¢ 
contain coupled dilatational and equivoluminal deformation and 
so depend on transcendental functions of both aand 8. Further- 
more, two equivoluminal deformations, those associated with B 
are here involved. Hence the substitu- 


reduces the latter only 


and C in Equations (2), 
tion of (30) in the frequency equation (7 
to a quadratic in Js, instead of to (29), and the determination 
of the roots of the reduced equation, i.e., the determination of 
the points at which the branches cross /,, involves a large amount 
of computation which is not worth doing since (30) does not 
reduce to (12) at f = 0 in any event and so is not suitable for use 
as a family of bounds. 

It is apparent that the additional set of bounds that is re- 
quired must be a family of curves more complicated than simple 
hyperbolas. As a result of a study of the cofactors of Poch- 
hammer’s determinant,’ we consider the equation 


B, = J(a)J(B)(16Ja + 69s 


24 + 3¢ 


which gives the second family of cut-off frequencies (12) when [ = 
0. It is shown in the following sections that the curves defined 
by (32) may be constructed by means of auxiliary barriers and 
used as the second set of bounds of Pochhammer’s equation. 
Auxiliary Borriers B,, and I,. If equation (32) is expanded by 
multiplying through by J;(a@) and J,(8), it may be seen that if 


By = J,(B) (33) 


(32) is satisfied if and only if 
In =Ji(a) = 


and vice versa. In view of (5) and (6), the two families of curves 
(33) and (34) are hyperbolas: B,, asymptotic to OE and J» 
asymptotic to OD. The only points on these two families that 
satisfy (32) are their intersections. Thus, By, and J» are auxil- 
iary barriers of B;. Since (34) has no roots when a@ is imaginary, 
there are no intersections in Sector 2. 


(34) 
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Now, substitution of (33) into Pochhammer’s equation reduces 
the latter to 


2(B? — (7) BV B)J (a) = 0 (35) 


Since this is satisfied by J;(a) = 0, the intersections of J. with 
Bx (except a = 0) are roots of (7) in addition to being roots of 
(32). Also, from (35), (7) is satisfied at the intersections of By, 
with 
(36) 
From (5) and (6), this is the line 2 = +/2 ¢ in Sector 2, marked 
OL in Figs. 2 and 3. Since there are no roots of (35) other than 
thoge of (34) and (36), B., are not only barriers of B, but are also 
barriers of the branches of Pochhammer’s equation; the branches 
intersecting B., at and only at the intersections of By, with /y 
and OL. The former are identified by squares in Sector 3 and 
the latter by the squares 4, b; . . . along OL in Figs. 2 and 3. 
From (16) it may be shown that B., and the branches of (7) have 
the same slope 
dQ/dt = 1/+/2 (37) 
at their common intersections with OL. It is shown in the last 
section that these intersections are points of tangency rather 
than crossings. 
Substitution of (34) into Pochhammer’s equation reduces it to 
ad fa)J (8B) frIe + fa] = 0 (38) 
Hence, in addition to the intersections of J, with By, the inter- 
sections of J, with 
feJe +h = 0 (38a) 
are also roots of (7). Equation (38a) plays the same role in 
(38) that (36) plays in (35); but (38a) is a family of curves whose 
construction requires much computation, whereas (36) is a single 
straight line. Hence J. is not convenient for use as a family of 
barriers to the branches of (7) but only as a family of intersectors 
with By. 
Bound { = 8. Substitution of (36) in Pochhammer’s equation 
reduces it to 


4B4J,(a)Ji(B)[1 + (1 — JaX39e + 82 -— 5)) = 0 (39) 


Thus, in addition to the points b;, b; . . . mentioned in the preced- 


ing section, the intersections of (36) with 


1+ (1 — JaX(39e + B? — 5) = 0 (40) 
are roots of (7). These intersections are identified by the 
squares marked b:, b, . . . along OL in Figs. 2 and 3. Since a is 
imaginary, (39) has no roots J;(a@) = 0; and we have already seen 
that 8 = 0 is not a root of Pochhammer’s equation. Thus line 
OL is a bound of (7); it is crossed by the branches at and only at 
the points by, bs... and be, by... . 


The modes corresponding to b;, bs. . . have 


A=0, B= -C/ 


in equations (2), so that they are equivoluminal. They are the 
analogs of modes found by Lamé [13] in plates and Lamb [14] in 
longitudinal vibrations of circular cylinders except that, in the 
present case, there are no transverse sections free from traction. 

Corresponding to b., b, . . . there are coupled dilatational and 
equivoluminal modes with 


C = 2Bf = 2A(1 — JaWi(a)/Ji(8) 


These have no counterparts in vibrations of plates or longitudinal 
vibrations of cylinders. 
Auxiliary Barriers Bo. and he». 


Bx = 39s + 6B? —6 = 0 


Returning to (32), we see that if 
(41) 
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(32) is satisfied if and only if 


Ix: = 6Ja + 8? — §*? - 12 = 0 (42) 


and vice versa. Hence Bz: and J.: are auxiliary barriers of B:; 
i.e., the curves B, cross By. and J. at and only at the intersections 
of By and I. 

Now, if (41) is substituted in Pochhammer’s equation, the 
resulting equation is satisfied only if J2. = 0 or if 


In.’ = Bt — (3 + $*)8? — 357 = 0 


Accordingly B., in addition to being barriers of B:, are barriers 


(43) 


of the branches of (7), with crossings at and only at the inter- 
sections of By» with Jy: and with J:’. The intersections of 
Bz. and /22 are shown in Figs. 2 and 3 as triangles with apex up; 
those in Sector 2, one to each of Bz. since @ is imaginary, are the 
points marked ¢, c,... The intersections of B.: with the single 
curve (43) are the points marked az, ay... . 

As in the case of auxiliary barriers /,, the auxiliary barriers 
I. are found to be not well suited for use as barriers to the 
branches. 


Auxiliary Barriers B,; and l,. We observe that if 


Bz; = (78? — £*)Jg — 168? — B2+384=0 (44) 

(32) is satisfied if and only if 

rE 6(78? — £2)J9q + 24f2 — 7282 + ¢4 — 4628? + 364 = 0 
(45) 


Hence B.; and /:; are auxiliary barriers of By. 
Equa- 


and vice versa. 
The motivation for their choice appears in (46) and (47). 
tions (44) and (45) are not as simple to plot as are the previous 
curves, but enough points to construct them may be obtained 
without difficulty by computing their intersections with the radial 
lines 8 = ef and a = ef, respectively, for a series of values of the 
parameter e. The intersections of B,; and J.; are shown in Figs. 
2 and 3 as triangles with apex down. 

It is not necessary to investigate the possible use of B2; or Js; 
as barriers of the branches because sufficient curves are already 
available. However, it can be shown that B», are in fact barriers 
of the branches. 

Construction of Curves B.. The auxiliary barriers B:,; and /2;,j = 
1, 2, 3, are shown in Fig. 2 and the curves B, are traced through 
the appropriate intersections (marked by squares and triangles) 
as shown enlarged in Fig. 4. The curves B; are shown only in 
Sector 3 as they are not needed in Sector 2 and do not exist in 
Sector 1. 

Establishment of Curves B, as Bounds. Subject to the conditions 
J(a) # 0, J (8) # 0, ie., for points not on Bs; or J, (32) may 
be solved, in turn, for Jq and Jg. When these expressions are 
substituted in Pochhammer’s equation, the latter are satisfied if 
and only if 


€*B Bos = () ( 16) 


(a) ED es => 0 (47) 


respectively. Hence, except for points on By or J, the branches 
intersect B, where and only where B, crosses By2, By;, [22, I23, and 
¢ = 0. Now, by (41) and (42), the intersections of B, with 
B,. and Jy. are common and, by (44) and (45), the intersections 
of B, with B,; and J,; are common. Accordingly, the branches 


cross B, where and only where B, passes through ¢ = 0, the inter- 


* Note that the cofactors As, As, Ass of the elements of the third 
row of Pochhammer’s determinant® are 


An = 2¢6*B2 

3Azz2 = Bn — 2(f? — 82) Ba 

3Azn = 2¢[B272 + (C2? — 8) Bx] 
and note also that B: = (/2 + 2Bz)J1(a)Ji(8). 
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Fig. 4 Bounds B; traced through avxiliary barriers B;; and |; 


sections of Bs. with Js. and the intersections of B. with J. 

except for points on B,, or J. But, by (33) and (34), B, coin- 
cides with By, or J» only at the intersections of the latter two 
and, by (33) and (35), these intersections are roots of Poch- 
Therefore the branches cross B, at ¢ = 0 
and at no 


hammer’s equation. 
and at the intersections of B,; with /2,, 
other points. This establishes the curves B, as bounds. 


j = 1, 2,3, 


Construction of Branches 

After the bounds have been drawn, as illustrated in Fig. 2 for 
1/3, ie., k = 2, there is no further use for the auxiliary 
Also, there is no further use for any of the inter- 
sectors J, or J,;: | only their intersections with their respective 
bounds or barriers are required for tracing the branches. Finally, 
the bounds B; are needed only in Sector 3. The remaining 
bounds, barriers, intersection points, and asymptotes, as well as 
the line OD, are shown in Fig. 3 and branches are traced through 
them as described later after a few preliminary remarks about 


c= 
barriers B.,. 


asymptotic behavior. 

Sequence of Branches and Bounds Near Cut-Off. Hach of the 
branches above the first starts at a cut-off frequency, (11) or (12), 
where the branch coincides with a bound B,; or B;. The bounds 
have zero slopes at { = 0, as may be ascertained by replacing P 
with B, or B, in (16). Whether a branch starts out above or 
below a bound may be determined by comparing their curvatures 
at ¢ = 0. 
(22) and the curvatures of the bounds may be obtained by re- 
placing P with B, or B, in (20). Their ratios are given in Table 
1 for the next seventeen modes above the first. The branch 
starts out above or below the bound according as the ratio is 
greater or less than unity. 

Negative Curvature at Cut-Off. 
always positive at ¢ = 0 but the curvatures of the branches may 


The curvatures of the branches are given by (21) and 


The curvatures of the bounds are 


be positive or negative, depending upon Poisson’s ratio and the 
order of the branch. As Poisson’s ratio increases, the cut-off 
frequencies of the coupled modes increase while those of the 
axial shear modes remain fixed (Appendix). As the cut-off fre- 
quency of a coupled mode passes a cut-off frequency of an axial 
shear mode, with increasing a, the curvatures (21) and (22) pass 
through infinity and change sign. The behavior is analogous to 
that in plates [5]. When the curvature of a branch is negative 
at ¢ = 0, the frequency drops to a minimum with increasing ¢. 
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In this range the phase and group velocities have opposite signs 
and the group velocity drops to zero at the frequency minimum 
[15] which is a point of intersection of a real branch with a branch 
corresponding to complex { [7]. With o = 1/3, none of the 
first eighteen branches of Pochhammer’s equation for flexure has 
a negative curvature at ¢ = 0 so that these phenomena do not 


appear in Fig. 3. 
Sequence of Branches, Bounds, and Barriers at Short Wave Length. 
The asymptotic behavior of all the branches above the first, as 


, is given by (25) and (26). 
pared with the barriers B,, and the bounds B,, which alternate in 
position beginning with the root 8 = 0 for By, then 8 = 1.84 for 
B,, then 8 = 3.83 for B, and so on. Now, the lowest root of 
25) is 8 = 0 for (25b). Hence there must be a branch adjacent 
to 8 = 0; i.e., lying between OE and the lowest of bounds B,. 
The next higher root of (25) and (26) is 8 = 3.25 for (25a). 
Hence the next branch lies between the lowest of bounds B, 
and the next barrier By 
branch between each pair of adjacent curves B,, and B,, inde- 
As 8 increases, the 


Pa «i These curves are to be com- 


This sequence continues, with one 


pendent of the interpositions of barriers B.» 
roots of (25a) approach the roots of J,(8) = 0 from below and 
the roots of (25b) approach the roots of Jg = 1 from below 
Hence, at large [, the higher branches lie just below the successive 
curves By», and B,. 
Fundamental Mode. 
parabola, in accordance with (13 
(7) has one and only one root in Sector 1 for each [ and, as [— ~, 
the branch approaches the phase velocity of Rayleigh surface 
With this behavior of the branch, 


The first branch starts at the origin as a 
As shown by Hudson [12], 


waves (24) asymptotically. 
the phase velocity must increase monotonically, with increasing 
¢, to the asymptotic velocity of surface waves and the group ve- 
locity must start at zero, increase to a maximum (at the point 
of inflection of the branch), and fall off asymptotically to the 
same velocity of surface waves. Tables of this branch have been 
computed by Hudson [12]. 

Second Branch. This starts out at the lowest cut-off frequency, 
2 = 1.84, of the axial shear modes, with large positive curvature 
ratio, as shown in Table 1, so that the branch swings sharply up 
above its bound B, and then reverses curvature in order to cross 
the barrier B,, at point a;. The branch then continues, crossing 
OL at be, recrossing Bo: at c, and, finally, crossing B, at d: so as 
to take its asymptotic position, with positive curvature, be- 
tween B, and OE. In order to do this there must be a second 
reversal of curvature near &:. Inspection of the resulting branch 
shows that, as { increases from zero, the phase velocity dimin- 
ishes monotonically from infinity to », and the group velocity 
starts at zero, goes through a high maximum before az, a shallow 
minimum near b., and then rises monotonically to v».. Comparison 
can be made with computations of this branch by Abramson [16] 

Third Branch. The lowest frequency, 22 = 2.86, of the family of 
coupled cut-off modes is the starting point of the third branch 
The curvature ratio is positive and slightly greater than unity so 
that the branch swings gradually upward away from the lowest 
of bounds B,, but the branch must then reverse its curvature in 
order to cross OL at b; with the slope of the tangent to the barrier 
By which also crosses OL at b;. The branch cannot cross By 
at b; because there are no points on B,, beyond b; where the branch 
ean recross B,, to take its asymptotic position between B,, and 
Hence the branch is tangent to B,, at 
5, entirely from below. Since the asymptotic curvature is posi- 
tive there must be another reversal of curvature near b;. The 
interpretation of phase and group velocities is similar to that of 
the second branch, but the maximum and minimum of the group 
velocity are less pronounced. 

Fourth Branch. Here the initial curvature ratio is positive but 
less than unity so that the branch hugs the underside of the 
second bound B, until it crosses B, at the first circled point; fol- 


the next lower bound B,. 
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Fig. 5 Branches traced through bounds B, and B; and barriers B:, and 
Bx in sector 3 


lowing which the branch turns upward toward the region where 
the next higher barrier B,, and the bound OL converge. Now, 
b, lies on OL above Bz, so the branch must first cross Bz: at a, 
and then OL at by. Following this, the branch must recross Bz» 
at c, and, far off to the right of the portion of the spectrum shown 
in Fig. 3, recross B, at a point d, so as to regain the asymptotic 
position between the initial bound B, and the next lower barrier 
Bu. 

Higher Branches. The next two branches may be sketched in 
the same manner as the lower ones, but, with the seventh and 
eighth branches, the clusters of three intersection points of B,, 
and J,; begin to appear in Sector 3. The paths of the branches 
through these clusters on the barriers B;,, and Bz: and the bounds 
B, and B,, at high frequencies in Sector 3, are shown in the en- 
larged sketch in Fig. 5. The result is the typical terrace-like 
structure of frequencies and phase velocities and multiple maxima 
and minima of group velocities of each branch. These phe- 
nomena disappear as the branch crosses OD into Sector 2. At 
these crossings the odd numbered branches are bounded closely 
above by a barrier B,, and below by a bound B,. Hence the 
slopes of the branches are nearly the same as the slopes of Bz, 
which are all equal to 1/k at the intersections with OD. Thus, 
for the odd-numbered modes, where the phase velocity is kve, 
the velocity of dilatational waves in an infinite medium, the 
group velocity is approximately v./k which is very much less. 
On the other hand, the even-numbered branches behave differ- 
ently. In Sector 3 adjacent to OD, the branches are squeezed 
against OD by the bounds B, immediately to the left so that the 
higher branches are there almost parallel to OD. However, as 
they cross OD, the branches must bend to the right in order to 
avoid the barriers B,. above. Hence the slopes of the branches, 
though high, are less than the slope of OD, i.e., for the high, even- 
numbered modes: where the phase velocity is the velocity of 
dilatational waves in an infinite medium, the group velocities are 
slightly less. 
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APPENDIX 
Variation of Cut-Off Frequencies With Poisson’s Ratio 


Equation (12) may be regarded as relating 2 and k and a set of 
barriers in the plane of k and 2 may be constructed. As sug- 
gested by the elements of Pochhammer’s determinant, with ¢ = 
0, we form the three pairs of equations 

Cu = Ji(Bo) = 0 

Cr = Ji(a) = 0 

Cn = 29(Bo) + B® — 4 = 0 
Cr J(a) —2=0 


(48) 


(49) 
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Fig. 6 Variation of cut-off frequencies with Poisson's ratio 


Ca = S( Bo) —~2=+/f0 
Cx = 29(ao) + Bo? — 4 = 0 


(50) 


where 8 = Q and a@ = 2/k. With 2 as the ordinate and k as 
the abscissa, the first member of each pair is the equation of a 
family of horizontal lines; the second members of the first two 
pairs are families of inclined straight lines; and the second mem- 
ber of the last pair is the equation of a family of curves asymp- 
totic to inclined straight lines. If either equation of a pair is sub- 
stituted into equation (12), that equation is satisfied if and only 
if the other equation of the pair is satisfied. Hence the mem- 
bers of each pair are mutual barriers and intersectors. The 
branches may then be traced through the grid of lines as shown 
in Fig. 6. The frequencies of the axial shear modes, equation 
(11), are also shown in order to exhibit values of k or ¢ at which 
coincidences of cut-off frequencies occur. 
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Modeling of Large Transient Elastic 
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and Plastic Deformations of Structures 
Subjected to Blast Loading 


In this paper, a model law is developed for scaling of response to blast loading of struc- 


tures which undergo large elastic and plastic deformations 


The geometrical scaling of 


response predicted by this law is verified by a series of experiments on small cantilever 


beams 


Oe N, in studies of the dy 


tures to transient loads, one wishes to measure the response of 


namic response of struc- 


quite large structures to loading resulting from rapid release of 
energy trom large energy sources rhe very size of the structure 
and the magnitude of the energy release can preclude laboratory 
testing, or render full-scale testing prohibitively expensive and 
time-consuming. One must then resort to other techniques for 
obtaining the structural response 

As in many other branches of science, tests of suitably scaled 
models can be substituted for the full-scale experiments, and the 
response of the full-scale structures inferred from a knowledge of 


the model laws. Such scaling has been applied by several in- 
vestigators to the problem of small-deflection elastic response ol 
structures to dynamic loads. R. M. Hermes [1 ]' developed model 
criteria for the elastic vibrations of beams, plates, and frames and 
showed by impact tests of these structural elements that the cri- 
teria were valid H. N. Brown [2] considered modeling of the in- 
teraction between shock waves and elastic structures, using the 
general equations of small elastic deflections for the response of the 
elastic structures However, one often wishes to predict both 
the large-deflection elastic response and the plastic response of 
large structures to transient forces. Because the model laws for 
the response based on small-deflection elastic equations of motion 
will not necessarily apply to these cases, one must generate 

experiment. In this 
} 


blast loading from 


suitable laws and confirm their validity by 
paper, the author reviews the model laws for 
explosive charges and for the small-deflection elastic response of 
structures to such loading, discusses such laws for large-deflection 
elastic response and for plastic response, and presents the results 


of experiments conducted to confirm the modeling 


The Model Laws 


Scaling of Blast Loading. 
processes involved in transmission of shock waves generated in 


The law for modeling the physical 


fluid media by the detonation of explosive charges or other sudden 
release of energy can be determined by considering the equations 


'‘ Numbers in brackets designate References at end of paper. 
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describing the motion of fluids. Both the equations of motion 
and excellent discussions of the ‘similarity principle,’’ as the model 
law is termed, are given by Cole [3] and by Doering and Burk- 
hardt The similarity principle 
states that the pressure and other properties of a shock wave will 
be unchanged if the scales of length and time are changed by the 
same factor K as the dimensions of the explosive-loading source. 
The assumptions inherent in such scaling are that heat conduction 


[4] for explosive-energy sources. 


and viscosity effects are negligible everywhere but in the shock 
fronts and that gravity effects are everywhere negligible. This 
modeling, also referred to as ‘“geometrical scaling,’’ applies equally 
well to the transmission of pressure pulses which do not form 
shocks, provided always that heat conduction and viscosity 
effects are negligible during the process. Such scaling has been 
shown by experiment to be valid for detonations of explosives in 
air and water over an extraordinarily large range of explosive- 
charge weights and distances [5, 6]. 

Scaling of Small-Deflection Elastic Response of Structures to Blast Load- 
ing. As was mentioned previously, the scaling law for the elastic 
response of structures to blast loading has been considered by H. 
N. Brown [2] on the basis of the general, small-deflection equa- 
tions of elastic motion of solids. He demonstrates that the same 
geometrical scaling which governs the shock-transmission process 
also provides the proper modeling for structural response to the 
transient pressures generated during the blast process. In his 
analysis, the effect of gravity and strain-rate effects are assumed 
negligible. 

Perhaps the ‘“geometrical’’ modeling indicated in the foregoing 
can be best described by imagining the following experiment: An 
energy source of characteristic dimension d is initiated a distance 
R from an elastic structure of characteristic dimension L, produc- 
ing a transient pressure loading on the structure of amplitude P 
and duration 7, and causing the structure to respond in its 
natural modes of vibration with periods 7, 72, ....7,,... and 
corresponding displacement amplitudes X,, X2,....X,,.... 
Strain-time histories of response of the structure are characterized 
Let 
the entire experiment be scaled geometrically by a scale factor K, 


by the periods 7, and corresponding strain amplitudes e,,. 


making the energy source of characteristic dimension Kd and 
locating the structure of characteristic dimension KL at a distance 
KR from the source. Then, geometrical modeling predicts that 
the pressure loading on the structure will be similar in form to that 
obtained in the first experiment, with amplitude P and duration 
KT; and that the structural response will also be similar in 
character, with the natural periods being Kr, Ars, ... Kr,,..., 
displacement amplitudes KX,, KX, ...KX,, .. ., and strain 
amplitudes ¢, @,....¢,,.... The blast scaling is shown graphi- 
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Fig. 1 Blast-wave scaling 
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Fig. 2 Scaling of response of structure to blast wave 


cally in Fig. 1 and the corresponding response scaling in Fig. 2. 

Scaling of Large-Deflection Elastic Response of Structures to Blast Load- 
ing. The equations of motion of elastic solids from which Brown 
deduced the geometrical scaling laws are only valid for infinitesi- 
mal strains and displacements. In many cases of elastic response 
of structures to blast loading, the linear equations are incapable 
of describing the motion of the structure with any accuracy. For 
example, Flynn [7] has obtained solutions to the small-deflection 
Bernoulli-Euler beam equation for the elastic response of simply 
supported and cantilever beams subjected to normally incident 
blast loading. But, in later experiments, Locklin and Mills [8] 
demonstrated that neither the character nor the amplitude of the 
response predicted from Flynn’s solutions agreed with experiment 
if the beams were thin enough so that large elastic deflection could 
occur. Some of their data are presented in Table 1. One can 
see that the linear theory predicts amplitudes of vibratory dis- 
placement which are considerably in error whenever the pre- 
dicted displacements are an appreciable fraction of the beam 
length. In one extreme case, the predicted amplitude is over 10 
times the measured amplitude. 

The data in Table 1 indicate that any moael law based on small- 
deflection equations will have limited usefulness unless it also can 
be shown to apply to large deformations and strains. 

In this section, we develop a model law from the equations for 
large motions of both fluid and solid media by the following 
method of analysis:? 


1 The complete equations of motion are presented, and the 
assumptions inherent in these equations are given. 

2 The hypothesis of geometrical modeling of the physical 
process is advanced. 

2 Note that no ‘‘theory”’ is presented in such an analysis, in that no 


attempt is made to solve the equation of motion. The model law 
itself must be verified by experiment. 
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3 This hypothesis is tested by systematic substitution of 
scaled parameters into all of the equations of motion. 

4 The hypothesis is proved by the invariance of all of the 
governing equations under the substitution. 

Let us consider the equations governing this problem for large 
motions of both fluid and solid media. We will write the equations 
in Lagrangian co-ordinates defined by 


Z; = a; + u,(ai, a2, @;, t) (1) 


where the a, are the Cartesian co-ordinates of points in the me- 
dium before deformation, u,; are the displacement components, 
and ¢ is time. 

In the fluid medium, the equations of motion are, except in the 
vicinity of shock fronts, those for an inviscid compressible fluid 
with negligible heat conductivity.* 

The equations of motion are 

oz, op 


— + — =( 
° ot? oz; 
where p is the density of the fluid and p the pressure. From con- 


servation of mass, we obtain 
pJ = 0 (3) 
where 
O(21, Ze, Zs) 


J 


O(a,, G2, a3) 


is the Jacobian. 
From the assumptions that heat conductivity and viscosity are 
negligible, we obtain the energy relation 
os 
ol 


i.e., the entropy S does not vary with time. The fluid must also 


satisfy an equation of state of the form 


p = f(p, 8S) 5) 


There is no limitation in any of the foregoing equations on dis- 
placements or magnitudes of pressure or density change. 
Equations (2) through (5) are inherently nonlinear, although 
this is not immediately apparent from their form f they are 
transposed to Eulerian form,‘ their nonlinear character becomes 


immediately evident. 


Table 1 Comparison of measured maximum deflections of thin beams 
with predictions from Bernoulli-Euler beam theory 


Data of Locklin and Mills [8] 
Beam Maximum deflec- 
thickness, tion, in. 
Loading source in. Measured Predicted 
Simply supported beams* 
1/16 lb Pentolite at 7.0 
ft 0.025 
1/, lb Pentolite at 6.5 ft 0.051 
1/, lb Pentolite at 6.5 ft 0.125 
Cantilever beams* 
o5 Ib Pentolite at 8.0 
ft 0.025 
is Ib Pentolite at 7.0 
ft 0.051 1.9 5.8 
1/, lb Pentolite at 6.5 ft 0.125 0.84 70 
1/,lb Pentolite at6.5ft 0.250 0.36 44 


2 All beams were | in. wide and 12 in. long, cut from 
6061-T6 aluminum-alloy sheet. 


3 See Courant and Friedrichs [9], pp. 13-14. 
‘See Doering and Burkhardt [4], pp. 2-4, for the equations in 
this form. 
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The description of shocks in fluids can be completed by the 
“jump’’ conditions, which relate the parameters ahead of a shock 
front to those behind, and by the boundary conditions at the in- 
terfaces between fluid and solid. The jump conditions are given 
by the following Rankine-Hugoniot equations,’ which are ob- 
tained by considering conservation of mass, momentum, and 
mechanical energy of a fluid element passing through the shock 


front: 


Pol — V) = p(n — V) (6) 


Pltoe — V)? + po = ploy —- VP?+p (7) 


Pol '/200? + €o)(t% — V) + petro = pil'/eri? + (1 — V)+pim (8) 


in these equations, V denotes shock-front velocity, v is particle 
velocity in direction of shock travel, and e is internal energy. 
Subscripts 0 and 1 refer, respectively, to regions ahead of and 
behind the shock. 

The boundary conditions which must apply at the interface 
between the inviscid fluid and a solid are that the surface trac- 
tions applied to the solid must be normal to the surface (pressure 
forces only) and that the normal component of displacement and 
particle velocity must be continuous through the surface. These 
conditions are expressed mathematically as 


rnQo,, } 
j { (9) 
R-H, 0- ii continuous 


pr; = 


Here f is a unit normal vector, and ¢,; a stress component in the 


solid. Lamb [12] shows that these conditions apply for either a 
moving or a stationary boundary. 

The equations of motion for large deformations and large strains 
in an elastic, solid medium are given by Murnaghan [10] and 
Novozhilov [11]. The equations in Lagrangian co-ordinates are, 


for no body forces, 


p (10 
= oz, * or? , 
In these equations, p, is the density of the solid after deformation, 
and all other quantities are as defined before. These equations 
appear to be identical to the linear infinitesimal equations of 


motion. One must transpose them to Eulerian form to note their 


nonlinearity. 
The stress-strain law corresponding to Hooke’s law for infini- 
tesimal theory® is 


On’ = Ap + Ajsen + Aclen 1 /4@12* (11 


for normal stresses, and 


' { ‘ 
On" = 1/3) Ayre as Ag|(en T ~ 2T 1 2€i3€23 | j (12) 


for shear stresses. In these two equations, the e;; are strain- 


components, ¢,;’ are stress components referred to the dimen- 
sions of an element before deformation, and the A, are elastic 
constants. Strain-rate effects are assumed negligible in this law 
The strain components are expressible in terms of the displace- 


ment components as’ 


3 
By 
7 \04: 


Ou, OU, 
=“ Oa; Oa; 
— j 
* See Courant and Friedrichs [9], pp. 121-124. 
6 Reference [11], p. 112. 
7 Ibid., p. 13. 
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The boundary conditions for the interfaces between solid and 
fluid have been givenalready. The remaining boundary conditions 
at the supports of the elastic structure are in the nature of con- 
straints, requiring that certain components of displacement be 
zero at specified points, or that various derivatives of the dis- 
placements with respect to Eulerian co-ordinates be zero. 

Let us now apply geometrical scaling to the governing equa- 
tions for large motions given in the foregoing. Let z,’ = Kz,, 
a;’ = Ka,,t' = Kt. Displacements, velocities, and accelerations 
are then 

u,’ = Ku, 
ou,’ 

= 
ot’ 


07u,’ 
ot”? 


, 


a, = 


If motions in the fluid medium are to scale, equation (2) re- 
quires that 


, 


p’ = 2p, p’ (16) 


=P 

Equations (3) and (4) can be seen to be unchanged by the scal- 
ing, and equation (5) is also satisfied if the same fluid medium is 
used in the scaled experiment. If we note that densities and pres- 
sures are the same at corresponding points in the original and 
scaled experiments, and that velocities are unchanged by the scal- 
ing, we see that the Rankine-Hugoniot conditions, (6) through 
(8), must be unchanged. The boundary conditions (9) now 
specify that, in the solid body at its interfaces with the fluid, the 
normal stresses must be unchanged, normal displacements multi- 
plied by K, and normal velocities unchanged. 

Within the elastic body, we can see that the motions specified 
by (10) are unchanged if 


‘=p, (17) 
If the elastic material is identical in both experiments, it must 
obey the same stress-strain law, (11) and (12). Amplitudes of 
strain must therefore be unchanged in the scaled experiment; 
1.é€., 


(18) 


The relations between strain and displacement, (13) and (14), 
are unchanged by the scaling, because they involve only the first 
derivatives of displacements with respect to the space co-ordi- 
nates, which are not altered by the scaling. Lastly, the boundary 
conditions at restraints require that the shape of the model struc- 
ture be the same as that of the original structure at corresponding 
scaled times. 

From the foregoing analysis, we predict that the geometrical 
modeling which applies to the small-deflection response of elastic 
structures to blast loading describes the large-deflection response 
equally well. The same restrictions must hold; i.e., neglect of 
gravity effects in both fluid and solid media, neglect of heat- 
conduction and viscosity effects in fluid media (except in shock 
fronts), and neglect of strain-rate effects in solid media. Let us 
re-emphasize that the governing equations do not restrict ampli- 
tudes of fluid or solid motion, nor amplitudes of strain. 

Scaling of Elastic-Plastic Response of Structures to Blast Loading. 
If one wishes to scale damage to structures from blast loading, he 
must investigate the scaling of the structural response for strains 
exceeding the elastic limit; i.e., for plastic strains. If possible, 
one should establish such scaling by considering the most general 
equations of elastic-plastic structural response. The equations of 
motion (10) and the associated boundary conditions generated 
for elastic structures apply equally well to large deflections of 
However, the stress- 
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strain law for plastic structures differs from the elastic stress-strain 
law. In elastic bodies, the stress components are unique 
functions of the strain components, and deformations are there- 
fore reversible. In plastic bodies, the stresses associated with in- 
creasing strains are usually different from those associated with 
decreasing strains, and the deformations are irreversible. One 
must assess the effect of the differences in the stress-strain law on 
scaling of response. Novozhilov® has shown that, when the 
strains are monotonically increasing in magnitude, the 
stress-strain laws for finite elastic deformations, given by equations 
(i1) and (12), include Hencky’s theory for elastic-plastic bodies 
Therefore geometrical scaling of response to 
apply to the deformation of elastic-plastic 
bodies while the strains are increasing in magnitude. This scaling 
then predicts that the limiting strain magnitudes for the initial 
stress-strain law are the same in the full-scale and model struc- 
tures. When the strains start decreasing in magnitude, the initial 
stress-strain law is no longer valid. But relations of the same 
form as (11) and (12), with different values for the constants A; 
determined by the maximum strains, will then hold. This new 
stress-strain law for the geometrically scaled model should be 
identical to that for the original structure, because the maximum 
strains and the physical properties which determine the A; are 
identical. One can therefore conclude that the entire elastic- 
plastic response of a structure to blast loading should scale 
geometrically in the manner previously described for elastic 


as a special case. 
blast loading will 


structures and shown graphically in Figs. 1 and 2 


Experimental Procedure 

To confirm the model laws discussed in the preceding section, 
the author performed a series of experiments on the response of 
slender cantilever beams to blast loading from spherical Pentolite 
explosive charges detonated in air. Ewing and Hanna [13] con- 
ducted for another purpose a somewhat similar series of experi- 
thin 
They measured large-deflection elastic response for a 
variety of explosive-charge weights and distances, and permanent 
deformation for those blast loadings which were intense enough 
Their experiments were modeled, using 
geometrical scaling, for the tests reported here. 


ments on aluminum-alloy beams with rectangular cross 


sections. 


to cause plastic flow. 

The dimensions of the cantilever beams are given in Table 2. 
All beams were made from sheet aluminum, 6061T6 alloy. Beams 
A, B, and C are models of each other, scaled up successively by 
scale factor 2. Beam E is approximately a mode! of D, of twice 
The cantilever mounts consisted of vises made of 
pieces of angle iron, which were bolted to a massive steel base 


the size.® 
plate. 


Table 2 Cantilever-beam dimensions 


Length, Width, Thickness, 
Beam in in. in. 

A 6 0.025 

Be 12 0.051 

C 24 0.102 

D¢ 12 0.088 

E 24 0.191 
— of this size were tested by Ewing and Hanna 
13]. 


Large-Defection, Elastic-Response Tests. For these experiments, the 
response of the slender beams to blast loading from spherical 
Pentolite explosive charges was measured by recording bending 

5 Reference [11], p. 12% 

® Note that the thickness is slightly more than doubled in this case. 
All beams were sheared from standard sheet stock of the thickness 
nearest the proper one. 
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strains at stations near the beam roots. Two SR-4 resistance- 
wire strain gages were mounted on opposite sides of each test 
beam. The electrical output of each pair of gages, suitably con- 
nected in a resistance bridge, was amplified and recorded by a 
commercial magnetic oscillograph system having a frequency 
response flat from 0 to 3000 cps. High-speed motion pictures 
(3000 frames/sec) were taken of the response of some of the 
beams to the blast loading. The test arrangement is shown 
schematically in Fig. 3. 

Strain-time histories were recorded for all of the beams in Table 
2 subjected to blast waves of various intensities. Spherical 
Pentolite explosive charges weighing approximately” 1/8, 1, and 
8 lb, suspended at a scaled height" of 2 ft /Ib'/* above the reflector 
plate, were used for the experiments. The dependence of the 
strain-time histories on the blast loading was determined by vary- 
ing the distance of each beam from the charges on successive tests 
Distances were measured with an accuracy of £0.01 ft. 

Permanent-Deformation Tests. The permanent-deformation tests 
were carried out in a manner similar to the elastic-response 
tests, with the test beams merely being moved closer to the ex- 
Permanent tip deflections of the damaged beams 
Each beam 


plosive charges. 
as a measure of the beam response. 
and replaced by an 


were recorded 
was subjected to a single blast loading, 
undamaged beam prior to the next experiment. 


Results 


Elastic-Response Tests. 
during this phase of the tests, with the elastic response of all of the 
five sizes of beam being measured during almost all of the experi- 
ments. The oscillograms during the experiments 
showed that the response of all of the beams to blast loading was 
characterized by two vibration frequencies. These frequencies, 
which represent the first two normal modes of vibration, pre- 
with occasional higher modes 


Forty-nine experiments were conducted 


recorded 


dominated throughout the tests, 
being excited in small amplitude. The measured vibration fre- 
quencies agreed well with frequencies calculated from the equa- 
tions which describe small-deflection elastic vibrations. A com- 
parison of predicted'? and measured frequencies for two typical 
experiments is given in Table 3. Error in measurement of fre- 
quency is estimated to be +2 per cent. 

The agreement of measured vibration frequencies with those 
predicted from simplified equations of motion verifies one pre- 
diction of the model law; namely, that vibration periods of model 
structures are changed in proportion to the linear scale factor 
To complete the verification of the law for elastic response, one 
must compare the amplitudes of strain-time histories for experi- 
ments which are models of each other. 

The test results can be divided into five groups within which 


1 Actual charge weights averaged 0.121, 1.060, and 8.33 lb, respec- 
tively, with variations in individual charge weights not differing by 
more than 1 per cent from these means. 

11 Defined as height divided by the cube root of the explosive-charge 
weight. 

12 See Timoshenko [14], p. 
of cantilever beams. 
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Table 3 Comparison of predicted and measured vibration frequencies 


Response to blast from 1-lb explosive charge 


Meas. 
freq, 
cps 
21.9 
10.8 
5.45 
19.1 
10.2 


Predicted 
Mode freq, 
No. cps 
1 22.1 

1 11.2 

1 5.61 

1 19.3 

1 10.5 


Mode 
Beam 


moow> 


Predicted 


Meas. 
freq, 
cps 
133.3 
69.2 
33.8 
120 
64.3 


Mode 
No. 


freq, 
cps 

138 
70.4 
35.2 

121 
66.0 


Response to blast from 8-lb explosive charge 


21.4 2 
10.7 2 
5.8 2 
19, 19.1 2 
10. 10.1 2 


moowm> 


Nore 
ble amplitude 


138 
70.4 


135 
68.2 


35.2 34.5 
120 
64.0 


121 1100 1100 
66.0 


Dots in the Table indicate that no mode higher than the second was observed in measura- 


Table 4 Measured maximum elastic bending strains for scaled experiments 


1/8-Ib charge vs. 
—Beam A— 
Max 


strain < 10¢ 


560 
500 
515 
990 
1180 
1370 
2910 
3090 
2800 
3200 


Max 
strain < 10° 
610 
600 
640 
1350 
1410 
1380 
1790 
1820 
1760 
2200 
1910 


R,°¢ ft R, ft 
14.0 
11.5 
11.5 


11.5 


wu NoooFt 


wow 
cooocouumuwooeo 


« R is the horizontal distance from a point on the 


the front face of the test beam. 


the experiments should model. However, the data are too exten- 
sive to be given in full in this paper. Those for one group includ- 
ing the responses of Beam A to '/s-lb charge, Beam B to 1-lb 
charge, and Beam C to 8-lb charge are given in Table 4. The 
data are also shown graphically in Fig. 4. Combined calibration 
and reading errors in measurement of strain amplitudes are esti- 
mated to be +5 per cent. 

The validity of the elastic-response scaling can now be deter- 
mined by comparing strain amplitudes within the group at 
equivalent scaled distances. This comparison is made in Fig. 5. 
It can be seen that there is no significant difference between data 
within the group when scaled in this fashion, and that the response 
therefore scales. Aithough the data are not given here, the same 
result was obtained within all of the five model groups. 

It is of interest to note that elastic tip deflections of the more 
slender beams observed by high-speed camera were truly large, 
exceeding 3/10 of the original beam lengths for many experiments 
As has been ‘mentioned before, these deformations cannot be pre- 
dicted adequately by small-deflection-response theory. 
Thirty-one experiments were con- 
The data recorded during 
the experiments consisted merely of measurements of permanent 
tip deflections of the beams, measured to an accuracy of +0.01 
Data of Ewing and Hanna [13] were used to supplement 


Permanent-Deformation Tests. 
ducted during this phase of the tests. 


in. 
these test results. 

The model law predicts that, for properly scaled experiments, 
the deformed shapes of beams should be similar, and the per- 
manent deformations should scale in proportion to the linear scale 
factor. Each of the pairs of beams shown in Figs. 6 through 8 
were deformed during experiments which were intended to be 
models of each other. It can be seen that the deformed shapes 
are quite similar in each figure. For comparison of the test re- 
sults, the measured tip deflections are grouped in the same man- 
ner as for the elastic experiments, and made nondimensional by 
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——1-lb charge vs. Beam B———. 


R, ft strain x 10° 


————8-lb charge vs. Beam C 
Max 

R, ft strain x 10¢ 
48.0 655 
577 
559 
1310 
1370 


Max 
R, ft strain x 10° 
26.0 2310 
24.0 2930 
21.0 4130 
21.0 4150 
21.0 4150 


Max 


2280 
2910 
2330 
2990 


& 
° 
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Fig. 4 Maximum bending strains for Group 2 
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Fig. 5 Maximum bending strains versus scaled distance, Group 2 
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Fig. 6 Relatively small deformation of Beams B and C for same scaled 
blast loading 


Fig. 7 Intermediate deformation of Beams D and E for same scaled 
blast loading 





Fig. 8 Large deformation of Beams B and C for same scaled blast 
loading 


The data for group 2 are 
These 


division by the original beam length. 
recorded in Table 5 with corresponding scaled distances. 
data are also shown graphically in Fig. 9. Although the scatter is 
somewhat greater than for the elastic deflections, one can see that 
all of the data describe a single functional relationship between 
the scaled parameters, as is predicted by the model law. The 
same result was obtained, with somewhat less scatter, for the 
other four model groups. 


Discussion 

In this paper, the problem of modeling the response of struc- 
tural elements to blast loading has been considered in some detail. 
By studying the differential equations governing blast transmis- 
sion through fluids and large-amplitude motion of structures, the 
author has predicted that purely geometrical modeling of a blast- 
loading experiment should provide proper scaling of both the 
transient blast loading and the transient structural response, 
even though the structure undergoes large elastic or plastic de- 
formations. He reports the results of a series of experiments 
specifically designed to test the geometrical scaling hypothesis for 
structural elements which undergo very large plastic and elastic 
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Fig. 9 Scaled tilever tip versus scaled distance, Group 2 


deformations as a result of blast loading. The experimental re- 
sults verify the hypothesis. 

One must therefore conclude, on the basis of the analysis and 
experiments presented in this paper, that the same similarity 
principle which has been used so effectively to describe the model- 
ing of blast waves can be used with equal facility to describe 
modeling of the response of structures to the transient forces 
The 
principle would be expected to be invalid only if the structures 
were made of materials whose behavior changed markedly with 


generated by interaction of blast waves with structures. 


change in strain rate or if “body forces,’’ such as gravity forces, 
were not negligible. The scaling applies with no restrictions on 
amplitudes of motion or of strain amplitudes. 
transverse displacement of slender beams or dynamic buckling 
of thin-wall shell under blast loading, where quite large deflec- 
tions can occur, can then be studied by performing accurately 
controlled small-scale experiments and scaling the test results. 


Such problems as 
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Shock Spectra of a Nonlinear System 
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The peak response under pulse excitation, of a single-degree-of-freedom system with 
nonlinear spring approximated by two straight lines, is analytically determined. 
Shock spectra for the step and delta function are developed with damping as parameter 
For the rectangular pulse excitation, the shock spectra for zero damping are presented 
with pulse duration as a parameter. 
ts discussed and illustrated for the sine pulse of differing pulse duration 
phase-plane plots associated with the problem are included. 


For the arbitrary pulse shape, a general procedure 
Generalized 


The shock spectra pre 


sented are applicable only when the first peak corresponds to the maximum response, 
thereby avoiding the questions of unloading. 


heii lumped-mass system with nonlinear spring has 
been studied by many people. Most of these studies are for 
periodic excitation. The literature on the behavior of nonlinear 
systems excited by a pulse, however, is scarce by comparison. 
The work by Mindlin* is perhaps one of the most well known. 
The pulse is supplied by a drop test and for a linear or nonlinear 
spring the maximum deflection can be found by equating the 
initial potential energy to that absorbed by the spring. For a 
nonlinear spring, this requires a graphical integration of the area 
under the spring force-displacement curve. A similar procedure 
was used by Crede* with measured stiffness-displacement curve 
of a nonlinear isolator. Ergin‘ solves the transient-response 
problem of a nonlinear system by a bilinear approximation of the 
spring force. The slope of the first linear line is made equal to the 
slope at the origin and the second linear line is positioned for the 
minimum of the mean square error between the nonlinear spring 
force and the bilinear approximation. Linear solutions for each 
region are then matched for continuity of displacement and ve- 
locity at the intermediate point. The phase-plane method as out- 
lined by Jacobsen’ is perhaps the most suitable graphical proce- 
dure for the solution of the general nonlinear system. 

The subject of this paper is the transient response of a single- 
mass system with bilinear spring and a viscous damper. The 
procedure adopted is that of a generalized phase plane based on 
equations rather than numerical evaluation. The solution is for 
the peak response presented in the form of a nondimensional shock 
spectrum. 
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The Shock-Spectra System 


A shock spectrum is a plot of the maximum peak response of a 
linear single-degree-of-freedom oscillatory system to a specified 
shock excitation, as a function of the natural frequency of the 
oscillatory system. If the spring of the oscillatory system is non- 
linear, the peak response would differ, and, although it could be 
plotted as a function of the natural frequency based on the initial 
stiffness, another factor describing the nonlinear character of the 
spring must be introduced. In this paper, the nonlinear character 
of the spring is idealized by two straight lines as shown in Fig. 1, 
which enables its nonlinear description to be specified by a single 
parameter kyo. Many engineering materials approach this ideal- 
ized spring characteristic, and a shock spectrum for such a 
system is desirable in estimating the response of oscillatory sys- 
tems possessing such yield characteristics. 

The system shown in Fig. 1 is actually a bilinear system which 
offers none of the difficulties of the nonlinear mathematics. The 
problem of determining its peak response is therefore not a 
formidable one provided the duration ¢, of the excitation pulse is 
less than the time t& required for the response to reach the yield 
value y. With the velocity yo corresponding to yo established, 
the initial conditions for the second part of the problem are sup- 
plied, and the peak response can then be found. This can be 
done systematically in nondimensional form, where the nonlinear 
parameter ky) is incorporated in the shock spectrum. The in- 
vestigation has also led to some interesting generalizations of the 
phase-plane plots which have not been shown before. These 
generalized phase-plane plots are extended to excitation pulses of 
any arbitrary shape. 


Step-Function Excitation 


Before considering pulse excitation, the problem of the step- 
function excitation will be considered first in order to bring out 


some of the pertinent features of the analysis. The differential 
equation of motion for the first phase of the problem, 0 < y < yo, 
is 


9 + 2fwy + wy = P/M (1) 

















Damped oscillatory system with nonlinear spring 
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Fig. 1 





constant lorce 
Tass 
To nondimensionalize the equation, we let 


z= y/y 


Equation (1) now reduces 


d*zr 


dT? 


With zero initial conditions, the equations for the nondimen- 


sional displacement and velocity become 


where 


g=6G 


dT 


If damping is zero, Equations (3) and (4) plot into a circle 








Fig. 2 Generalized phase-plane plot of equations (3) and (4) 


For ¢ # 0, curves relating (1 — az 
choosing different values of 7’. 


to qg can be obtained by 
The curves, including the special 
case for ¢ = 0, are shown in Fig. 2, with ¢ as parameter 


Fig. 2 is used in the following manner: For any value P, and 


kyo, @isknown. Then for any z < 
ing nondimensional velocity gq is found. 


1.0, and any ¢, the correspond- 
Of particular interest to 
this problem is the value of g = q corresponding to z = 1, which 
is the initial velocity for the second phase of the problem for 
z> 1.0. 

For the second phase of the problem, the spring force ky is con- 
stant and the differential equation of motion is 
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> 


M 


9 + 2fwy + wy = 


which can be rewritten as 


d*z , & 
‘: + 2¢ — on 
dT? dT 


The solution for the initial conditions 


where the 


, I [ (’ 
‘ oat aes 
2fa i* 2% 
l 
gq=|%- - 


It is clear that for a < 1 there can be no value of T which will 


result in gq = 0, the asymptotic slope at T = © being 


—a ky 


q- = 


(10) 
2¢ wk 


> 


For a > 1, we let g = 0 and obtain from Equation (9) the time 


corresponding to the peak response 


ata 
in (a - = (11) 
l a 


Substituting 7, into Equation (8), the corresponding peak re- 


sponse becomes 


When 2[/(a — 1)< 1, the expansion of In (1 + €) results in a 


somewhat simplified equatior 

qo” . qo" ; 

= “so . (13 
ala — 1) 


zz, =1+ 


ala —) 


It can be easily verified that the first two terms of Equation (13 
correspond to the undamped solution. Also, for small values of 
2¢/(a — 1), greater accuracy can be obtained by using Equation 
(13) in place of Equation (12). 

A further point of interest is found with respect to Fig. 2. Al- 
though the curves for ¢ ~ 0 are exponentially diminishing with 
with the 
To find this center, we 


T, they are almost perfect circles (even for ¢ = 0.2) 
center shifted along the horizontal axis. 
let 

(1 


in which case g = 0 and 
ai—g3)'/2 


(l — ar) =e 


The center of the circle is then on the horizontal axis, to the right 
of the origin by an amount 

fr 

ro | 


so that q and az for the damped case can be determined with 
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0c = “ala —e¢ 


(14) 
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sufficient accuracy from the new equation for the circle which is 


(1 — az — OC)? + q@ = (1 — OC)? (15) 


Equation (15) then enables one to determine q@ for any a and { by 
letting z = 1. In Fig. 2 circles are drawn according to Equation 
(15) and exact values are indicated by © to show the excellence 
of agreement. 

The shock spectrum is generally plotted in nondimensional 
form, with maximum dynamic response divided by the static 
response as ordinate, and natural period of the oscillator divided 
by the pulse period for the abscissa. For the step funtion, the 
pulse period is infinite; however, Equation (13) indicates that an 
ordinate proportional to z,, can be plotted as a function of @ for 
any ¢. The ordinate desired is 

Ym _ KY Ym 


= 16) 
(P/k) P ‘ 


= Az, 


The abscissa is 


kyo k My , (“ 
a ae ae Te 


which is proportional to the square of the natural frequency based 
on initial stiffness. The curves in Fig. 3 then can be considered 
as a shock spectrum for the step-function excitation. The range 
of @ possible is limited between 1 and 2. If @ < 1, the exciting 
force is equal to or greater than the resisting force and hence the 
response continues to increase. If a@ > 2, the peak response will 
occur in the linear region y,, < yo for which we have no interest 
in the nonlinear problem. 

Although we have taken the problem of the oscillator mounted 
on a fixed support, the results can be extended to the case where 
the base is given an acceleration —j,. With z = y — y, the 
differential equation of motion for the latter case is 


(17) 











Fig. 3 Nonbinear shock spectrum for step-function excitation 
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—h, (18) 


Z2 = 2(wi + w2z = 


which indicates that the previous results are applicable by letting 


(19) 


(iri) 
a=- 
My, 


Delta-Function Excitation 

If the excitation is a delta function of impulse equal to J lb-sec, 
the response during the first phase of motion 0 < y < y% is given 
by the equations 


where 


Iw 


_ or 
.< 
dT 


These equations are somewhat similar to those of Equations 
(3) and (4), except that q is replaced by @z and (1 — az) by 9 
with +@ instead of —@. Here we are interested only in positive 
values of the velocity 7 which indicates that only the first quadrant 
is of practical interest. Actually, for the usually encountered 
small ¢, (1 — ¢?)'/*? 1 and [((1 — ¢%)'77 + @) 2(1 — £2)'"T 
and Equations (21) and (22) can be computed from the equations 
—§T sin T 


ar =e (23) 


gq eT cos T (24) 
In Fig. 4, Equations (21) and (22) are plotted with several values 
from Equations (23) and (24) spotted in by O. 


For the second phase of the motion, we have the force free 


10 


o4 02 o4 06 os Lo 


0 


4 


Fig. 4 Generalized phase-plane plot for delta-function excitation 
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condition with initial values r = 1 and dr/dT = G/&. The 


differential equation is now 
d*z 


aT? 
the solution of which is 


(26) 


- T 
nif 2¢ (l — é€ 2 


where again the origin of 7’ has been shifted to 7». For maximum 


amplitude dz/dT’ = 0, or 


The first two terms of Equation (29) are obviously the undamped 
solution, and the third term gives the first-order correction due to 
¢, which is of sufficient accuracy for small ¢. It should be pointed 
out here that Equation (29) can be used for any other shape of 
pulsed excitation provided )/& is replaced by the proper velocity 
dz/dT and that the duration ¢, of the pulse is equal or less than 75, 
the time to reach yo. 

In plotting the shock spectrum for this case, we let the ordi- 
nate be @r,, and the abscissa &, Fig. 5. In doing so, wenote that 
Iw has the same dimensions as P, so in effect, &z,, is the ratio of 
the maximum response to the equivalent statical response under 


The horizontal scale is 
_ kyo My ) 
a= = Ww 
Iw I 


so it is proportional to the natural frequency based on initial stiff- 


iu load lw 


ness 


The range of & is between 0 and 1, zero corresponding to in- 
finite value of impulse J, and & 1 corresponding to the case 
where the peak response occurs in the linear range. 

Example 1—Delta-Function Input. Iw = 0.60, and 


¢ = 0.05, determine the maximum amplitude and the correspond- 


Given & = ky 


ing time: 
From Fig. 4 


g when z = 1.0) 


From Fig 
a@r,, = 1.15 


From Equation 27 


] 
10 In 1.12 = 1.13 


Rectangular Pulse 

We consider one other case before considering pulses of arbi- 
A rectangular pulse of height P and duration 
t; < t) is assumed. In the time interval 0 < ¢ < t,, the solution is 
identical to that of the step function, for which Equations (3) and 
(4) apply. At time 4,, we have 


trary shape. 
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Fig. 5 Nonlinear shock spectrum for delta-function excitation 


(30) 


(31) 


q ~e sin (1 — ¢ 
t : 


For t 
equation and solution, with initial conditions z, and dz,/dT = 
q:/a@, and origin of T shifted to 7,, are 


> 4, we have free scillations for which the differential 


d*z . & 
—— —- 29° —— +22 0 
dT? - = 


ila. + fa@zx,] sin (1 — £2)'7*7 


+ axl — £*)/* cos (1 — § 


 t [fa + ax) sin (1 — £7)'27 

— g(l — £?)'/* cos (1 — £2)'"T} (34) 
We are interested here in the value of g = q corresponding to 
zx = 1, which can be used in the equation for z,, Equation (29), 
which can be rewritten as 
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Obviously, an additional parameter 7/7) enters into the problem 

and the solution for q with £ # 0 becomes quite laborious. We 

are, however, more interested in the effect of the pulse duration 

T,/T> and so we will assume the damping to be zero, which then 
lends itself to a simpler calculation. 

With ¢ = 0, @ = 0, Equation (30) and (31) simplify to 
1 — ax, = cos 7; 
qm = sin T; 
qm? + (1 — az)? = 1, a circle 


Equations (33) and (34) for the second integral t; < t < & reduce 
to 
ar = q sin T + az, cos T (37) 
q = —azx, sin T + q, cos T (38) 
Substituting Equations (35) and (36) into (37) and (38) we ob- 
tain 
= sin 7; sin T + (1 — cos 7;) cos T 
= cos 7’ — cos (T + T;) 
= —(1 — cos 7;) sin T + sin 7; cosT 
(40) 
= — sin 7’ + sin (JT + 7;) 


We are interested in the value of g = q att = Hor T = Ty — 7). 
The value of z is then 1, and the foregoing equations can be 
written as 


(41) 


= = T; 
a+ cos Ty) = cos Ty, {1 — — ) 
7 


‘ 
(—g + sin T>) = sin T (: _ 7) 


(42) 


Equations (41) and (42) can be shown to be segments of circles 
for each value of To, as shown in Fig. 6. When 7,/7) = 1, we 
have the step-function solution for zero damping, which offers a 
starting point depending on 74; i.e., by choosing different values 
of 7, we move to different points on the large circle as starting 
Then as 7,/T, 
with the center at 


point. < 1 is varied, we obtain circular segments 


Qa, —cos 7; 


( 43) 
q. = sin Ty 
is then an- 


and radius = 1.0. The locus of the center a@,, q¢ 








other circle of unit radius and center ata = 0,q = 0. ForT 


in the first quadrant, we have 


6=T, (44) 


For 7> in the second quadrant, 


0 = 180 — 7, (45) 


The range of 7/7) which have solution is then found by letting 


(46) 


By substituting Equations (44) and (45) into (46), we conclude 
that for 7’) in the first quadrant T,/T> has values along the arc ab, 
between 1 and zero, whereas for 7; in the second quadrant, T,/T7' 
has values along the arc a’b’ between 1.0 and 


(7) _— ae 
To min -o T» 


Thus if 10 per cent increments of 7/7) are chosen, the arc ab 
in the first quadrant is divided into 10 intervals whereas the arc 
a’b’ in the second quadrant will have fewer 10 per cent intervals 
as established by Equation (47). By connecting points of 
equal 7',/T>, we get solutions for the velocity g corresponding to 
xz = 1, for any a and 7;/T». 

The maximum response z,, is next determined from Equation 
(29a) with ¢ = O and a shock spectrum az,, versus @ for any 
value of 7,/T) can be plotted. Fig. 7 is such a plot for a 
few values of 7/7». TJ» can be found for any @ and 7, /T) from 
Equation (41). 

Example 2—Rectangular Pulse. 0.50 and 
T:/T> = 0.80, determine maximum amplitude and the time 7 
corresponding to z = z,,: 

From Fig. 7 


(47) 


Given a = ky/P = 


ar, = 0.94 
From Equation 41 
cos 0.207, — cos 7, = 0.50 


which is satisfied by 75 = 61.5 deg 
If the pulse height is reduced to half with 7,/7, = 0.80, then 
a = 1.0 and Fig. 7 gives 


Equation 41 then becomes 


cos 0.207, — cos Ty = 1.0 











Fig. 6 Generalized phase plot for rectangular pulse 
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Fig. 7 Nonlinear shock spectrum for rectangular pulse with { = 0 


and T, = 92 deg 
Pulse of Arbitrary Shape 

We will assume as before that the pulse duration ¢, is less than 
the time & required to reach a response %. The excitation F(1) is 
normalized to 


F(t) = Pof(t (48) 


where P, is the maximum height of the pulse and f(t) the arbitrary 


shape. The response at any time ¢ < & is then 


ky @ t ra « ; ; 
P =: a's f(E)e~ f° —© sin (1 — €?) w(t — &)dé 
¥ us? ae 


(49) 


Letting wt = T and wt = 8, this equation can be rewritten in the 
nondimensional form, 


iT 8 


aQar= 


) ef8 sin (1 — £?)'/%T — B)dB 
(50) 


For T > T,, f(8) is zero so that the foregoing integral is a constant. 


7; 8 x ; 
A sin y = f 1( ) e§8 sin (1 — £*)'/*Bd8 
0 w 
Ti fe} 
A cosy = f s( ) e§8 cos (1 — £2)'/*BdB 
0 w 
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Letting 


(51) 


(52) 


A and ¥ are given by 


[fn ee sin (1 — ry'naae | 


f% (2 )e cos (1 — reas |" (53) 


ff, 4°) sin (1 — ¢*)'/*BdB 
7 


tan y = - ~ eS (54) 


iL 2a cos (1. — £*)""8a8 


Equation (50) in terms of A and then becomes 
ax ia . +3\!/emn 
- = ———_,,;, sin (a — ¢%)'7 — ¥] 
A ql — £7)” 


Differentiating, 
7, cos (1 — o2)'A7 —-7y+ 9] 
)i/2 
(56) 
where 
. f 
@ = tan a ~ ph 
We will again assume the damping { to be zero to develop an 
analogy similar to that of the rectangular pulse. Equations (55) 
and (56) then become 


sin (T — 7) (57) 


sin (J — y) (58) 


With z, and gq, corresponding to time 7), their substitution into 
Equations (37) and (38) results in 
az 


(59) 


= cos (7; — y) sin T + sin(7T; — y) cosT 


t . —sin (7; — y) sin T + cos(7T, — y)cosT (60) 


A 


When T = 7, — 7;, t = 1 and g = q@, so we arrive at the result 


= sin (7) — Y) (61) 


® = cos (T>. — ¥) (62) 


These equations again represent curves similar to those in Fig. 6, 
and the effect of 7/7» is hidden in the expressions for A and . 

E ple 3—Rectangular Pulse. For the rectangular pulse of dura- 
tion ¢; and zero damping, Equations (51) and (52) give 





A sin y = (1 — cos T;) 
A cos y = sin T, 
From these we obtain 
1 — cos 7; — 
tan y = —— = tan (7/2) 
sin T; 
A = 2 sin (7;/2) 
Substitution of A and y into Equations (61) and (62) results in 
Equations (41) and (42), given previously for the rectangular 


pulse. 
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T, (degrees) 


Fig. 8 Coefficient A for sine pulse 





(l-a) —_ 


Fig. 9 Generalized phase plot for sine pulse 


For the sine pulse Py sin pt, the excita- 
From Equations (51) and (52), we 


Example 4—Sine Pulse. 
tion is zero after pt; = 7. 
obtain 

T,/t) : 
a a sin 7, 


A si = - 
eis er 


(T;/m) 


: (r Tm) (1 + cos T;) 
— 1 


A cos Y 


The expressions for A and y therefore become 


" (Tim) cos (T',/2) 
= 1 


y = (7;/2) 
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Values of A have been computed and plotted against 7, = wt, in 
Fig. 8. Since A depends only on 7), Equations (61) and (62) 
may now be written as 


, 
a = A(T;) sin T, (: ” 2) 


T. 
qo = A(T) cos T5 (1 - #) 


These equations indicate that for any value of 7,/T7), a curve for 
qo Versus @ can be computed by choosing different values of 7p. 
As an example, for T,/7,) = 0.90, the foregoing equations become 


a = A(0.907)) sin 0.557, 
go = A(0.90T,) cos 0.557, 


Curves for g versus a@ are plotted in Fig. 9 for a few values of 
7,/T, and the general shape is somewhat similar to those for the 
rectangular pulse. The velocity g, however, is smaller because 
of the smaller total impulse. 

It may be of interest to mention a consideration which was given 
in respect to this problem. Since the total impulse of a sine pulse 
is equal to 0.636 times the rectangular impulse of the same T/T’, 
it was thought possible to approximate the response for the sine 
pulse from the curves for the rectangular pulse with 7/7 re- 
duced by 0.636. If such a procedure would result in agreement, 
the pulse-shape factor could be eliminated and the results could 
be based on the total impulse. Agreement on this basis was not 
obtained, however, and it appears that the influence of the pulse- 
shape factor cannot be eliminated, at least for large values of 
T,/T». For small values of 7/7», it is of course expected that 
agreement on the basis of total impulse will dominate over the 
pulse-shape factor. 
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Forced Flexural Vibrations of 


YI-YUAN YU 


Professor, 

Department of Mechanical Engineering, 
Polytechnic Institute of Brooklyn, 
Brooklyn, N. Y., 


Mem. ASME strain case 1s solved 


Sandwich Plates in Plane Strain 


On the basis of the new flexural theory of elastic sandwich plates recently developed 
[1-3],? the problem of general forced flexural vibration of sandwich plates in the plane- 
The classical method of separation of variables combined with the 


Mindlin-Goodman procedure [4| for treating time-dependent boundary conditions is 


used. 


As an example, the results are made use of in solving the problem of a simply 


supported sandwich plate in plane strain with one of the two end sections prescribed a 
transverse deflection varying with time 


I. TWO recent papers [1, 2] was presented the one- 
dimensional plane-strain case of a new flexural theory of elastic 
sandwich plates, in which the transverse displacement is as- 
sumed to be uniform across the plate thickness, and the displace- 
ments in the plane of the plate are assumed to have linear varia- 
tions over the thickness, with slope in the faces taken to be dif- 
ferent from that in the core. The theory thus takes into con- 
sideration the transverse shear effects in the core and faces, the 
rotatory and translatory inertias of the core and faces, the flexural 
rigidity of the core, and the flexural and extensional rigidities 
of the faces. In addition, no restriction is imposed upon the 
magnitudes of the ratios between the thicknesses, material densi- 
ties, and elastic constants of the core and faces. The theory is 

!This research was supported by the United States Air Force 
under Contract AF49(638)-453 monitored by the Air Force Office of 
Scientific Research of the Air Research and Development Command. 

? Numbers in brackets designate References at end of paper. 

Presented at the West Coast Conference of the Applied Mechanics 
Division, Stanford University, Calif., September 9, 1959, of Tue 
AMERICAN Socrety oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, July 7, 1959. This paper was not preprinted. 


therefore flexible enough to be applied to any symmetrically ar- 
ranged three-layered plate, including as a special case the ordinary 
sandwich plate that has comparatively thin but heavy and rigid 
faces. 

On the basis of the new theory, free flexural vibrations of sand- 
wich plates were investigated in a third paper [3]. The results in- 
dicate that, for ordinary sandwich plates, the shear effect in the 
faces, the rotatory inertia of the faces about their own middle 
planes, and the flexural rigidity of the core are negligible. Of im- 
portance are the shear effect in the core, the rotatory and transla- 
tory inertias of the core, the translatory inertia of the faces (which 
also has rotatory effect about the middle plane of the sandwich 
plate ), and the joint effect of the flexural and extensional rigidities 
of the faces, While suppression of either the shear effect in the 
faces or the rotatory inertia of the faces reduces the order of the 
equations of motion from the sixth to fourth with respect to time, 
the importance of the joint effect of the face rigidities has made 
it impossible to reduce also the order of the equations with respect 
to the space co-ordinate, unless the faces of the plate are very 
thin and frequencies sufficiently low. As a result, the vibration 
analysis of finite sandwich plates, with the exception of the simply 
supported case, is in general complicated, and it is essential to 
have available a new theory of sandwich plates such as the present 
one. Including all the important factors, the theory was shown 
to be good for a very wide frequency range that is of practical in- 
terest. 





Nomenclature 


= transverse deflection of plate Kpahe 


= changes of slope of normal to 
middle plane of plate in 


core and faces, respec- 


tively 
E,* 2h;? 
—p? 3 
E,* h* — h,® 
— pv, 3 
E,* 
a Vo? 
E,* 

1 — py,” 


G; 2k phy 
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Young’s moduli of core and 
face materials, respectively 


materials, respectively 
shear coefficient 
half-thickness of core N3 
thickness of each face 
hi + he 
ness of plate 
2 . = densities 
materials, respectively 
— = (Tas )em—a T (Tez )oma 
(o,)eo—-2 — (Oy)ema 
shear stress 


normal stress 
Ma + Ma+ M, 
Qu + Qr — Qa 


Poisson’s ratios of core and 
face materials, respectively 
shear moduli of core and face 


bending 
moment 
shearing 
fc yrce 
membrane 
force 


i = 1, 2, or 3 re- 
ferring to core, 
lower or upper 


face 


= total half-thick- 


differentiation with 


toz 


prime respect 


of core and face 


differentiation with respect 
tot 
Notations not listed here are defined as 


they first appear. 


dot = 


335 
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Assuming that the principal modes of free vibration are known, 
we shall in this fourth paper of the series solve the general forced- 
vibration problem of sandwich plates in plane strain. The 
classical method of separation of variables combined with the 
Mindlin-Goodman procedure [4] of dealing with time-dependent 
boundary conditions is used to solve the problem. In what fol- 
lows, the basic equations of the new theory are first presented, 
in a form convenient for our present use. The orthogonality 
condition for the principal modes of free vibration is derived next. 
The formal solution of the general forced-vibration problem is 
then obtained. By means of the result, a specific example 
is finally worked out for a simply supported sandwich plate in 
plane strain. 

Since it is sandwich plates in plane strain which are being 
studied, the results in this paper are also applicable to sandwich 
beams. In fact, it may be shown readily that the results are re- 
ducible to those for homogeneous beams of the Timoshenko type 
[5] as a special limiting case. The development for the sandwich 
is analogous to that for homogeneous beams [4, 5], but the details 
are necessarily somewhat more complicated, and it is of interest 
to see that the Mindlin-Goodman procedure can also be applied 
to the study of forced vibrations of sandwich structures. 


Basic Equations 

As in the previous papers [1-3], the face layers of the sandwich 
plate are identical, and the middle plane of the plate is taken to 
be the zy-plane. For the case of plane strain, only a unit length 
of the plate in the y-direction need be considered. In the z-direc- 
tion, the thicknesses of the lower face, core, and upper face extend 
from —h to —h,, —h; to hy, and h, to h, respectively. The thick- 
ness of the core is therefore 2h;, and that of each of the two faces 
ishe = h — hy. 

The displacement equations of motion as given in reference [1] 
are of the following form: 


Di" + 2D." + 2Fohi(yr” — 2") — Gh + w’) 
— 261. + w’ 
pi(2 (ha — hy VY. 


hp, = pi(2/3)hY + 


+ pohi(h? — hii — Yo 


Divi” — Gili + w’) + 2Faye” + 2B” — Yo”) + hp, 
= p; (2/3)hid, + pohi(h? — hi2)be + 2p: — v2) (2) 
2(priri + pPohe)w (3) 


Gil’ + w") + 2G 7 ‘+ ww") a ?, = 


For our purpose here, Equations (1) and (2) are rearranged by 
1 \ ‘ 


first subtracting the latter from the former; thus 


Evhot2"” — 2G b2 + w’) + hop, 


" @ os 
= Prhz* (a + : habs) (4) 


The derivative ve is then eliminated from Equations (2) and (4) 
by multiplying the former by 2h2/3 and the latter by h; and sub- 
the result is 


9 
Edyhoy," + - 


tracting 
(2D, aa Exh,?) yy," = 2G1(; + w’) + 6G hi/he)(W2 + w’) 


4 a 
—hp, = (: prihy? + phe vi (5) 


Equations (3), (4), and (5) are of the desired form to be used 


later. 

The foregoing equations of motion are subjected to the initial 
conditions which require the specification of the following initial 
plate-displacements and velocities: 
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vi(z, 0) = Yu(z) 
¥(r,0) = Yo(r) (6) 


w(x, 0) = wz) 


Yil(z, 0) = Yrolz) 

¥2(z, 0) = Yrolz) 

w(x, 0) = wo(z) 
the right-hand sides of which represent given functions. The 
equations of motion are further subjected to the boundary condi- 
tions of prescribing for each section between zx = 0 and z = / one 
member of each of the two products p,(u)—, and p(w), and 
prescribing for the end sections z = 0 and x = | one member of 
each of the three products 


MY, [Mae + M.; = hi( Nas —_ Naz) (2 7 VY ), 
or, alternatively, the three products 


[Mar + hi(Nis — Naa) Wi, 
[Mes + Me; — y(Nas — Naa) ]¥2, 


Qw 


Q,w (7) 
Since the plate stresses are related to the plate-displacements by 


Ma = Dy’ 

Maz = Mas = Fos(i’ — Wo’) + Day’ 
Na = —Na = —Eshi(hi’ — po’) — For’ 
Qn = Gyr + w’) 

Q2 = Qs 4 Gil Pr + w’) 


the quantities mentioned in (7) may be in the following 
form: 
= 0) 


= l) 


= (D, + 2E.h,*) yy’ + Esha’ Vi 
Bz = (D, + 2E2hy?)Y’ + Esiihey,' vy; 


B, = Esha,’ + E, hz? y’ 


to Wits 


B, Eshhey;' + E, 3 he*Po’ or 


Bs = Gili + w’) + 2G Yo + w’ or w 
Bs = Gil; + w’) + 26. v2 


+ w’) or w 


B,, B:, ..., and By being thus functions of yi, Yo, 
specify the boundary conditions we may then write 


Bh, V2, w) = f(0) (2 = 


where f,(t) are prescribed functions of the time. 
The method of determining the shear coefficient x involved in 
G, and G, for vibration problems was described in reference [2] 


Principal Modes 

An infinite set of the natural frequencies w, and the correspond- 
ing principal modes (WV, V2,, W,,) of the sandwich plate is de- 
termined by the homogeneous equations of motion and homogene- 
ous boundary conditions associated with Equations (3), (4), (5), 
and (8). In the special case of simply supported sandwich plates 
there is instead a triply infinite set, and the principal modes were 
shown to be of the following form [3] for such plates in plane 
strain: 


W,,, _ 


For each of the infinite number of values of n in Equations (9), 
there are three possible sets of values of (a,:b,:c,) defining the 
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mode shapes, and three corresponding frequencies. By inserting 
in the homogeneous equations associated with Equations (3) 
to (5) 

W(x )e™, W(2r)e™! 


V1 = V,(z)e™, ve = 


w= 


the principal modes in the general case are found to satisfy the 
following equations: 


(2D, + E,h,?)V,,," —_ 2G,(V¥ 1, t ay + 6Ge(h;/he) Vv, + W,’) 
7 —w,*(*/spihi? + Prhi*he Wn 


EdhW,,” + */:Bdt Vs,” — 2G1¥V2, + W,’) = 


—W,*phe(hiVin + 2/sh2Ven) (10) 


G(Vin' + W,”) + 2G V2.’ + W,”) 
— 2w,,7( pihi + poh2)W, 


The orthogonality condition of the principal modes may be 
derived from Equations (10), but the derivation is much simpler 
by starting with Clebsch’s theorem [6]. For the sandwich plate 
in plane strain, the theorem takes the following form for any two 
distinct modes, here distinguished by the subscripts m and n: 


l hi - : fp ’ : nd! h A , 
} f ,, Pll imUin + Wiy,Wi,, \dxdz + I, f A po U2,,U 2, 
l h 
+ WeeWe,)drdz + f f ph UsmUsn + Wand 
0 Sh 


GW mn 


According to the assumed form of the displacements in the theory 
[1], the miode shapes in terms of the displacements and those in 
terms of the plate-displacements are related by the expressions 


2V,,, 

—h(V;, — V + 2W,, 
hiVi, " 2V,, 
We» Ws, W, 


and similar expressions with n replaced by m. When these 
expressions are substituted in Equation (11) and the integration 
is carried out with respect to z, we find 

i 

‘ [(4/sprhi + pohe)hr?VimWVi, + Bpehe(hiVin + 2/sheVom)hiVin 


+ 2/sheVo,) + 4 (pik, + poh2)W,,W,]dz = 0 (w,, #w,) (12) 


Clebsch’s 
in an analogous manner 


which is the desired condition of orthogonality. 
theorem has been used by Herrmann [7] 
in the derivation of the orthogonality condition for a homogeneous 


elastic rod 


Transformation of Equations 


In the manner of Mindlin and Goodman [4] we adopt the fol- 
lowing transformation of the dependent variables in the equations 
of motion: 


Yilz, t) = d(x, t) + >> ni(zyf it 


6 


yz, t) = (2, t) + pe Goi(x)f; i) 


=1 


= g(r, t) + gai(z) f(t) 


t=] 


u(z, t) 
By making these substitutions, Equations (3) to (5) become 
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(2D, + Eshy?)bi” — 2Gi(d: + Os’) + 6Go(hi/h2)( Oo 


i 
) 


6 
+ da’) + D> H(2Di + 2Edhi* Irs” — Walgu + gs") 
t=1 
+ 6G:(hi/ha)( ges + gai’)] — ap, = (*/sprha® 
6 
+ prhi*hs dr + Dy Fat sPihi? + pohi*he)gri 


s=1 


Esihed,"” + */sEaha*b2" — 2G(o2 + or") 
+ > SalBdhahagis” - 2/sEsho*g2;" a 264 Ja + g ‘’)] (14) 


i=1 
6 


2/sho2) + D> fpshe\ highs 


+ hep, = Prhe* (higdnr + 
shoge 


Gi( dy,’ + ¢;") + 2G d»’ + o;") 


6 


: =" y , w 
*, SY KG + gus) + 


i=! 


2G(g2i’ + gai”)] 


+ p, = 2(pili + pohr)p: + > f:2( phy + Prhe)g s 


The initial conditions for @, @2, and @; are, on account of Equa- 


tions (6), 


‘ 


a 
> giz )f(O 


t=] 


o(z, 0) = Yrolz 


(2,0) = Yolxr) — yy ge xf (O 
t=! 


@:(z, 0) = welzr) — > 93i\ 2 f (0 
1=!1 


oO (z, 0) = Yoo( x) - ) geil xf (0 


=1 


(2, 0) = w&(r) - > gsi(x)f (0 


t=1 


Similarly, the time-dependent boundary conditions in Equations 
(8), which were in terms of ¥,, Ye, and w, become 


6 
Bid, by ) + D) Bis Gi HS (O) = Fl 
j=1 


ini 2 ..<«.@ 
In order that the boundary conditions on ¢;, d:, and @, be homo- 
geneous and independent of time, that is, 
Boi, $2, Os) = 0 
we must have 
6 
> BA iy Grin Grin) Ff) = Fill 
j=1 
which may be satisfied by requiring th: 


JO ~ j) 


Bihin din Oi) = 1 5 6) (17) 
i 
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The functions g;;, g2;, and g;; may then be determined according 
to Mindlin and Goodman’s procedure. 


Solution of Equations 


We seek the solution of ¢,, d2, and @; in the following form: 


>: W,,(x)T,(t) 


n=1 


oi(2, t) 


@ 


¢2(z, t) W,,(x)T,,(0) 


n=1 


d(x, t) = )> W,(z)T.() 


n=1 


It is understood that the principal modes (W;,, Ve., W,), as- 
sumed to be known, may actually be triply infinite in number, 
such as in the simply supported case, although only a single in- 
finite series is used in each of Equations (18). Hereafter the same 
interpretation should be adopted whenever such similar infinite- 
series expansions are used. To determine 7',(¢), Equations (18) 
are first substituted in (14). Since the principal modes satisfy 
Equations (10), the results of substitution further become 


6 


Dy fl(2D, 


1=1 


- ! 
*/spihiy? + pohi*hs 


n=1 


, “sy hy 
) + 6G, (Gai 


+ Exh? )gi;” = he 


261( 91: + si 
hip, 


V vi wi a 
‘/spihy* + prhith, nls 


n=1 


I 
_ 3 w,(AiWVin + 2/sheVo,)T,, + 
Prhe? 


ool 


>. f [Eshihom;” 


t=] 


he. > (AW, + ? 


poh 27 n= 1 


2/3Esh2*g2i” — 2G2(goi + gsi’ 


sh, 7’, 


6 


+ DS Agni + ?/shogo;) 


i=1 


6 
1 
‘ Gq’ 
2(pili + peohe) Doh me 


ae 
2(pririr + sa 


- > wT, + 


n=! 


+ gsi”) + 2G2(goi’ + gsi”)] + 


n=1 


We proceed next to expand in series form those terms in Equa- 
tions (19) which are not yet in terms of the principal modes 


(Win, Ven, W,), 


hip “3 
~ : = SF Q.(tVanl 
*/spih,? + Poh, *h» i en in(Z) 


n=1 


as follows: 


hop, 
. . » ® Q,(t) (hr Vin(x) + 2/shoWo,(x)] $ (20) 


Prhz? n=] 


, 
rs “a > Q,(t)W (x) 
“ 1 oe? 


n=1 
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G nV inl Zz; 


n=l 


AwW,,(z) + */shoVon(2)] 


Fant 


n=1 
- et GyW,(2) 
n=l 


l 
‘ spili3 + pohi*he 


h 
+ 6G >* (or + gx’)] > > Gin*Vin(2) 


(2D, + Eehi®)gii” — 2Gi(gui + gai’) 


1 
pohy? [Eahyhogiiy + 2/3 Exhz?g:,” — 2G gei + gs;") 
27e2 


> G,,.*{h¥ 


n=] 





1 
2(pihi + Pohe) - 


The function Q,(¢) and the constants G,;, and G,,* in these 
» determined by making use of the orthogonality 


Thus, multiplying the first of Equa- 


equations are 
condition in Equation (12 
tions (20) by 


prh.? + poh:th:)WVin, 


the second by 
Spohel AW,,, +. 2 heV.,, ), 
and the third by 
4(prh; + poh:)W,, 


adding the results, integrating with respect to z from 0 to l, and 


making use of Equation (12), we obtain 


l 
» - 

Q,(t) = ra [ (pAiVin + phoVon + p,W,)dzx 
i) 


an © 


where 


l 
I, = f [(*/sprhi? + pohithe)Vin? + 3pehe(hiVin + 2/sh.V2,)? 
0 


+ 4(pih: + pohe)W,2]dx (24) 


In entirely the same manner we find from Equations (21) and 


(22) 


Gin = 


l 
I f { [2 sprhiigi, 7 Poh he! Zhigns Tv hoger.) Vin 
an JO 


+ pohe(higni + * shoge; WV, + 2 pihy + prhe)gs,W,, }dz (25) 


, T 
Ga* = — { (Dd, + 


nn ) 
+ 925’) Vin + [Eshyhogis” + */sBeh2*ge." 
+ (Gilqi’ . g gai”) + 2G. gai” 


2Eh *)gii”’ + Eshiheges” — Gigi 


— 2G2(g2i + gui’) Wan 
+ gx") |Wa}dz 


(26) 


The series expansions in Equations (20), (21), and (22) are now 
substituted in Equations (19). By equating the nth terms, each 
of the three Equations (19) yields 
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GinJF At) + 


1=1 i=l 


T(t) + w,27,(t) = Q,(0 - G,n*f(t) 


the solution of which is obviously 


t 
l 
= A, cos w,t + B, sin w,t + f Q(T) 
®, J0 


6 6 
- 7% Ged dr) + > ® outtie) | sin w,(t — r)dr (27) 
t=] 


t=! 
The result in Equation (27) is of the same form as the analogous 
expressions in references [4, 5| for homogeneous beams; however, 
we shall simplify it somewhat here by first introducing, by integra- 
tion by parts, 


f hdr sin w(t — r)dr —f (0) sin w,t — w,f(0) cos w,t 
0 
t 
+ w, f(t) — w,! f Sr) sin w,(t — r)dr 
J0 


Equation (27) is then written as 


T(t) z | 4. T i Gai) cos w,f 


6 
] 
+ E ~ > Guli0) | sin w,t 


w, 


6 t 
1 
= > 6.94) + f Qlr 


+ G,,,*)f; n| sin w(t — r)dr (28 


6 


+ ) (w,2G;,,, 


i=! 


The constants A, and B, are next determined by the initial dis- 
placements and velocities given in Equations (6). This is done 
by expanding the latter quantities in the following series form in 


terms of the principal modes: 


Yiolz) = > D,Vin 
n=] 


a D, hW,, + ? heV 2, ) (30) 


n=1 


ti(zr) = > DW, 
n=] 


The constant coefficients C, and D, are then determined in an 
* were, by making 


The results 


entirely similar manner as Q,(t), G;,, and Gj. 
use of the orthogonality condition in Equation (12). 
give 
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‘ l 
— f {(? ‘spihy + 2poh2)hi2Yro “+ Pohyhe* Woo |Vin 


v prh2*(hipro + 2/shaoo) Von + 2(pihi + poh2)woW, |dx 
(31) 


9 l 
D, = I f { ((?/sprh: +> phe )hirPro + prbibs*y2 Win 
+ prh2(hivro + 2/ shoe Wen + 2(0.hi + pohe)tioW, |dx 


where /,,,is the definite integral in Equation (24). Bysubstituting 
Equations (18), (21), and (29) in (15), and equating the nth terms 
in each of the three Equations (15), there results 

6 


Cr — D> Ginf 0) 


t=! 


T,(0) = 


Similarly, by substituting Equations (18), (21), and (30) in (16) 
and equating the nth terms, each of the three Equations (16) 
yields 
6 
T,(0) = D, - > Gynb (0) 
1=1 
When these expressions of T,(0) and 7',(0) are equated to their 
values given by Equation (28), namely 
T,(0) = A,, 7,(0) = Bw, 


we find 


A, = C, - > G,,,.F, (0) 


=! 


6 
1 
= |». - Gnh(0)| 
@, 1=1 


Equation (28) thus becomes finally 


D,, sin w,t — > G,,f40 


ad 1=1 
1 t 6 
+ - Q(T) + (w2G,;, + G;,*)f; (7) 


sin w,(i — r)dr 
The complete solution now consists of Equations (13), (18), 


T,{t) = C,, cos w,t + 


32) 


and (32). The functions 9, ga, and gx: are determined according 
to Equations (17), and Q,, G;,, G;,*, Cn, and D, are given by 


Equations (23), (25), (26), and (31). 


An Example 

We will now illustrate the use of the foregoing result by con- 
sidering the example of a sandwich plate in plane strain, simply 
The section z = / 
The boundary 


supported at the end sections z = 0 and z = 1. 

is given a transverse deflection varying with time. 
conditions are 

(Di + 2Eh,2)~r'(0, t) + Esyhay.'(0,t) 

(Dy + 2Ehy*)Yr'(l, t) + Eshyhee'(1,t) 

Evhyhoy,'(0,t) + E2®/she*o'(0,t) 

Eshhey;'(l,t) + E2*/she*e'(1,t) 

w(0,t) 

w(l t) 
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Since f;(i) = 0(¢ = 1, 2,..., 5), we have 


ne = gu = gsi = O (34) 


On the other hand, corresponding to the given function fe(¢), the 
functions gis, ges, and gsg are determined by Equations (17), which 
in the present case are, on account of Equations (33), 


(D, + 2Eh,*)gie'(O0) + Eshihages’(0) = 0 
(D, + 2E hy?) gi6'(L) + Eshyheges'(1) = 
Eshyhegie’(0) + E2?/sh2*goe'(0) 
Evhyhagis'(l) + E2*/sha*ges'(1) 
gx(0) = 
gael) 


These conditions are satisfied by having 


fel) = go(z) = 0, g(x) = x/l (35) 


Substituting Equations (34) and (35) together with the principal 
modes given in Equations (9) for simply supported plates into 
Equations (25) and (26), we find 


Y 
Gin 


y 
Gin 


Gen = 8(—1)"*(pihi + pohe)e,/nm[(*/sprhi® + pohs*he)a,? 

+ 3prhohia, + */sheb,)? + 4(pihi + pohe)e,*) 
Since p, = p, = 0, Equations (23) yields Q, = 0. For simplicity, 
assume all initial displacements and velocities to be zero, and we 
have C, = D, = 0 according to Equations (31). Equation (32) 
therefore becomes 


t 
T(t) = Genw,, , ST) sin w,(t — r)dr — Genfelt) (36) 


As a special case of the example let us take 
St) = K sin wt 


Equation (36) then yields 
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hd r w? wy . . 

T{t) = KG, sin w,t — sin wt 
w? — w,? \ w 

The displacement w, for instance, is, according to Equations 

(13) and (18), 


= ,. ore... w? oe. « 
w(z, t) = y: c, sin 7 KGen sin w, 
w 


8 «= 2 
n=1 @ ®, 


, en an 
- sin t ) + : K sin wt (37) 


It is easily verified that 
w(0, 4) = 0, w(l, t) = K sin wt = f(t) 
w(z,0) = Kw 


Yi ~ ae in nar 4 0 
—_ JenC, 8 - == 
. l l 


n=1 


w(x, 0) = 0, 


The bracket in the last equation is zero because the summation 
is precisely the series expansion of the function z/l. The bound- 


ary and initial conditions are thus all satisfied 
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quency equation of an infinite plate. 


case of axially symmetric vibrations of a circular disk and the results are compared with 
experiments performed by E. A. G. Shaw. Special attention is given to a new mode of 
vibration, discovered by Shaw, in which the deformation is predominantly at the edge of 
It is shown how this mode arises from the complex conjugate roots of the fre 


The properties of the edge-mode are examined in 


detail in a siudy of the reflection of straight-crested extensional waves at the edge of a 


semt-infintle plate. 


Introduction 


I. A previous paper [1]? a derivation was given of 
approximate, two-dimensional equations of extensional motion, 
of an elastic plate, which take into account the effect of coupling 
thickness-stretch, and sym- 
These equations result 


between extensional, symmetric 
metric thickness-shear deformations 
from retaining the zero-order, first-order, and second-order terms 
of an expansion of the displacements in a series of Legendre poly- 
nomials of the thickness co-ordinate and they are referred to in 
the sequel as “‘second-order equations.”’ 

As pointed out in reference {1}, a number of important proper- 
ties of the frequency spectrum contained in the exact theory 
(2, 3] of extensional motion of an infinite plate are reproduced by 
the second-order equations, whereas they do not appear in the 
zero-order approximation [4, 5] or in a first-order approximation 
[6]. Among these properties is a pair of segments, of the second 
and third branches, with complex conjugate wave-numbers, Fig. 1. 
Complex wave-numbers signify modes whose shapes are given by 
products of trigonometric and exponential functions in Cartesian 
co-ordinates and by functions of similar behavior in other co- 
ordinate systems. These mode-shapes are physically unaccepta- 
ble in the case of free vibrations of an infinite plate but they are 
important in transients or when other boundaries, in addition to 
the free faces, are introduced. In this paper it is shown how the 
modes associated with complex wave-numbers account for edge 
vibrations observed experimentally by Shaw [7] in circular disks 
of barium titanate which were excited in axially symmetric, ex- 
tensional motion. 

Shaw observed coupling of the extensional modes with an un- 
usual mode whose amplitude was large near the circular boundary 
of the disk and decreased rapidly toward the center. The coupling 
occurred at a frequency essentially independent of the radius of 
the plate and far below the lowest frequency associated with real 
wave-numbers of the second and third branches for the infinite 
plate. The latter circumstance implies that the usual thickness- 

1 This investigation was supported, in part, by the Office of Naval 
Research under a contract with Columbia University. 
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stretch and thickness-shear modes cannot account for the ob- 
served coupling inasmuch as, for a linearly elastic material, a 
mode of the infinite plate has overtones in a finite plate but no 
subtones and hence its influence on the frequency spectrum at 
frequencies far below its frequency range is not appreciable. 
Shaw expressed the opinion that some other type of motion was in 
resonance with the radial extensional motion. A type of motion 
that has the proper frequency range and mode-shape is one 
corresponding to complex portions of the frequency spectrum, 
which were not studied until later [8, 9]. One may expect that an 
investigation of the extensional vibrations of circular plates 
within the framework of the general, linear theory of elasticity 
will provide a theoretical explanation of the phenomenon ob- 
served by Shaw. However, such an investigation would be en- 
cumbered by a doubly infinite series expression for each mode be- 
cause each of the infinity of modes in the three-dimensional solu- 
tion for an infinite plate gives rise to an infinity of modes in the 
presence of the additional free boundary. Now, the second-order 
equations contain complex branches analogous to those of the 
three-dimensional theory and only three modes of the infinite 
plate are introduced in an axially symmetric problem. Thus the 
approximate equations have the requisite qualitative properties 


iN 











Fig. 1 The three branches of the frequency spectrum (frequency versus 
ti plate 





propag tant) of an infinit ding to the second-order 
equations. Dashed lines are projecti of pl 9 ft on co- 
ordinate planes. 
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and are considerably simpler in form. Accordingly, they have 
been employed in this paper in an attempt to obtain an insight 
into the phenomena which take place at the frequency of the 
edge vibrations. 

A characteristic equation appropriate to the circular disk was 
obtained within the framework of the second-order theory and 
evaluated numerically by means of an IBM 704 digital computer. 
The results of this investigation may be summarized as follows: 
The second-order equations include the edge vibrations but their 
frequencies are somewhat lower than the experimental values 
obtained by Shaw. The discrepancy is probably due to the fact 
that, although the second-order equations provide a very good 
approximation of the real and imaginary segments of the first 
three branches of the three-dimensional theory, the approxima- 
tion of the complex segments is only fair. However, the theoreti- 
cal results of the second-order equations are in very good qualita- 
tive agreement with the experimental results, in so far as the 
edge vibrations are concerned, and they are in excellent quantita- 
tive agreement over the remainder of the spectrum from zero fre- 
quency up to frequencies considerably higher than the thickness 
frequencies. 

It is found that the edge mode, at a free edge, cannot be com- 
posed of contributions from the two complex segments alone but 
always involves the extensional deformation associated with the 
real, lowest branch. Thus the edge vibration is always linked 
with the usual type of extensional vibration in the interior of the 
plate. This situation and the detailed behavior in the neighbor- 
hood of the edge-resonance are investigated, in the last section 
of the paper, by means of a study of the reflection of a sinusoidal 
train of straight-crested extensional waves at a free, straight 
edge at normal incidence. 


Frequency Equation for a Circular Disk 

We refer the plate to cylindrical co-ordinates r, 0, and x, with 
the faces at z2 = +b. It is required to obtain the axially sym- 
metric, extensional modes of vibration of a plate bounded by the 
free faces and by a free, cylindrical surface r = a. The plate- 
displacements u,, ug, ue, u,, and ug, as defined in ref- 
erence [1],* are expressed in terms of three potential functions 
¢%,,7 = 1, 2, 3, and two potential functions Hp and Hz, all of them 
harmonic functions of time, according to 


ae He 
or cs 2 + ds) 700 
oH 
or 


ra) 
700° + gd. + 3) + 


Aid; + Arh. + Ash; 


re) oH 
zB, > OH; 
or ro0 


Og; oH, 
Zz 8 ——" 
£0 t or 


where 


bI(A + 2w)E2 — pw*)/xir 


3 E’'ité2 
a:b (2! — 4) « —— 
} 5k” 


In Equations (2) \ and uw are Lamé’s constants, p is the density, w 
is the circular frequency and 


E’ = 4u(X + w)/(A + 2p), Q = w/w, (3) 


+ The second-order equations are given in invariant form in the last 
section of reference [1]. 
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where 
w, = (4/2b)(u/p)'” (4) 
In addition, the x,(s = 1 to 4) are the correction coefficients of the 


second-order theory and the £; (i = 1, 2, 3) are the three roots of 
the cubic equation 


3 + 4m, 2k?/e? — «7022/3 


mw? — KP0?/5 


(6) 


with v denoting Poisson’s ratio. 
For axially symmetric motion, the potentials Hy) and H, are set 
equal to zero. The remaining potentials satisfy the Helmholtz 


equations 
(V? + &7)¢, = 0 (7) 


which become, in axially symmetric, cylindrical co-ordinates, 


ad? + 1 
dr? r 


The general solution of Equation (8) is given in terms of Bessel 
functions by 


b; = Adder) + BY Ar (9) 


where, in the absence of singularities at the origin, the B; are 
taken equal to zero. 

The plate-strains, in the axially symmetric case, are expressed 
in terms of the potential functions ¢; by means of the invariant 
equations of reference [1] as follows: 


, ” 


(0) 
Err “is 


’ 


( v 
€06 » r 12D; 
y 
b-'2,a.9; 


” 


La; + 3b-18;)¢;’ 


v ” 
28d; 
) -19 
€66 r 12 Bd,’ 
€- € 62 = €,6°?) = €62°? = () 


where primes denote differentiation with respect to r. Similarly, 


the components of plate-traction acting across the cylindrical 


surfaces r = const are 


® = 22,[(A + 2u)d,;” + A(b“"Ka.d; + rg,’ 
(Qux,*/3)Z (a; + 3b-'8;)¢,’ 
(2E’/5)Z,(B.o;" + vr Bd,') 


Using the solution (9) for ¢,;, one obtains, on r = a, 
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CSE) — (hy 
15x27 1 —- 


ar — 


a/b, 


= (rRQ/2k)?, = (1/8)r’xZRX1 — v)(Q* — 4) 


2u(A + 2 )K,? C; 


tu 
a?’ a 3Ax,Ra* 


The problem of computing the natural frequencies of a given 


circular plate is now formulated in the usual manner. The 


boundary conditions, in the absence of external forces, are 

0 ()4) 
onr = a and a nontrivial solution is obtained if the determinant 
of the matrix of the coefficients of the A; in Equations (12) is zero; 


le. 
(15) 


The determinantal equation (15) may be evaluated as follows: 
4 given value of Poisson’s ratio v fixes the correction coefficients 
xk, (8 = 1 to 4) as explained in reference [1]. From the cubic 
5), the three values of Eb are computed for an assumed 
value of the frequency ratio Q. 15) is thereby reduced 
to a transcendental equation on R (=a/b). The roots R for the 


an iteration technique as ex- 


equation ( 
Equation 


chosen {2 are then computed by 
plained in the following section 


Q2< 1,2:<1) 


For low frequencies and long wave-lengths 


Equations (5) and (15) reduce to 


OD = (9 


= (2¢,a/rR)[2/(1 — v 


fad (Ea) = (1 — v)J 


respectively. These coincide with Poisson’s solution [4, 


Numerical Solution of the Frequency Equation 

A table of values of 2. and R satisfying (5) and (15) was com- 
puted by means of an IBM 704 digital computer using an “‘inter- 
val halving’’ iteration technique 

For a fixed value of {2 the determinant of Equation (15) is a 
function of R alone. The value of this determinant is computed 
at a prescribed starting point 2, and at intervals of a specified AR 
thereafter up to and including a prescribed end point R;. A 
change of sign of the determinant across an interval AR indicates 
a root in that interval. The interval is then halved and the 
direction of “scanning’’ is reversed; the process is repeated until 
Additional 
roots are obtained by re-entering successively into the iteration 
subroutine, with a new starting point just beyond the last root 
obtained, until the entire region R, < R < R, is covered or until 
a prescribed number of roots is obtained.‘ The present computa- 


a root is obtained within a prescribed accuracy. 


tions were carried out for a maximum of eleven roots in the re- 


‘ The role of 2 and R may be reversed in the coded program to ob- 
tain roots 2 for a constant R. 
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The allowable “relative 
4 


gion 0 < 2 € 3.0 and 0 < R < 20. 
error’ (i.e., the error divided by the root) was 10 

The evaluation of the determinant in (15) is simplified by the 
fact that it is an even analytic function of the ¢;. The nature of 
the ¢; or, equivalently, the roots z; of the cubic equation (5), for 
different ranges of Q is seen in Fig. 1.5 For 2 < Q2* one of the three 
z, is real and the other two are complex conjugate; forQ* <<Q<k 
and 2 > 2 all three are real; and for k < 2 < 2 two are real and 
one is pure imaginary. It may be ascertained that for 2 > Q*, 
where the z, are either real or imaginary, the determinant is always 
real. For Q < Q*, if z; is the complex conjugate of 22, i.e., 23 = 
é, in the usual notation, then the terms of the third column of the 
determinant in (15) are the complex conjugates of the terms of 
the second column; i.e., 

Ta = Ty = Gp — iG j2 18) 
where ®j and 9 j. are the real and imaginary parts, respectively, 
of 7’. Hence adding and subtracting the two columns, one ob- 
tains 

Ti Kia Siz 
—4i\Tn Gu $x (19) 
Tn Ge Ix 


T,,| = 


i 


i.e.; the characteristic determinant is pure imaginary. The de- 
terminant on the right-hand side of Equation (19) was employed, 
in the computations, in the region 22 < 2*. For very low fre- 
quencies, the roots of Equation (17), the asymptotic form of the 
frequency equation, may be obtained conveniently through the 
use of Onoe’s tables [11]. 

The variation of the mode-shapes with frequency was also in- 
vestigated numerically by computing the displacement fields of 
a number of modes of vibration at a few selected points of the 
spectrum. For a given root of the frequency equation (15), the 
two amplitude ratios A;/A,; and A;/A; were determined by using 
two of the three compatible boundary conditions (14). These 
ratios were inserted in Equations (9) and (1) and the displace- 
ments u,, ug, and u,“ were computed for twenty points along 
the radius of the plate. The displacements were then normalized 
with respect to the maximum value of displacement-component 
It should be remarked that 
complex 

Their 


appearing in the particular mode. 
for 2 < Q* the two amplitude ratios corresponding to the 
conjugate wave-numbers z; are also complex conjugate. 
real and imaginary parts were computed by utilizing the reduced 
determinant of the right-hand side of Equation (19). 

The limiting forms of the displacements corresponding to 


Equations (16) and (17) are 
up = AJ,(iir), ir’ 
ug!) —A[vka/K(1 — v)RWJol Er 


These coincide with Poisson’s solution except for the factor « 


Discussion of the Results 

The frequency ratio 2 = 
radius to half-thickness, R = 
modes using Shaw’s value 0.31 for Poisson’s ratio. 


w/w, is plotted against the ratio of 
a/b, in Fig. 2 for the first eleven 
For this value 
of Poisson's ratio, 


K;? = 0.634835 


Ko? = 1.175035 


2 = 0.771867 
1.785839 


Py 
xk" = 


* See also reference [1] for a detailed discussion of the frequency 
spectrum of the second-order theory. 
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R=a/bd 


Fig. 2 Frequency spectrum of a circular disk 


k 1.905670 
Q* = 1.760744 


In order 


In Fig. 2 are also plotted Shaw’s experimental results. 
to convert Shaw’s frequencies to the ordinate {2, it is necessary to 
know the shear-wave velocity, ». = (u/p)'/*, in barium titanate. 
Shaw’s value of », = 2755 m/sec, which is based on his measure- 
ments and an average of four approximate solutions by Aggarwal 
and Shaw, was not used. Instead, v; was determined from Shaw’s 
experimental results in the neighborhood of the frequency of a 


family of exact solutions given by Lamb.* These are equivolu- 
minal modes with circular frequency and diameter-thickness 
ratios 

(21) 


w = (4/b)(u/2p)'*, a/b = 2¥m/t 


where the ¥,, are the roots of 


i.e., Ym = 1.841, 5.331, 8.536, ... 


J1'(¥m) = (), 


hence 
a/b = 1.172, 3.394, 5.434,... 


If f is the frequency, Shaw’s ordinate for these modes is 
2fb = (u/2p)'/? 


Shaw’s frequencies for the first mode near a/b = 1.172 are at an 
extreme of his range of measurements and do not appear to be re- 


liable’; but the second and third roots (23) both occur at 2fb = 


® Footnote on p. 122 of reference [3]. 

7 All of the equivoluminal modes should have the same frequency 
and, as R - 0, the frequency of the first mode of the disk should ap- 
proach the frequency of the first longitudinal mode of a thin rod of 
length 2b; i.e., 2f6 = [(1 + v)y/2p]'/2. 
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1900 m/sec. Hence 


v, = (u/p)'/* = 2690 m/sec (25) 

A comparison of the experimental frequencies with the theoreti- 
cal results of the second-order theory, in Fig. 2, reveals very good 
general agreement, except that the theoretical frequency of the 
edge modes ({2 & 1.31) is lower than the experimental value 
(Q & 1.47) by about 12 per cent. An investigation was made of 
the possibility that the discrepancy might be due to exceptional 
sensitivity to Poisson’s ratio. However, the recult was negative. 
In the range 0.25 < v < 0.40, the frequencies of the edge modes 
were found to remain in the interval 1.30 < Q, < 1.35. Computa- 
tions were also made with a variety of values of the correction 
coefficients x,, obtained by matching the exact and approximate 
frequency spectra of an infinite plate at points other than those at 
infinite wave-length; but no improvement was obtained. Another 
source of error in the approximate theory is that the boundary 
conditions involve stress-resultants and stress-couples rather than 
tractions at all points across the thickness of the plate. However, 
this raises, rather than lowers, the frequency. The most likely 
cause of the discrepancy seems to be that, although the second- 
order theory provides a good approximation of the real and imag- 
inary segments of the first three branches of the frequency spec- 
trum of an infinite plate as given by the exact theory, it provides 
only a fair reproduction of the associated complex segments; 
and it appears that the details of the complex segments become 
important in the neighborhood of the frequency of the edge modes. 

As the frequency diminishes, both the experimental and mathe- 
matical results approach Poisson’s, as given by Equations (16) 
and (17) and shown by dashed lines in Fig. 2. As the frequency 
increases above {2,, the typical terrace-like structure of the high- 
frequency spectrum of plates begins to develop at a frequency 
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whose asymptotic value, as R — © is 2 & 1.76 in both Shaw’s 


experiments and the second-order theory. As observed by Shaw, 
this is the frequency minimum {* rather than the cut-off fre- 
quency of the lowest, symmetric thickness-mode which, in the 
present case of y < 1/3, is the thickness-stretch mode with fre- 
quency given byQ2 = k # 1.9. Accordingly, there is an important 
difference, in this aspect of high-frequency spectra, between ex- 
tensional and flexural vibrations of plates. In the latter, the 
asymptotic frequency of the lowest terrace-like structure is 
always the cut-off frequency (2 = 1) of the lowest, antisym- 
metric thickness-shear mode. This is because the second branch 
for the infinite plate never has a real minimum other than at cut- 
off (£b = 0) in the case of flexure [8]. The axially symmetric 
flexural vibrations of a circular disk are discussed in reference 
{12}. 

Returning, now, to frequencies in the neighborhood of Q., con 
putations based on the second-order theory show that the dis- 
placements do, in fact, conform with Shaw’s observations. In 
Fig. 3 are plotted the computed values of the displacement func- 
tions for the third mode of the disk for three frequencies: one 
just below the frequency 2, of the edge vibration, one at and one 
just above this frequency. Immediately above and below Q, the 
displacements are distributed across the plate in much the same 
manner as in Poisson’s solution, Equations (20), except that the 
radial displacement u, is considerably suppressed and there is a 
thickness-shear displacement u, of about the same amplitude. 
As 2 approaches 2,, coupling with the edge mode takes place 
which, at 2 = (2, results in Jarge amplitudes of edge vibrations 
characterized by displacements which include a component large 
near the edge and rapidly decaying toward the center of the plate 
It should be noted that, as the frequency passes from below to 
above {2,, the number of nodal circles for each mode is reduced by 


Thus each mode attains above {2, a mode-shape similar to 


one. 
the mode-shape of the next lower mode for 22 < Q,. 

The character of the quasi-exponential decay of the displace- 
ments at {2 = @, is essentially independent of the radius at the 
“‘plateau’’ of edge vibrations. This is shown in Fig. 4 where the 
theoretical value of the normalized displacement u,“” is plotted 
against r’/b, where r’ is the radial distance from the edge of the 
plate, for two values of R (3.0 and 5.0). These two values of R 
correspond to points on the plateaus at {2, on the branches of the 
second and third modes, respectively. It is seen that the first 
nodal circle from the edge occurs at a distance of r’/b approxi- 
This 
substantiates Shaw’s concluding remark that edge vibrations 
should be expected to occur also for circular disks with very 
large ratios of radius to thickness, inasmuch as the character of 


mately equal to 0.75, essentially the same in both cases. 


the edge vibrations is essentially independent of this ratio. 

There are additional interesting properties of the edge mode 
which are exposed more readily in the problem of reflection con- 
sidered in the next section. 


Reflection at the Free Edge of a Semi-Infinite Plate 

Consider a semi-infinite plate bounded by the free faces z, = 
+b and a free edge at z, = 0 and extending to infinity in the direc- 
tion z, increasing. Assume that a sinusoidal extensional wave of 
a normalized frequency 2 < Q2* is continuously generated at 2, = 
© and propagated toward z, = 0. Referring to the invariant 
field equations of reference [1] one may ascertain that the 
sinusoidal wave is associated with the dilatational potential ¢, 
corresponding to the real root z, of the cubic equation (5). The 
potential 

gd: = Ay exp [i(wt + £2;)] (26) 

satisfies the wave equation and generates the desired type of ex- 
tensional wave. The associated displacement field is 
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Fig. 3 Distributions of radial (v,‘°’), thickness-stretch (v,“°’), and thick- 


ness-shear (u,‘*)) displacements at frequencies in the neighborhood of 
frequency of edge-mode 
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Fig. 4 Distribution of thickness-stretch displacements in two edge-modes 


= Apot,i exp [i(wi + &2,)] 
uz) = Aca, exp [i(wt + &2;)] 
uj = AoB,éi exp [i(wt + &21)] 
= 0 


where a, and #, are given by Equations (2). Omitting exponen- 
tials in the sequel, one obtains the plate-strains 


€,9 = —Apgt,? 

6 = Apa,/b 

6, = —A,B,é,? 

és = Agit(a, + 38,/b) 


€;, = €,© = é = €;(”) = €,°) = 0 
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and the plate-stresses 
7 = —2Aypw? 


72 = 2Ay[K%A + 2u)ai/b — AME) 


T; = ZAA( Kia) b- &,?) 


2Ao( uk2?/3)i&(an + 381/b 
—2A(E’/5) Bib)? 


v7," 


The boundary conditions are, for a free boundary, 


(2 


7,9 = 7,2 =7, =0 (30) 


at z, = 0. 

It may be seen from Equations (29) that 7; and 7, are even 
functions of £ whereas 7." is an odd function of &. Hence a 
simple reflection of the extensional wave, corresponding to a 
change of sign of £, does not make all the boundary stresses zero. 
It follows that all three types of waves corresponding to the three 
¢; will be excited upon reflection of the pure extensional wave at 
the free boundary. The reflected waves are associated with 
potentials 


o; = A; exp [i(wt — §,2)] (31) 
and the corresponding displacements, plate-strains, and plate- 
stresses may be derived from Equations (27), (28), and (29) by 
substituting —£; for &. The boundary stresses due to the in- 
cident wave plus the stress due to the three reflected waves must 
satisfy the boundary conditions (30). Thus one obtains the sys- 
tem of three equations 


A, + A; + A; = 0 


Ag + 
(Ag + Ai)T2 + AsTx + AsT: 


(Ag = A; Ts = A2T x _ A;3T x 


where 
72; = Bé;? 
73; (a; + 38; b)E 2 


From the linear system (32) one obtains the three ratios of the 
amplitudes of the reflected waves to the amplitude of the incident 
wave: A,/Ay. It should be remarked that in selecting the proper 
sign for the complex wave numbers one should bear in mind that 
in order to be physically acceptable they should correspond to 
functions decreasing for increasing 2. It is seen that the two 
complex wave-numbers which should be entered in Equations 
(31) are 


& =c — id 


&=-c-—- id | 


¢¢@>0 (34) 


Thus in addition to a reflected pure extensional wave, one ob- 
tains two ‘“‘complex-waves’’ corresponding to motion localized 
near the free edge of the plate. 

An investigation of the expressions for the A;/Ao leads to the 
following conclusions: For {2 < Q* the three amplitude ratios are 
always complex, and their moduli satisfy the relations 


Ay Ag = A;/Ao = A /Ay 


¢ 


(say) (35) 


The complex value of A;/Ao implies that the reflected pure ex- 
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tensional wave has a phase lag 7 with respect to the incident wave, 
given by 

tann = —9,/®, —mrinitr (36) 
where ®, and 9, are the real and imaginary parts of the ratio 
A;/Ap. 

The phase of ‘*e reflected extensional wave and the magnitude 
of the amplituue A,/Ao of the complex waves were computed 
numerically on the I2M 704 for Q in the neighborhood of the fre- 
quency of edge vibrations. It was found that for 2 << Q, the 
amplitude |A,/Apo| is small and the phase difference between the 
incident and reflected extensional waves is nearly 7. As 2 ap- 
proaches {2,, |A,/Ao| increases very rapidly until, for Q = Q, 
1.314, it reaches a maximum value of approximately 7.7, Fig. 5 
At the same time the phase difference diminishes until it reaches 
the value 0 for 2 = 2, as also shown in Fig.5. If Q is increased 
beyond Q2,, the amplitude A,/Ao decreases rapidly to very small 
values and the phase difference changes sign and increases rapidly 
from 0 to nearly x. In addition to |A./Ao, Fig. 5 contains plots 
of ®, and 9, versus (2. 

Fig. 5 illustrates the details of the phenomena involved in the 
This type of motion is in resonance with the 


edge vibrations. 
pure extensional type of motion at a distinct frequency which the 


second-order theory gives as approximately equal to 1.314 a, for 
vy = 0.31. Shaw’s experiments indicate that this frequency of res- 
onance is slightly higher, namely, in the neighborhood of 1.47 a, 
In any case, at this frequency level a pure extensional wave 
gives rise to a large amplitude of edge-vibrational motion upon 
reflection at a free boundary, after a normal incidence. By 
analogy, in the case of a circular disk which has been discussed in 
the main part of this paper, one may visualize the edge vibrations 
as continuously generated, at the frequency of resonance, by re- 
flection of extensional circular-crested waves at the free circular 
boundary. 

An important feature, observable in Fig. 5, is that the ampli- 























7 _— 


Fig. 5 Ratio (A./A;') of amplitude of edge-vibration to amplitude of 
incident wave in the neighborhood of frequency of edge-mode. Also 
shown are the real (;) and imaginary (9;) parts of the ratio (A;/Ao) of 
amplitudes of incident and reflected waves and their phase difference (7). 
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tude ratio |A,/A@ passes through a finite maximum and never 
reaches infinity. This means that the large edge-deformation is 
always coupled with a nondecaying extensional deformation of 
the usual kind. Consider, for example, a transient disturbance at 
the edge, initiated either by external excitation at the edge or by 
an incident wave from the interior of the plate. If this disturbance 
contains energy at frequency {,, an edge-vibration will be in- 
duced. However, the edge-deformation is always coupled with 
extensional deformation and hence the energy that is temporarily 
trapped at the edge will gradually leak into the interior of the 
plate as an extensional wave traveling with the phase and group 
velocities corresponding to frequency {, of the extensional mode 
(¢). The group velocity (v2 times the slope of the branch in Fig. 
1) at 2. 
lower frequencies and hence the trailing wave generated by the 
edge mode will be outdistanced by the main reflected transient. 
in ex- 


is less than the group velocities of extensional waves at 


These phenomena have been observed by J. Oliver [13 


periments with rods 
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radius. 


known parameters. 


of the hub-radius change. 
repeated solutions of the differential equations for a particular beam 


the change of bending frequencies of a rotating beam due to a small change a hub 
The first-order solution shows that a frequency parameter ¥ is a linear function 
of the hub-radius change and the constant of proportionality is readily obtainable from 
Thefrequency w itself can also be represented bya linear function 


This confirms the results previously obtained by Boyce by 
Higher-order 


solutions are also established and shown to be convergent within the limitation imposed 
on the amount of the hub-radius change allowable 


Gives an untwisted beam mounted on a hub of ra- 
dius R, rotating at a constant speed (2, as shown in Fig. 1. The 
beam is allowed to vibrate flexurally in a plane making an angle 
[(w/2) — 8] with the plane of rotation. The bending frequencies 
w and the modal shapes V, i = 1, 2,3 
termined from the solution of the following differential equation! 
with the proper boundary conditions: 


d? _, &V d , oF - : 
aa? E | - re [s a | — mw? + Q*sin?8)V =0 (1) 


where 


, can be de- 


L 
N = a f (R + z)mdz 
z 


Here z is the axial distance along the beam measured from the 
root where the beam is attached to the hub, E/ is the bending 
stiffness, m is the mass per unit length along the beam, and L is 
the length of the beam from root to tip. 

The following question often confronts a designer: ‘Is there a 
simple way to estimate the change in frequencies due to a small 
change in hub radius without repeating the lengthy solution of 
equation (1)?” The first clue to the answer to the question 
came from Boyce,? who considered the specific case of a uniform 
beam vibrating in a plane perpendicular to the plane of rotation 
(8 = 0). 
repeated solutions of equation (1), Boyce demonstrated that, as 
long as the hub radius is small, the bending frequency w is nearly 
In the present paper the problem 


By assigning various values to the hub radius and by 


a linear function of hub radius. 


! The derivation of this equation can be found frorm the following 
paper: Hsu Lo and J. L. Renbarger, “‘Bending Vibrations of a 
Rotating Beam,’’ Proceedings of the First U. S. National Congress of 
Applied Mechanics, New York, N. Y., 1952. 

?W. E. Boyce, “Effect of Hub Radius on the Vibrations of a 
Uniform Bar,’”’ JourNaL or AppLieD Mecuanics, vol. 23, Trans. 
ASME, vol. 78, 1956, pp. 287-290. 
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is approached in a more general manner with fewer restrictions on 
the system considered. 


The Basic Equations 
Equation (1) is rewritten in the following nondimensional form: 


(EIV’|" — a*(NV’)' — y%mV = 0 


l 
N= f (R + &)mdft 
z 


In these equations the following nondimensional notation is used: 
EI = EI/(EI)o 
m = m/mM 
R = R/L 


g z/L 


Fig. 1 The system under con- 
sideration 


oxy Pione of rotation 


OxU: Plane of vibration 
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a? = (Q2*m_L*)/( EI) 


y? = mL“w? + 0? sin? B)/( Eo (5) cont. 


where the prime system refers to differentiation with respect to 

% and the subscript 0 refers to quantities at root section (2 = 0). 

For beams clamped at the root the boundary conditions can be 
written as: 

At £=0, r 

(6) 


At 2=1, V*’ = [EIV’)' =0 


When there is a small change in the hub radius from FR to 
R, = R + AR, while all the other conditions are maintained, 


equations (3) and (4) become 


EIV,"|" — a®{[NiVi')' — y:?mVi = 0 
1 
Ni = f, (Ri + ®)mdz 


Ri =R+0 (9) 
6= 


where 


4R/L (10) 


(2? sin? 8)/( EI), (11) 


7? = mL“(w,? 4+ 


Here w, and V; are the new bending frequency and mode cor- 
responding to the new hub radius R;. The boundary conditions 
are not affected by the change of the hub radius. They remain 
the same form as given by equation (6) except V is replaced by 
Vi 


When equation (3) is multiplied by V; and integrated from root 


to tip, one has 
1 — 1 , 1 , 
a EIV’V,"d& + a? f, NV'V,'d? - rf, mVV.d? = 0 
(12) 


where the following identities have been used: 


l l 
f, V.[EIV" "a - f, BIV'V,"at 
l 
f, VV'V,'d? 


These identical relations can be verified by integrating by parts 
and by making use of the boundary conditions. Similarly, when 
equation (7) is multiplied by V and integrated from root to tip, 
one has 


1 1 l 
f BIV’V,"dt + at f N.V’V;'dt — nf mV Vid? = 0 
0 0 0 


(13) 


Subtracting equation (12) from (13) gives 
1 . . a 
at fw, — N)V’'V,'d® — (y¥? -— r) J, mVVid®? = 0 (14) 


Substituting equations (4), (8), (9), and (11) into (14) yields 


a%K, — (y:? — y2)K: = 0 (15) 


1 l 
K, = f Cf, m at) V'V;,'d& 
0 z 
1 
K,; = f m VVidz 
0 


Equation (15) forms the base for the operations which follow. 


where 


(16) 
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Perturbation 

When the change of the hub radius, AR, is small such that 
6 < 1, one may write the new frequency parameter 7; in terms 
Thus 


n= 7 Yai 


n=0 


of a power series of 6. 
(17) 


where the parameters a, are to be determined by the method of 


perturbation. Substituting equation (17) into (15) gives 


© 2 
a%K, — v|[ (Sas) _ | K; = 0 
n=0 


When this equation is expanded into a series with ascending 


powers of 6, one has 


§@} —y a? — 1)} + 6| a®K, y7(2aoa; )K>} 
+ 6*{ —y*(2agaz + a;*)} Ke + 


By setting the coefficient of the 6-term equal to zero, one ob- 


tains 


a = +1 (19) 


The plus sign has to be used in order to satisfy the condition that 
até = 0,7, = y. By equating the coefficient of 6-term to zero, 


one has 


a, = a®K,/2y*K2 (20) 
If all the terms containing the second and higher powers of 6 are 
neglected, one has the first-order solution 


Y = ¥(1 + ad) (21) 


This gives a linear relation between the frequency parameter ‘y; 
and 6, with the slope of the linear relation given as a,. To calcu- 
late a; from equation (20), one needs to know the new bending 
modal shape V,; which cannot be determined without a repeated 
solution of the differential equation. An approximate solution 
for a; can be obtained, however, if we concede that, for small 
changes of the hub radius, the change of the modal shape is 
small and can be neglected. Furthermore, equation (20) is simi- 
lar to Rayleigh’s formulation and one expects that the error in 
replacing V; by V may be greatly reduced during the integrating 
process. One may thus obtain an approximate value of a; from 


the following equation 


1 1 
at f, (f, md) re 


1 
Y* 2 f, m( V )*d& 


where the right-hand side involves only known parameters. 
By substituting equations (5) and (11) into (21) and solving 
for w,, one obtains the relation between the new frequency w, and 


a= 


the parameter 6 as shown in the following: 


w@ = [(w? + 2? sin? 81 + ad)? — Q? sin? B)'” (23) 
This relation can be linearized by expanding into a series and dis- 


carding the higher-order terms of 6. The result is 


w* + {2 sin? 8 i) 


w? 


wse(ite 


For the particular case 8 = 0, this is reduced to 
@ = w(1 + ad) 


which confirms the results previously obtained by Boyce. 
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Higher-Order Solutions 

Higher-order solutions can be obtained by following the same 
procedure outlined. Setting the coefficient of the 6"-terms, n = 
0, 1, 2,3... .0f equation (18) to zero separately, one obtains the 
following set of equations: 


0 order a? -—1=0 


Ist order atK, — y*(2aea) Ke 
2nd order 2agtz + a? = 0 
3rd order 2apa3 + 2aja,. = 0 
4th order 2aya, + 2a,a; + a,” 


n 


p aa,-; = 0 


7=0 


nth order 


The parameters a, can be calculated successively from equation 


(26). 


The first five parameters are 


—a,;?/2, 


a; = a®K,/2y?Kz, a = 


a; = a,3/2, a, = —5a,‘*/8 


It follows that the y, — 6 relation can be expressed as: 


{ Istorder: y: = Y(1 + ad) 
| 


; 2nd order: yi (1 + a6 — a,%6*/2) 


3rd order: Y, = Y(1 + aid — a,°6?/2 + a,*6°/2) 
| 4th order: y; = y(1 + ad — a,62/2 
+ a,%93/2 — 5a,5*/8) (27) 
Convergence 
The remaining problem is that of establishing the convergence 
of the infinite series 


"1 = Y ee 


n=Q 


and determining its radius of convergence. This problem can be 


treated by means of the following considerations: Let 


C) 


g(5) = > a,,6" 


n=0 
Equation (17) becomes 
v: = Bg(4) 
Substituting this relation into equation (15) gives 


aK, — y*[gb) — 1)K, = 0 


a (o% + 7°K,\'7 
7K: 


When equation (20) is substituted into the preceding equation, 
the latter becomes 


whereas 


(8) 


g(6) = (1 + 2a,5)'/* (29) 


The infinite series 
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Range of 
Proctica! application 


r 
Lineor represeniption \ 

a oe 

4 r 


co-order 
| representation 


\) 


wy 


Theoretical Limit 





0,6 


Fig. 2 Comparison between first-order and infinite-order solution 


o 


> a,” 


n=0 


converges to the sum given by (29). The radius of convergence 


Is 


2a,6 < l | 


l 


~ a, > 0 
2a, 


(30) 
One may also recognize directly from the set of equations (26) 
that the infinite series 


is the binomial expansion of the expression (1 + 2a,6 

It may be noted here that the process of proving the con- 
vergence of the series actually constitutes a direct solution of the 
problem without using the perturbation method. The presenta- 
tion of the perturbation method is retained in this paper because 
of its logical use in obtaining the first-order solution and be- 
cause of the possibility of its extension to more complicated 
rotating systems. 


Concluding Remarks 

It has been proved that, for the system under consideration, 
a small change AR of the hub radius R, other conditions remain- 
ing the same, will cause a change Ay in the frequency parameter 
, whereas Ay is nearly proportional to 6. 
portionality (a,7y) can be determined approximately from known 


The constant of pro- 
parameters by the use of equation (22). The frequency a 
itself can also be represented as a linear function of 6. This con- 
clusion is valid for beams with variable EJ and m along the 
beam, and can be shown to be true for a variety of boundary con- 
ditions other than the clamped cantilever beam used in this paper 
A limitation on 6 is given by equation (30). 

Higher-order representations of the 7-6 relation are also 
obtained as given by equations (27). Because of the approxima- 
tion used in equation (23) for the calculation of a, the use of 
A chart is 
provided as shown in Fig. 2 to show the comparison between the 


higher-order representation is deemed unnecessary. 


linear and the infinite-order representation. 


Transactions of the ASME 





Forced Lateral Vibration of a Uniform 
Cantilever Beam With Internal and 
External Damping 


The steady-state response problem of a uniform beam with a sinusoidal shaking force 
at the base is studied for the case where the beam material is the general linear sub 
stance represented by a model having an additional spring element in parallel with the 
Maxwell elements. In the analysis, the stress-strain relationship is applied only to 
the longitudinal strain of the beam, leaving the shear stress-strain relation to be that of a 
perfectly elastic material. The exact solution with a numerical example is given for one 
case where the shear and rotatory inertia effects are neglected. This result is compared 
with the solution obtained by a tabular method. The results of both methods are tn 
excellent agreement 


HO CHONG LEE 


Department of Mechanical Engineering, 
Rensselaer Polytechnic Institute, 
Troy, N. Y. 


= general linear substance, as designated by) 
Jaeger ,) 2 is represented by models shown in Fig. Be Models 


Model (a) will be Let (2, t) be the lateral displacement of a section of the beam 


measured positively downward at time ¢ and at the position z 
Gta ¥Y 


k c 
4 A 
t— \ 
dt dt 4 


where . + g, € 


(a) and (4) are mechanically equivalent [3 
adopted in the following analysis. The stress-strain relationship 


for this model is given as 


do de 
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Nomenclature 


lateral displacement at any sec- 4 = cross-sectional area of beam, sq 


tion z, in. in. 

bending moment at any section = area moment of inertia of beam 

z, in-lb cross section (constant), (in.*) 

angle of tilt of beam cross sec- 
tion, radians 

angle of shear at neutral axis, 
radians 

numerical factor depending on 
shape of beam cross section, 
(constant), (dimensionless) 


shearing force at any section z, 
lb 

mass density of beam (con- 
stant), lb-sec* in. ~* 

p, used to indicate rotatory 
inertia terms 
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shear modulus, psi 

external damping factor (con- 
stant), lb-sec /in.? 

longitudinal unit strain in beam 
material, in /in 

unit stress, psi 

internal damping factor (cop- 
stant), lb-sec/in* 

first spring constant, psi 

second spring constant, psi 


(Continued on nezt page) 
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which is measured positively to the right along the neutral axis 
before deformation of the beam. Fig. 2 shows the free-body dia- 
gram with such a co-ordinate system. Then, the following equa- 
tions are obtained from Newton’s laws and from ‘Strength of 
Materials” as explained by Timoshenko [5], 


oy 


O*y 
ox ” ot 


ot? 
oy 


I = om 
Pl es Q 


oM 
oz 


Oy P 
- 27+? 


Ox 


oy 


ox 


f o2dA 
A 


oo Be + O€ 
= Pe 
ol ’ ot 


= k’y’AG = 
=-—2 
M = 
o+a 
The combination of equations (5), (6), and (7) gives 


oy 


olor 


= (8) 


By eliminating Q, ¥, and M from the foregoing equations, one 
obtains the differential equation for free vibration of the beam: 


l Ke sé 
rrerzr 1 MIYe T ona | MiK2 | Vee + aa? > KiXs J Vere 
a*h? a*h? a,? 


Koks . 
Kiksb*y. 24 


> Veceee 


. T K2KSYe222t — 
a’a,? 


. cast) Yeu T 


Ke 
+ Ki KoK3K »*) tne 
¢.” 


r 


(1 + Kks)¥r2ne = 0 
(9) 


where subscripts indicate the partial derivatives with respect to 
the corresponding variables, respectively, and a, b, ki, K2, Kz, and 
Ks are constants defined in the Nomenclature. The rotatory 
inertia terms are also distinguished by subscript r for later use. 
The same differential equation can be obtained by the variational 
method (see footnote 1). 

For forced vibration, the base of the beam is assumed to be 
sinusoidally shaken in the following analysis. Two co-ordinate 
systems, one Newtonian (y, z) and one moving co-ordinate system 

Y,2z), areused. Let the vertica! axis of both co-ordinate systems 
coincide as shown in Fig. 3. Then the lateral displacement in the 

















dy 
I> 4 





Fig. 2 Free-body diagram 





in b, sin wt 
a oe 


“NEUTRAL AXIS OF BEAM 





See 





LY (x, t) 





Fig. 3 Co-ordinate systems 


Newtonian sense is 

y(x, t) = ¥(2, t) + by sin wt 10 
where / is the maximum displacement of the moving co-ordinate 
system and w is the phase velocity of the driving force. In the 
new co-ordinate system, the same procedure as used before can be 
followed to obtain a differential equation for the forced vibration. 


This, however, is equivalent to substituting equation (10) into 


> K2 
K\ Ke } a oT ret 
a*h? 
Ks l + ps _ KKs .. 
- ee Kikeb? } Y¥ gree + ee Y ceete 
a? \a,? a’a,? 
si l , Ms 
— Kiksb?Y,.. — > <a 
a, a* 
Yy Ko 
( 1 + KoKs ws —K; + ad 
zz a%h? 
KoKs l 
- — bo cos wi + - 
a*a,? a*h? 


+ cash) | bow* sin wt (11) 


equation (9) which gives 


e 
sane t mY, + ( 


a*h? 


+ Kok3} xrrzzt 


+ Kukskob*) Y sett 


T Kiks 





Nomenclature 


= normal distance from neutral 
surface to any elemental strip 
in cross section of beam, in. 


length of beam (constant), in. 


spatial distribution of cosine 
component, in. 

spatial distribution of sine com- 
ponent, in. 


cosine component of bending 


moment, in-lb 
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sine bending 
moment, in-lb 

argument factors for spatial dis- 
tribution of vibration, in.~! 

vibration amplitudes of base, in. 

phase velocity of driving force, 
rad /sec 

first natural frequency of un- 
damped beam, rad /sec 

time, sec 


/ 


vV-1 


component of 


c/k 

E 

c(k + E)/k 
E/p 

E/p, = a* 
I/A 

n/EI 

c/k 

1 + (k/E) 
k/E 
E/k'G 
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The solution of the steady-state response takes the form, 


Y(z, t) = u(z) cos wt + v(z) sin wt (12) 
Here u(z) and u(r) are the spatial distributions of the cosine and 
sine components, respectively, of the motion, and w is the phase 
velocity of the driving force. Substituting equation (12) into 
equation (11) and letting the coefficients of cos wt and sin wt in- 


dividually be zero, one obtains 


Bu® + Cu + Dv@ y + Fv = —Fbo 


u‘? + 


—Du® — Eu® — Fu + —Ch, (14) 
where parenthesized superscripts indicate the order of derivatives 


with respect to z, and 


F = 


Ke 
xo — “ 
a*h? 


After successive differentiation, v can be eliminated from equa- 
tions (13) and (14), giving 


P'u™ + 2Q’u® + (2R’ + W')u™ + 2X 


where 


Similarly, 


P'v® + 2Q’v + (2R’ + 


—Z'bo (16) 

Equations (15) and (16) are eighth-order ordinary differential 
equations. 
given, the general solution is obtained by finding eight roots from 
the characteristic equation which is biquartic since the differential 
only 


When the numerical values of all the parameters are 


even-order derivatives. The general 


solutions, u(z) and v(z), therefore, will have eight constants each 


equation contains 
and a total of sixteen arbitrary constants. However, equations 
(13) and (14) furnish the required relations between the arbitrary 
constants of u(z) and v(x), so that eight arbitrary constants re- 
main. These eight constants are determined by the use of proper 
boundary conditions for a specific problem. To demonstrate the 
procedure, a more detailed solution is given in the following sec- 
tions for a simpler case without shear and rotatory inertia effects. 


Case Without Shear and Rotatory Inertia Effects 
For this case 1/a,? = 
reduces to 


ks = 0, and the differential equation (11) 
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} ttt t Kok3} zerzt 


1 Ke 
, 1 eV, 4 1 - +x) Y 
F sini Ki Y, (= ca) Yu + at? 


K 1 : 
— of bow cos wt + ( + cs) bow? sin wl 
a*h? a*h? 

(17) 


This equation now becomes 


1 Ke 
uo) — + KK: | Wu + KK” + | KW — — 
a*h? a b? 


a) : 
~ (1 — =; a) bo (18) 
a*o 
oo — ( : + cin) 
a*h? 
l 
= mr + K)Ke } why (19) 
a*v 


(20) 


Ke 
a ust 
a*h? 


A’u®™ + 2B’ — C’)ul 


— Kxwu — (xo ~ 


+ D'u 


A'v® + 2(B’ — C’p + D'r = (21) 


where 


A'= 


1 + K2"K;%w? 


B’ = KKxww" 


1 
Cc’ = ( + =) w? + 
a*}? 


1 
K;*w? + (+. + xe?) wt + 


If the differential operator be denoted symbolically by D, one 
readily obtains 


Ko"Ks 
a*h? 


K:? 


D' = ave uf 


Dp —B’ + C’ + |(B’ — C’)? — A’D"|'* 


a, + iB; 
A’ 


where a; and 8; are found to be 


1 + Koy? 
- ab? 


1 + K2*K3*w? 


— Ki KoK4 


w? 


K2Ks 


. 24 x,/ 2 2) 
at? w Ki(l + Ke*ksw 


A, = 


a te Ww 
1 + K2?K3*w? 
so that 
D = {+(¢ + ip), +i(¢ + ip)} 


where 
ty 7 - | " 
a= VA LVat + Bt + Vin (Vout +B? +) ] (24) 


; / r . 
p= Vy [¥ a,? + B,? — Vv: 2(V a? + B,? 4 a) | (25) 


Using equations (18), (19), (24), and (25) to obtain the required 
relations between the arbitrary constants of u(x) and x(x), one 
finds the general solution to be 
u(x) = C, cosh gz cos pr + C2 sinh gz cos pz 
+ C; sinh gz sin pr + C, cosh gz sin pz 
+ C; cos gx cosh pr + C;, sin gz cosh pz 


(26) 
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+ C; sin gx sinh pr + C; cos gz sinh pz 
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w(x) = —C; cosh gz cos pr — Cy sinh gz cos pz 
+ C; sinh gz sin pr + C2 cosh gz sin pz 
+ C; cos gx cosh px — Cs sin gx cosh px 


— Cs sin gz sinh pr + Cs cos gx sinh pr — bo (27) 
It is interesting to note that equations (26) and (27) can be ob- 
tained directly from the solution for the undamped case by the 
use of complex inertia and modulus. The differential equation 
and the general solution, respectively, for the undamped vibration 

are 
d*y 


— rly = rdy (28) 


dz* 


x) = C, sin re + C: sinh rz + C; cos rz 

+ C,cosh rr — 6) (29) 
where r# = pAw?/EI, and 6y is the a:nplitude at the base. The 
solution for the damped case, equation (12), can be expressed as 


Y(z, t) = u(x) cos wt + v(z) sin wl 


= Re | P(x) — tot } 


where Re represents the real part and ®(z) = u(x) + ir(z). 
Hence, if a complex solution is assumed, one finds the differential 
equation to be 
d‘® wi La 
— (KZ)® = KZ(ib) 


dx* 


where KZ = a, + if, as given by equations (22) and (23). The 
comparison of equations (28) and (30) leads to the solution of r* 
= a, + if, which gives 


{ . , ‘ 
r= ,+(q + tp); +uq + ip)} (31) 


Therefore one replaces r in equation (29) by the complex roots of 
equation (31), do by ao + tbo (here ao = 0), and the C by complex 


constants to obtain 
P(r) =m tytys tm = u(z) + iv (z) 


where u(x) and v(x) have the same form as the general solution, 
equations (26) and (27). Here KZ is the product of the complex 
inertia and the complex flexibility, equivalent to pAw?/E/ in the 
undamped case, and gives the four roots of equation (31). This 
method, therefore, requires only the determination of the com- 
plex flexibility which can be found independently by deriving the 
moment equation M = Y,,/Z and using the operator d/dt = 
—iw. For the general linear substance, the complex flexibility is 


found to be 

: 1 + Kok? + tkoK mw 

Z= : - 

EI(1 + k2*k3*w?) 
Since the complex inertia K = (pAw* + inw), the product AZ be- 
comes Q if; which immediately gives the four roots. 
If the solution for a cantilever beam is to be obtained, one finds 

the required boundary conditions to be 


Y(0, 2) = u(O sin wi = 0 


cos wi + v(0) 


oY(o, t 
or 


= u(0) cos wt + v™(0) sin wt = 


M(L, t) = P(L + T(L) sin wt = 0 (35) 


cos wl 


Q(L, t) = P®(L) cos wt + 7(L) sin wi = 0 (36) 


where P and 7 are cosine and sine components of the bending 


moment, respectively. Equations (33) and (34) give 
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Substitution of equations (12), (35), and (36) into equation (8), 


in which y = 


Y, for this case, gives 


KoKqW 


° ; 41) 
Ll + Ke*Kyw* 
The remaining four constants will be determined from the fore- 


going equations. 


Numerical Example 

For the purpose of illustrating the theory, parameters are 
arbitrarily chosen as follows: 
12 in.; 


p = 0.733 X 1073 lb-sec?/in‘: L 


1 = 0505 


lin. = 2 in.? 360 rad /sec: 


10° psi; & = 15 X& 10* psi; « 


n = 0.05 lb-sec/in?; b 


1.1724 x 


I 
7 = 0.0104 in *; = 
12h? 


= 1.6667 xk 1073 
0.5; 
a, = 1.1973633 K 10-4; B, = 0.741765198 « 1074 
Kok qW 


p = 0.015057; = 0.1948 


= 0.107895; 
T Ko"k aw? 


Equations (38) to (41) with equations (26 
the following simultaneous equations: 
0.754939C, 


= 0.182013 


2.645863C, + 3.136476C, + 0.381374C 


1364760, 
= 0.351706 


0.381374C, + 0.754939C, — 2.645863C 
O.809870C, 
= 0.34897 


0.789310C, + 2.797340C, + 0.5888400, 


.789310C, — 2.797340C, = 
— 1.24057 


0.588840C, + 0.809870C, — 


from which one obtains 


0.178 7; Cs; = —0.97198960; 


C,; = —0.20969391; C. 


0.72529153 


With the foregoing constants known, u(r), o(x), P(r), T(x) 
P©(zx), and T(z) are calculated and plotted in Figs. 4 and 5. 
In Fig. 5, these values for the undamped case, where u = P = 


P® = 0, are plotted for comparison. 
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FROM EXACT SOLUTION 
FROM TABULAR SOLUTION 
—— UNDAMPED CASE 


FROM EXACT SOLUTION 
FROM TABULAR SOLUTION 














J 





MASS NUMBER 


Fig. 4 Displacement, moment, and shear distribution of cosine com- 
ponent 





Tabular Methed. The foregoing exact solution was checked with 


the tabular method, developed by Myklestad [4]. In his scheme 


MASS NUMBER 


Mn»+w? is replaced by 
, t, and shear distribution of sine component 


Fig. 5 Displ 





tabular method by dividing the length of the beam into six equal 
intervals. Then following Myklestad’s notations, one finds in 
addition to the quantities given in previous sections, 


where 


and y,+1 is replaced by ¢=.... = 1s = 2in.; le = 1 in. 


(3 + a hy 
Ynti ao T 9%); 3 Ib sec?/in 


, = 0.733 X 10 


where a) + iho describes the motion of the base of a beam. In- m.w? = 95 lb/in 


stead of the flexibility 1/£7, one has to find the complex flexibility 
Z, which for the general linear substance is 


, 


= wl, = 36 lb /in, 


(1 + K2*xw* 1K Ke) Z = (2.72178 + 0.5302177)10 * 


Z= . ere 
EI(L + K2*xs*a* Vu. = Zl, = (5.44356 + 1.060434i)10-, sn 


The parameters of the previous section were adapted to the Vaes = Zle = (2.712178 + 0.532177)10~* 
Table 1 
1 2 3 4 5 
ge = (2) + K3) he = (3) + Val4) Hg X 10°-* = (4) + 5) Go & 
Tr + Unl4) + Upl(5) + Vp(5) for (pn — 1) =(5) + 
for (pn — 1) for (n — 1) 
0.000095 + 0.000036i 1 
0.000095 + 0.000036i 2 1 0 
0.000095 + 0.000036 4.00063862 0.00039561i 1.00095793 + 0.00059342i 0.0003800 + 0.00014400i 
0.000095 + 0.000036i 6.00638630 0.00395638i 1.00574774 + 0.00356089i 0.00152009 + 0.00057612i 
+ 
+ 
+ 


mu? + iwK’ io” 
(1)(2) 

0 0 

0.0001900 + 0.00007200i 
0.00057005 + 0.00021606i 
0.00114051 + 0.00043267i 
0.00190265 + 0.00072345i 
0.00285943 + 0.00109230i 
0.00285943 + 0.00109230i 


0.000095 0.000036: 8.02937864 0.01820271i 1.01916115 + 0.01187367i 0.00380114 + 0.00144145i 
0.000095 0.000036i 10.09325729 + 0.05779804i 1.04791418 + 0.02970691i 0.00760641 + 0.00288836i 
0.000000 0.00000 11.15195782 0.09420040i 1.07068747 + 0.04384600i 0.01046583 + 0.00398066i 
9 


8 
10° = (8) + (9) GX 10°* = (9),_4 
for (n — 1) + (1)[(6) + ay + boi] 


(0.00009500 + 0.00003600i)y: 


7 
h = (7) + Val8) + Vel9) HX 


for (pn — 1) 


6 
g = (6) + 7) + Usl8) + Url9) 
for (n — 1) 


Journal 


y 


(1.00031931 + 0.00019781i)y 
— 0.00019781 + 0.00031931i 


(1.00287384 + 0.00178038i)y 
— 0.00178038 + 0.00287384i 


(1.01149617 + 0.00712317i)y 
— 0.00712317 + 0.1149617i 


(1.03193933 + 0.01979766i)y 
— 0.01979766 + 0.03193933i 


(1.07188806 + 0.04459418i)y 
— 0.04459418 + 0.07188806i 


(1.10210733 + 0.06337658i)y, 
— 0.06337658 + 0.10210733i 
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0 0 


(0.00047896 + 0.00029671i)y 
— 0.00029671 + 0.00047896i 


(0.00239491 + 0.00148373i)y: 
— 0.001483735 + 0.00239491i 


(0.00670670 + 0.00415639i)y: 
— 0.00415639 + 0.00670670i 
(0.01437651 + 0.00891662i)y; 
—0.00891662 + 0.01437651i 


(0.02637508 + 0.01638363i)y; 
—0.01638363 + 0.02637508i 


(0.03430583 + 0.02133540i)y: 
—0.02133540 + 0.03430583i 


(0.00019000 + 0.00007200i)y 
— 0.0007269 + 0.00019000i 


(0.00057005 + 0.00021606i)y, 
— 0.00021606 + 0.00057005i 


(0.00114051 + 0.00043267i)y, 
—0.00043267 + 0.00114051i 


(0.00190265 + 0.00072345i)y: 
— 0.00072345 + 0.00190265i 


(0.00285942 + 0.00109230i)y; 
— 0.00109230 + 0.00285942i 


(0.00343804 + 0.00131955i)y; 
— 0.00131955 + 0.00343804i 
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—0.00003600 + 0.00009500i 


(0.00019002 + 0.00007203i)y, 
—0.00007203 + 0.00019002i 


(0.00028523 + 0.00010830i)y, 
— 0.00010830 + 0.00028523i 


(0.00038107 + 0.00014539i)y, 
—0.00014539 + 0.00038107i 


(0.00047839 + 0.00018442i)y, 
—0.00018442 + 0.00047839i 


(0.00057861 + 0.00022725i)y, 
—0.00022725 + 0.00057861i 


(0.00057861 + 0.00022725i)y: 
—0.00022725 + 0.00057861i 
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Table 2 

—0.0327309 + 0.0379268i 

(2) (6) 

0 —0.1688296 + 0.2740212i 
—0.06546180 + 0.07585360i —0.25983322 + 0.30361624i 
—0.13095950 + 0.15171847i —0.26256092 + 0.30654174i 
—0.19674448 + 0.22767352i —0.27176136 + 0.31638335i 
—0.26349916 + 0.30393285i —0.29358429 + 0.33973692i —0.03008 + 0.03580i 
—0.33255350 + 0.38091317i —0.33626682 + 0.38536551i —0.00371 + 0.00445i 
—0.36858634 + 0.41987481i —0.36858672 + 0.41987481i 0 


—0.2594949 + 0.3032494i 
y = (6) — (2)9 
—0.2595 + 0.30325i 
—0.19437 + 0.2278i 
—0.1316 + 0.1548i 
—0.07502 + 0.0887i 


= rn = 


Table 3 

(4)o (8) M,(10~*) = (4)@ — (8) 

0 0 0 

0 —0.00014313 + 0.00022894i —0.00014313 — 0.00022894i 
—0.00001789 + 0.00000970i —0.00042951 + 0.00068685i —0.00041162 — 0.00067715i 
—0.00007160 + 0.00003879i —0.00085990 + 0.00137409i —0.00078830 0.00133530i 
—0.00010934 + 0.00009698i —0.00143657 + 0.00229190i —0.00132723 0.00219492i 
—0.00036029 + 0.00019600i —0.00216554 + 0.00344309i —0.00180525 0.00324709i 
—0.00049353 + 0.00026665i —0.00261185 + 0.00413820i —0.00211832 0.00387155i 


Table 4 

(5)o (9) 
0 —0.00007157 
—0.00000895 + 0.00000485i —0.00014318 
—0.00002685 + 0.00001455i —0.00021516 
—0.00005374 + 0.00002910i —0.00028837 
—0.00008972 + 0.00004848i —0.00036449 
—0.00013502 + 0.00007270i —0.00044631 
—0.00N13502 + 0.00007270i —0.00044631 


S(10-*) = (9) — (S)e 
—0.00007157 + 0.00011447i 
—0.00013423 + 0.00022410i 
—0.00018831 + 0.00032908i 
—0.00023463 + 0.00042980i 

+ 
+ 
+ 


0.00011447i 
0.00022895i 
0.00034 363i 
0.00045890i 
0.00057560i 
0.00069510i 
0.00069510i 


—0.00027477 0.00052712i 
—0.00031129 0.00062240i 
—0.00031129 0.00062240i 
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Bars,’’ Earthquake Research Institute, Bulletin No. 6, March, 1929, 
pp. 63-70. 
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Eigenvalue Problems of the Buckling 
and Vibration of Plates 


In a recent investigation,' a method was given for the approximate solution of certain 
boundary-value problems 
tal computer and is extended here to investigate the eigenvalue problems of the buckling 
under two-dimensional hydrostatic loading and the vibration of thin plates. 
dimensional hydrostatic buckling loads of clamped square and equilateral-triangular 
plates are found by this method, the values agreeing well with the results obtainable by 


This method lends itself well to the use of the electronic digi- 


The two- 


other methods where these results are known. 


= solving boundary-value problems, a series 
solution to the differential equation may be written, but it is 
impossible to meet the required conditions at all 
To overcome this difficulty, the bound- 


frequently 
points on the boundary. 
ary conditions may be met only at discrete points, retaining 
sufficient terms in the series solution to meet the conditions at 
these points. The greater the number of points chosen, the 
greater in general will be the accuracy of the results, and the value 
of the electronic digital computer in solving the resulting simul- 
taneous equations is immediately apparent. 

The foregoing approach has been successful in the approximate 
solution of a number of boundary-value problems,' and will be 
extended here to the solution of certain eigenvalue problems of 
plates. It will be illustrated by the problem of the buckling of 
clamped plates in a state of two-dimensional hydrostatic stress 
Application of the boundary conditions then leads to a determi- 
nant, the roots of which give the buckling load. The method for 
investigating the vibrations of plates also will be indicated. 


Analysis 
From the small-deflection theory of plates, the Lagrange dif- 
ferential equation to be solved is, with the usual notation 


DV‘w = gq (1) 


For a plate in a state of two-dimensional uniform compressive 
stress P/h acting in its plane where A is the plate thickness, we 
write q = —PV*w for buckling and obtain 


VxV2 + k*?)w =0, k? = P/D. 


Considering solutions in the polar co-ordinate form w = F(r) cos 
n@ the differential equation in F(r) is obtained yielding the solu- 
tion 


1H. D. Conway, “‘The Approximate Solution of Certain Boundary- 


accepted for publication in the JouRNaL or Ap- 
See also J. Barta, “Uber die n&iherungsweise 
Elastizititsaufgaben,"”” ZAMM, 


Value Problems,”’ 
PLIED MECHANICS. 
Lésung einiger zweidimensionaler 
vol. 17, 1937, p. 184. 

Presented at the Summer Conference of the Applied Mechanics 
Division, University Park, Pa., June 20-22, 1960, of Tae AMERICAN 
Society oF MecHanicaL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1960, for publication at a later date. Discussion 
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> 


p (A, J.(kr) + B,Y,(kr) + C,(kr)" + D,(kr)~*] cos n6, 
n=Q@0 
(3) 


w= 


where J, and Y, are Bessel functions of the first and second kinds, 
respectively. 

This is the equation commonly used for the analysis of the 
buckling loads of a circular plate in its various modes with nodal 
circles and diameters. However, it will be utilized here for ob- 
taining the buckling loads of clamped plates having arbitrary 
boundaries. It will first be illustrated by the problem of the 
clamped square plate because this is relatively simple, has been 
the subject of a considerable number of investigations, and close 
bounds on the value of the buckling load P are well known. It 
therefore provides a good example for testing the present method. 

Fig. 1 shows the clamped square of side 2a together with the 
loading and co-ordinate system adopted. Because of the axes of 
symmetry of the plate, the values of the integers n in equation (3) 
must be multiples of four. Retaining only six terms in equation 
3), and omitting Y,,(kr) and (kr)—", because they become singu- 
lar at the center of a solid plate, we write with a slight change of 


notation, 


w = AJdkr) + B + CJA kr) cos 46 + Di(kr)* cos 40 
+ EJ,(kr) cos 89 + Fikr)® cos 86 4) 


The boundary conditions of zero deflection and radial slope are 





Fig. 1 Co-ordinate system and loading for a square plate 
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satisfied along the clamped edges, the particular edge points being 
chosen at @ = 0, r/8 and w/4 for their obvious simplification of 
By symmetry, this results in meeting these condi- 
Substituting 


equation (4). 
tions at a total of 16 points around the boundary. 
the six boundary conditions into equation (4) yields the following 
set of homogeneous equations, written in matrix form as 


J ka) (ka)* 


J ,'(ka) 4(ka)* 


0 


—J(V/ 2 ka) —4(ka)* 





—J,'(V 2 ka) — 16(ka)? 


where the primes indicate differentiation with respect to the 
argument, kr. 

For a nontrivial solution of equations (5), the determinant for 
the coefficient matrix is set equal to zero, and roots of ka must be 
determined to give the desired nullity. The implicit form re- 
quires an iterative type of solution to converge to the answer. 
By desk calculator, this is a laborious process, but use of the IBM 
704 digital computer only requires approximately 16 millisec per 
iteration. 

The result obtained for this example is a value of the buckling- 
load parameter ka equa! to 3.622. This compares favorably with 
the corresponding upper bound of 3.626 reported by Timo- 
shenko? using a Rayleigh-Ritz method and the lower bound of 
3.616 obtained by Taylor.* 

It is of interest to examine also the result obtained by meeting 
the boundary conditions of the plate only at its mid-points and 
corners. This is obtained by considering the first four terms of 
equation (4), which results in deleting the third and fourth rows 
and fifth and sixth columns of the coefficient matrix in equation 
(5). The value of the buckling-load parameter ka obtained in 
this case is 3.09, which represents a deviation of only approxi- 
mately 2 per cent from the foregoing results. 

As a further example, the corresponding problem of the buckling 
of a clarmped equilateral triangular plate will be considered. This 
problem is chosen partly because, to the authors’ knowledge, no 
solution for it has thus far been presented. In particular, the 
equilateral triangle shown in Fig. 2 of side ~/ 6 a is chosen, for it 
is circumscribed by the same circle as the square of side 2a and 
therefore allows for some comparison of buckling loads between 
the two 

Equation (3) is used again, with the integers n now appearing as 
multiples of three because of symmetry. Applying the boundary 
conditions of zero edge deflection and radial slope at points cor- 
responding to 6 = 0, 7/6, and 7/3 results in meeting the condi- 
tions at 12 external points. The resulting 6 X 6 determinant is 
set equal to zero, vielding a buckling-load parameter ka, of 5.08. 

2S. Timoshenko, “‘Theory of Plates and Shells,”’ McGraw-Hill 
Book Company, Inc., New York, N. Y., 1940, p. 321. 

3G. I. Taylor, ‘‘The Buckling Load for a Rectangular Plate With 
Four Clamped Edges,"’ Zeitschrift fiir angewandte Mathematik und 
Mechanik, vol. 13, 1933, p. 147. 
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Similarly, meeting the conditions at only the six corner and 
edge mid-points results in a value of 4.90. 

It is interesting to note that reducing the number of boundary 
points gives different effects in the two examples. In the case of 
the triangle, the removal of the quarter points resulted in a lower 
buckling load; however, for the square it increased the value 


[ A ToT 


S(kay B 0 


J s(ka) (ka)§ 


Js (ka) 


—J5( ka sec */s —(ka sec */.)* 


—J," (ka sec */;) —(S8ka)’ (sec */,)8 


Jil V/ 2 ka) 16(ka)® 

















Je'(4/2 ka) 128(ka)? 





16/2 [a/2 
wg YOO E Voo/e oul 


58nd, ltri 
‘al-tr 





Fig. 2 Co-ordinate system and loading for an eq 


It can be seen that the foregoing method of analysis represents 
a powerful tool for obtaining buckling loads of plates of arbitrary 
shape under this loading, particularly when high-speed computa- 
tional equipment is available. A similar procedure may be used 
to determine the vibration modes and frequencies for plates of 
arbitrary shape, by satisfying the differential equation of motion 
exactly and applying the desired boundary conditions at discrete 
edge points. For this problem, the solution of the differential 
equation for a solid plate is 


=) 


Zz. [A,J (kr + BI, kr)| cos nO 


n= 


F = 


where the deflections are given by 


w = Fir, Oe, k* = w*ph/D. 


where p is the density and w the circular frequency. 
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Half-Space to Tangential 
Surface Loadings 


Exact and closed-form solutions are obtained for both tangential and vertical surface 
displacements of a homogeneous isotropic elastic half-space due to the application, at a 
point on the surface, of a concentrated force tangential to the plane boundary and varying 


with time as the Heaviside unit function. 
the interior of the body along a line directly below the applied force are derived. 


Similar expressions for the displacements in 
Solu- 


tions are obtained by a semi-inverse method with the aid of Laplace and Hankel trans- 


forms. 


The reciprocal relation in the static case, between tangential displacement due 


to a vertical force and vertical displacement due to a tangential force, is preserved in the 


dynamic case. 


a dynamic response of an elastic half-space under 
the action of a time-dependent concentrated force has attracted 
the interest of many applied scientists [1]. Owing to the com- 
plexities of the mathematics involved, all of the literature con- 
cerning this kind of problem has been confined to axial sym- 
metrical or two-dimensional cases, where the concentrated force 
is acting perpendicular to its plane boundary (or a line source 
acts on it). 

The present investigation considers the response of an elastic 
half-space to tangential surface loadings, and therefore cannot 
use the simplifications which accompany axial symmetry. In 
this paper, surface displacements and displacements directly 
below the applied force, which varies with time as the Heaviside 
unit function, are obtained in closed form with the aid of integral 
transform techniques and a semi-inverse method. 


Formulation of the Boundary-Value Problem 


Governing Differential Equations. [or an isotropic elastic body, 


the displacement u, in the absence of prescribed body forces, 


satisfies the equation: 
A+ w)VV-u + wV?2u — pi = 0 (1 


du /dt, \ and uw are Lamb’s elastic moduli, and p is 
The stress tensor 6 is related to 


where u 
the mass density of the body. 
the displacement by: 


6 = AV-ul + w(Vu + wT (2) 


‘The results presented in this paper are based on a dissertation 
submitted in partial fulfillment of the requirements for the degree 
of Doctor of Philosophy, in the Faculty of Pure Science, Columbia 
University. The investigation was sponsored by the Office of Naval 
Research. The author is indebted to Prof. Bruno A. Boley, his 
thesis adviser, for the criticism and advice received. 

? Formerly Research Assistant, Institute of Flight Structure, Co- 
lumbia University, New York, N. Y. 

? Numbers in brackets designate References at end of paper. 
Reference [1} contains a detailed review of the literature. 
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The vector u can be expressed in terms of a dilatational scalar 
potential ¢ and an equivoluminal vector potential g according to 


w=Vet+AxXeg (3) 


V-s = 0 (4) 

Then equation (1) will be satisfied if ¢ and g are solutions of 
the following set of wave equations 
ave — ¢ 
bV's — § 


where 


U = Liu) and & = Lié) 
denote the Laplace transforms of ¢, g, u and 6, respectively. 
Then, if the medium is initially at rest, the Laplace transforms 


of equations (2), (3), (4), (5), and (6) are 
> = AV- Ul + w(VU + UV) 
U=V%+VxG 
V'G=0 
Vd — h*d = 0 
VG —-kG=0 
where 
h = p/a, k = p/b (lla) 
and p is the Laplace transform parameter. 


Boundary Conditi The boundary conditions on the elastic 


half-space z > O with traction-free surface z = 0, when a con- 
centrated force parallel to its plane boundary is applied inside the 
medium and varies with time as a Heaviside unit function, will 
now be taken up. 
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Consider an infinite elastic medium, initially at rest acted upon 
by a concentrated force at (0, %, C), parallel to the z-axis (@ = 0), 
of magnitude F and varying with time as a Heaviside unit func- 
tion. The displacements, denoted here as Uy, can be easily ob- 
tained from the Stokes-Love solution for the infinite medium 

2, 3, 4]. The Laplace transforms of the displacement com- 
ponents given by that solution in cylindrical co-ordinate system 


F cos 0 | o? (— _ a) , | 
= ie - = — _ bo on - 
4mrpp* |or? R, R, 


a EB (ment 
06 = 4m pp* r Or R, 


: F cos 6 oF (— - 


are: 


Vor 


— 


4rpp* or oz 


where 


— c)* (12a) 
If now a force equal but opposite to the foregoing acts at (0, 
6, —c), then the response of the medium to this force will be de- 


noted by 


Ure = —Uni(0, 6, —c; r, 8, z, p) (12b) 


The Laplace transforms of the tractions on the plane z = 0 
caused by these two forces are easily found to be 


uF cos @ 9 ms 
2rpp* oc “ 


“4 = 


uP sin 6 oO | 2 
2rpp* or 


>, = 0 


a 
where 


R? = r?+ c? (13a) 


If U is a displacement function for the medium z > 0 which 
produces equal and opposite tractions to those of equation (13) 
on the z = 0 plane, then Up; + Use + U will be the displacements 
of an elastic half-space with traction-free boundaries and acted 
upon by a concentrated force of magnitude F at (0, %, c), parallel 
to its plane boundary and varying with time as Heaviside unit 
function. It is therefore the Laplace transform of the desired 
solution. 

Since U,; and Us: are known from equation (12) it is now neces- 
sary to determine U to complete the solution. In other words, 
we are seeking the solutions to equations (9), (10) and (11) under 
boundary conditions which, from equations (7), (8) and (13), 
assume the following form: 


0°Ge 1 0G, Ge 


>» ve + O°Gs 
2 = ab = - - > 
° Or Oz Or? r or 
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Method of Solution 


From the foregoing formulation, it is seen that the 6-variations 
in the boundary conditions appear in the form of either cosine or 
sine functions. Further observations of the boundary conditions 
of equations (14) and (15) show that linear combinations of the 
quantities ®, Gs, dG,/d08, 0G,/d08 are proportional to cos @ and 
l near combinations of the quantities G,, 0°G,/06*, G,, o&/d8, 
0Ge/06 are proportional to sin @ on z This suggests 
that the solution may be taken in the following form: 


= 0 plane. 


P(r, 6, z, p) = Ar, 2, p) cos 8 


Gor, 0, z, p) = Hor, z, p) cos 0 
= 1/2[H,(r, z, p) — H2(r, z, p)] cos 8 
(17) 
Gr, 0, z, p) = H,(r, z, p) sin 0 


= 1/2[H,(r, z, p) + Her, z, p)) sin 0 


G,(r, 9, z, p) = Hr, z, p) sin 0 


By substituting equations (17) into equations (8), (9), (10), 
(11), (14), (15) and (16), with some manipulations‘ to maneuver 
the differential equations and boundary conditions in such a way 
that further simplification by Hankel transform can be performed, 
we have a set of new equations to describe our boundary-value 
problem in terms of Q and H in the following manner 

Three equations defining the displacements of the medium: 


| 2 _ A, ,, XH — Ms) 
7 aati 2 


“0s 6 U', cos @ (18) 
or - } ds ]- 1 CO 


[_ @ | XH +H:) _ oH, 
L 


r Oz or 


| sino = U,sin@ (19) 


ae [ Ah H:) _ Hz | 22 | cos 0 Creu 
Tr 


r Oz 


Three boundary conditions on the plane z 


o*y O7H, 
dz? or Oz 


ye +p [2 


>? 


a Q H ( 
-(rQ +r + 
” or? 


or dz 


F 0  ( oF 
Tpp* Oc or? 


>) 
oo + 
or 


Pa) | }° (2 p—hR — o-kR 
ia = - , SE é 
Tpp* oe or \r Or R 


One constraint condition between H,, He, and H,: 


4 See reference [1] for detailed algebraic manipulations. 
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re) oH, 
— (r*H.,) + . (24) 
ra) 


r? Or or 


Four governing differential equations to be satisfied by Q, Hi, 
H,, and H,: 


o*H, 
Oz? 


7H, 1 OH, 
ti a. a 4 


- } — k*H, =0 
or? r or 


(25) 


O° 1 OH: 1H, 
> i. at aa oe 4 


0*H: 


> k*H, 
or? r Or r? oz 


oH, 12H, A, . WH, 
+- - + - 


k*H, = 
or? r or r? oz? 


] o*g 


4. - - 4. = —h*Q=0 (28) 


or? 


[4] of the zeroth order for 


.*) 


Now take the Hankel transform 
(25), of the first order of equations (21), (24), 


With 


equations (22), 
(27), (28), and of second order for equations (23), (26). 


the notation 
f, rQJ(r&)dr 


f, rH J of rt \dr 

4 rH,J<{r&)dr = 
0 

f, rH,J, r&)dr 


and making the usual assumption that the functions behave 
properly at zero and infinity, we finally have 
dy 


7 (€? + h*?)y = 0 
az 


er 
dX ~ (2 - 
dz? 


d™y 


dz? 


| aay +m (2 


ri - at 
2 (+x) - FF - — 
z dz? |, 


« 1£%p—(E*+h%)'/%¢ _ ots 
s s 


mpp* 
| -28 Weer 4 =| 
: mo 


dz dz? 


| 
7, gre tate — grt ey | 
™pp 


The general solutions to the set of equations (30) are 


§ See Appendix for formulas used in this derivation. 
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= Ae thts 4 4 olt*+an'/2 


f= Be~ +h) 4 Bilt +h)'/%2 
9 = Ce~ 8+ kt)'/tz + Cie? + kt) '/tz 


1/ 1/ 
X = De~E+k)'A2 4 Dipltt+hy'/%e 
where the coefficients A, B, C, and so on, are arbitrary functions 
of fand p. It is seen that, if the solutions are to remain finite at 
infinity, the arbitrary functions A;, B,, C;, and D,; must be zero. 
Therefore substitution of equations (32) with A; = B, = C; = 
D, = 0 into equations (31) yields the solutions of y, [, 7, x as: 

> —(E7+A2)'/ 22 

y = Fe t(£2 4. 42)'/21atae — (€*+A2)'/ 2c 

2M $\s ' \-—% 

wpp?: 


— (2E* + ktje~ + H)'Me] 


Fe7(@+%) tz 
ape ‘HOR + my 


-_ 2&4 &? + fA?) ‘4 £2 ot kt)" Ye (+k) 2 


— (2E? + k*)E%e— EAN /%} = (33) 

Fe~(e+k)'/%2 :, 
7 = pu [—(2&2 + k2)E%e — (+A) te 
rpp*M 


i/ 2)! 
+ 2¢yf2 + h2)'/% §2 + k?)' te — (€8+ k*) c] 


F t 


Qe pp? (£2 + kt)'/* 


ea (+k)! (2+) 


= 2's 


M = (2% + k*)* — 4&9 (&* + h2)'/(E*? + k*)'/* (34) 


The next step consists of the inversion of the Hankel and La- 
place transforms. The first is set up formally here; the latter is 
taken up in the next section. 

From equations (29) and the well-known Hankel inversion 
formula; we have 


Qr, 2, p) = } EWS rag 


DPD 
= . Et, Er)dé 


+P) = J En Erddg 


(35) 


H\(r, z, p) (36) 


Hr, (37) 


Hr, z, p) = f, ExJ.( Er)dé (38) 
Use of equations (35) to (38) as well as (18), (19) and (20), with 
the aid of equation (24), gives 


U+ U:= -f, [EXY — x) + Et + ke) Jf ErjdE (39) 


U.-U:= f, [EXW + x) + HE + KY) *E]Jolr)d= (40) 


Us = — fee + He + Ny + EE + NITEM 
(41) 


Equations (18), (19), (20), (39), (40), and (41) define the dis- 
placement function U; together with Up; and Us, which were de- 
fined in equations (12) and (12a), they constitute the Laplace 
transform of the solution for the case of the force at (0, %, c) 
parallel to the plane boundary of an elastic half-space. 


The foregoing analysis has been purely formal. It may be 
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verified, however, by direct substitution that the solutions 
satisfy the Laplace transform of equation (1) and the boundary 
conditions defined earlier in this paper. Furthermore, it can be 
easily proved that the transform of equation (1) has a unique 
solution under the type of boundary conditions which arise here; 
the proof is almost identical with the usual proof of uniqueness of 
solution in the theory of elasticity and therefore is omitted here. 
From Lerch’s theorem [5], it is known that to a given Laplace- 
transform function there corresponds (except possibly at points 
of a set of zero measure, i.e., within the difference of a null fune- 
tion) a unique inverse; hence the inverse of the equations cited 
will give the desired solution in the physical co-ordinates. 


Inverse Transformation 
rhe inverse Laplace transformations of equations (39), (40), and 
41) are extremely complicated and in general will not yield solu- 
tions in closed form. As an example, in an analogous problem 
which represents the case of a vertical force inside the half-space, 
even the surface displacements (i.e., the solution at z = 0) were 
expressed [6] in terms of ten complex integrals which can be 
evaluated numerically only with the aid of electronic computers. 
Therefore, in this paper, only two special cases of equations (39) 


to (41) will be inverted; namely, 


1 z=c = 0; i.e, the surface displacements corresponding to 
a tangential force acting at a point on the surface. 

2 r=c = 0; ie., the displacements along the z-axis directly 
below an applied tangential force which acts at a point (the origin ) 


on the surface. 


Solutions to these two cases can be expressed in closed form. 
Furthermore, in order to simplify the calculations, \ is assumed 
to be equal to wu (corresponding Poisson’s ratio = 1/4); it is, how- 
ever, clear that this restriction is in no way essential to the de- 
velopment presented. 

Case | oO. 
plicitly in the following forms after some algebraic manipulations: 


F ["e , 20E* + B2E%* + Okt — 12(E2 
#0 


64rpb e+ any (4 e) 
F ¢ 
6 for ub 0 


z=c= Equations (39) to (41) may be written ex- 


F } j -2 " 2\! 4 10&2k? = 


6 tor ub 


aA 
where 


B*=(3-— 73)/4 and y?= (34+ 73)/4 (44a) 

It can be seen that, except for the Bessel functions, the inte- 
grands of equations (42) to (44) are homogeneous in & and k in 
such a manner that, should a change of variables 


(45) 


the integrals of equations (42) to (44) will take the form 


W = f(z) Jy (= ) ae 
0 t 


1960 


be made, 


(46) 
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Clearly this can be rewritten as 


W = f fle, (”) dz + 4 re (™) dz (47) 
0 b 0 b 


where f(z) is observed to be real when z is real and the constant A 


- o(3) 


The second integral of equation (47), denoted here'as’ W 


is chosen so that 


lim f(z) = 0 


z—~o 


can be 
immediately integrated as 


Ab 


pr 


The first integral, denoted here as W;, can be written as’ 


x ei 
Ror] 2) (4 prey ib y*) - dz (50) 
to ) . fl 0 gy y y dy 


Now, change the order of integration and extend z to the com- 
It is seen that each of the functions f(z) has four 


W, = 


plex z-plane. 
branch points situated at 


z= +1; 


and two simple poles’ at 
(50b 


Branch cuts are now made as indicated in Fig. 1 such that f(z 


%E2 + h? 


s 


3k! 
(44) 


k*) 


will be single-valued and analytic on the z-plane in agreement with 
the previous choice of signs made implicitly in choosing the con- 
stants A;, B,, C:, and D, equal to zero in equation (32), where the 
positive signs were chosen for the quantities (£? + h*)'/? and 
(2+ k*)/*. The path of integration in equation (50) was along 
the real axis; it may be replaced by integration along the imagi 
nary axis as shown in Fig. 1, since by virtue of equation (47a 
and of Jordon’s lemma, integration along the infinite arc gives no 
contribution. Furthermore, it can be observed that integration 
along the semicircular ares around two branch points in this path 
6 See Appendix for the integral expressions of Bessel function used 


here. 

7From examination of the denominator of equations (42), (43), 
and (44), it would appear that additional poles occur at z = +i, 
+i/2. Ww ith the branch cut in Fig. 1, it can, however, be shown that 


the numerator is also zero at these points in such a manner that no 
poles arise. 
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PLEX Z- PLANE 


ted are values of (Z? + 1)'/: and (Z*? + */,)'/: on 


Fig. 1 Q 
of the imaginary axis. Paths of integration for equa- 


various p 
tion (50) 








also tends to zero as the two semicircles shrink to the branch 


points. Therefore equation (50) becomes 


. \ ! ' ° 
W, = (Ror) ip f, gyi — y*) “f, flix )e—?r¥* "idrdy 


an.'8 
+ WH (y) 2 
f yl y°) 


4 / , , - 
Res (yije" Pr dyt = Wu + We (51 
where P stands for the principal value of the integral which fol- 
is the value of f(z) along the altered path (the 
The 


lows and fi Iz 
imaginary axis) taken in accordance with the branch cuts. 
residue at the pole at z = ‘i is 


Res (yi) = [(z 


— yilflzleqvi (5la 


The second integral of equation (51), denoted there as Wy can 
be transformed by letting: 
ryy/b 


then we have 


ry/b he 
Wic = (R or 1)mi Res (7?) [ e~Pig ( ) 
ry 


It may be observed that the integrand of equation (53) is of the 


same form as that of Laplace transformation; one may there- 
fore immediately perform the inverse Laplace transformation of 


Wy, with the result: 
L-UW) = wx 
(R or I)rbi Res (vyi)g(r 
0 
where 
54a) 


T bt 


There remains to be inverted the first integral of equation (51) 
1 


namely, W,,. For this integral, let, as before, 


ryz/b 
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Fig. 2 Quantities indicated are valves of ('/; — x*)'/2, (1 — x*)'/? and 
(x? — 1*)'/t on vaiious positions of the real axis. Paths of integration 
for equation (58) 


then 


1 
Wu = (Rorl)P ji g' yl 


life 
— y?) : 


f, Slibs/ry)e—?"(ib/ry)dsdy 


- (Ror DP f, _ 
{ 
l 


f, gy 1 — y*)~'*flibs/ry)(ib/ry)dyds 


The inversion can now once again be immediately performed; 


it gives 
wy = L-(Wy 


1 
= (Rorl)P f, gy l — y*)~ /f(ir/y\ib/ry)dy (57) 


or, more conveniently, 


mu = (8 or DP f g(r /x\flixXz* — r*)—"/ib/r)dz (57a) 


Equation (57a) can be integrated for all three cases of f(z) 
corresponding to equations (42), (43), and (44). However, it is 
inconvenient to deal with the infinite integrals of the type appear- 
ing in equation (57a); it will be found that for the case of equa- 
tions (43) and (44) it is possible to replace the infinite integral by 
one over a finite range. This transformation can be performed 
when (and these conditions are satisfied for the foregoing cases) 
the integrand of equation (57a) has either no pole or a simple 
pole at the origin, and furthermore, on the real axis and the 
imaginary axis near the origin (if it is a simple pole), the inte- 
grand is real or imaginary, respectively, when the use of the 
imaginary or real part is indicated in front of the integral. 

If the foregoing requirements are fulfilled, then the integration 
variable z is again extended into the complex plane and branch 
cuts are made as indicated in Fig. 2 (which is consistent with the 
previous branch cuts of Fig. 1 and with the choice of positive sign 
for (1 — y*)~’/* in equation (50). As there are no singularities 
on the lower half of this complex plane, the closed contour integral 
of Fig. 2is zero. Hence, 
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rT<1/vV3 


es... TX6y 3 + 10)'/? 
(3 


wi = (R or ne f g(t /x)( flix)z? — 7*)~ /%ib/r)dx 


j . . ; : i Sas mur gO as 3/4)'72 = 16(r? Be 82)'/2 
—(RorlI)<P f + + i) + mi (Residues at z = y) ‘ : 
' 0 “ ia Cr TX6\/3 aa 10)'/2 
ass W/V3<r<l 
us 


i ) 16(y? — r*)'/? 
+ - (Residue at z = a (58) 


where the missing integrands are of course the same as the one &(y 2 — 72)'72 


WA. fh = /s 
| 2 - ev ~ ] l<r<y 
shown. 
Inspection of equations shows that the polynomial g(7/z) is F 
even when the real part of the integral is needed, and odd when = Qrur 
the imaginary part is needed. Furthermore, f(iz) and idx are 
real and (xz? — r?)’/*is imaginary if zisimaginary. In the interval 
from (—i@) to zero in equation (58), z is obviously imaginary, ; 
and hence the integrand is imaginary if the real part of the integral 4 3/, [3(72 
is sought and vice versa. In other words, this integral gives no + 
contribution to wy. (10 + 64/3\r? — By] 
The last integral in equation (58) goes to zero by virtue of 
equations (47a). The term in equation (58) containing the + Wil(64/3 — 10)? — 72)]'74 
residues at z = yis 


(R or I)jwt (Residue at z = )] 


b 
ort | Res (vide (2) ey — 29 (: )] (58a) 
7 r 


The last term is 


“ri ; 
(Ror /) = (Residue at x = 0) 


wb Tub a 
Ror t)| - ( ) 20( yi ix)(x? — r? | (58b) 
2r zx —_ 


and its value is finite because of the previous restrictions at this V6Fr ; 
i = }6K\ m) — 1811( 8m?, m) 
point. 32m2ur 
The final result for the integral w;, may then be written as 
— (473 — 6)IT[—(12V/3 — 20)m?2, m) 
Wi = Wuo + Win + Wy (58e) 


+ (47/3 + 6)IT[(12V/3 + 20)m?, m 


where 


_ Ror) f, gr/x)f(iz)(2? — 7*)~° %ib/r)dx (59) = = {6K(n) — 1811(8, n) 
32m *yr 

—(R or 1){mwi Res (yi)g(r/yy? — 7*)~ 7% b/r)] (60) - (4/3 — 6)N[-(123 

Wine = —(R or 1)[—(mrbi/2rr)T(0)] (61) + (4/3 + 6)IT[(12+/3 + 20), 


and 6nFr . 
T(z) rg(t/x)f(iz) (61a) ae (6K(n) — 18I1(8, n 

It may be well at this point to recapitulate our results thus far. — (4/3 — 6)IT [—(12V/3 — 20), n]} 
It is desired to invert the expressions given by equations (42) 
to (44). With the change of variables of equation (45) and with 
the subsequent alterations in the various paths of integration :; Fr 
and manipulations described in equations (46) through (61) the . Smrpur(r? — y?)/? 
results may be summarized symbolically as 


+ (44/3 + 6)IT[(12V/3 + 20), n]}} 


where 
Ui Tt Us = Wo + Ww + Wi (62) 
(67a) 
= Wo + Wy + Wino + Wi + Wie (63) 


Us = Wo + Wy + Wyo + Win + Wiz (64) 

(67b) 
where the functions wo, wi, Win, Wo, Win, and Wye are given by 
equations (49) (54), (57), (59), (60), and (61), respectively. Of /2 40 
course these functions are calculated using the appropriate ex- K(z) = f - (67c) 
pression for f(z) in each case. o (1 — z*sin? 6) 2 

The detailed calculation of the foregoing quantities are carried x/2 40 
out elsewhere and therefore omitted here. The final results for I(y, x) = - es (67d) 
: f (1 + ysin? #1 — z* sin* @)'”? 


the case z = c = Oare: 
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are complete elliptical integrals (10) of the Ist and 3rd kinds. 
Case 2 ¢ =¢ = 0. From equations (39) to (41), one obtains 
for this case 


(68) 
—Us = Va ft EM +00 + ECE + YF 
= ]; + I, (69) 


where 


a [- 
2rub Jo 


rf f ee at 
0 


~ 4xub Jo VkXE? + Ke) 


(¢3 4 Ky’ fat ae — (84 hty'/%2 - 
a7 r Cc 
[(2E* + k*)® — 4€% £2 + kty'/(E* + AP)'/4 . 


4 bX £2 + k?) £4 + h*)' 2 


+ 


It may be noticed that no Bessel function appears in this case, 
and therefore the inversion is much simpler than the previous one 
It is only necessary to perform a change of variables in such a way 
that the integrals of equation (69) take the form of the definition 
then the inversior 


Let then 
bs 2 2 
) — | 3 for I; 
» 2 2 
) - | for T; 


of Laplace transform; can be carried out im- 


mediately by inspection. 


(70) 


Thus 


— e-*ds 


k3[(2E2 + k2)® — 4£%( £2 4+ ht)'/E2 + k*)'/4] ( 


Discussion of Results 


The displacement functions at the surface or directly below the 
applied force of an elastic half space due to the application of a 
concentrated tangential surface force varying with time as the 
Heaviside unit function were present in equations (18) to (20), 
(65) to (67) and (73), (74), and are plotted in Figs. 3, 4, 5, and 6. 
A few general remarks concerning the foregoing solution and the 
behavior of the medium are summarized as follows: 


1 Inspections of equations (65) to(67) and Figs. 3 to5 show that 
there exist three distinct wave fronts, traveling with velocities 
a = [(A + 2u)/p]'/*, b = [u/p]'/%, and b/7, respectively. Physi- 
cally, these three waves may be identified as the pressure wave, 


— (€2+k2)'/% dt) 
s 


the shear wave, and the Rayleigh surface wave, respectively. In 
Figs. 3 to 5, these three wave fronts are marked by three arrows 
with letters P, S, and R, respectively. These figures show the 
variation of the displacements with time at any one point on the 
surface; 


dimensional character of the variables plotted, the same curves 


it should be noted, however, that because of the non- 


are valid for all values of r. 

Before the arrival of the pressure wave, the medium was com- 
pletely at rest. At the arrival of the P-wave the velocities ex- 
perience a sudden jump. The arrival of the S-wave is marked by 
a finite jump in ug; however, for displacements u, and u, it is 
marked only by discontinuities in the corresponding velocity com- 


ponents The arrival of the R-wave is marked by infinite dis- 


(71) 


2s)(8;2 — 1)[2s:% 8)? — 2/,) — (28,2 — 1)s)] 


4m uz f 28,2 — 1)? — 48,(s,2 — 1)(s,2 — 2/3)'/2 


The inverse Laplace transform of these two integrals can be 
observed immediately and the final results are 
< 173 


u = —u = 0 


* 


7(7,? — ! T;? 


Qmrpz (27,2 + '/3)? — 47i(7,? — 


F 4 


uu, = — <(7,? + 1) 
4rrpz | 


“Ue = 


2r(7T;? —! 7 Ti' + 2/,) 
4 a a a 1 \'/s 
(27,2 + 1/3)? — 47,(71? — */s ti? + 29/3)” 


27: %7,? — 1)[2ri(71? — 2/3) 4* — }} 


(27,2 — 1)? — 4ri(r — 1712 — */;)'7* § 


where 


u; = 0 
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continuity in u, and u,, while for ug, only a discontinuity in ve- 
locity occurs. 

In the neighborhood of R-wave front, the major portion of the 
displacement is u, and ug is proportional to 


1 l 1 l 


rr? — y)\¥* rr — yr + yl (vir + YD? Vr 
(75) 


where 


iTa| = 


7c 


lr — (bt ¥)| (75a) 
is the distance from the R-wave front. It is thus seen that these 
displacement components vary as (1/rrg)'/* in the neighborhood 
of the wave front of the surface waves. Thus at large distances 
from the applied force, only small ug displacement occurs, while 
the other components still assume very large values when the 
surface wave arrives. 

For large times the solution of course approaches the results of 
the static solution [7]. For the u, and ug displacement com- 
ponents in fact the steady-state values are assumed immediately 
after the departure of the R-wave, and remain constant there- 
after. The u,-component, on the other hand, approaches the 
static value asymptutically with r. 

2 Equations (18) to (20) show that u, and u, are proportional 
to cos 8, and that ug is proportional to sin 6. Thus in directions 
perpendicular to that of the applied force (i.e., @ = +2/2)ug is 
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Fig. 3 U, ts of displ 


P p ft on the Z = O surface versus 
nondimensional time tr = bt/r 











8 i | i 
° 4 i. 00 
Fig. 5 U,-components of displacement in the Z = O surface versus 
nondimensional time + = bt/r 
the only nonzero component; therefore along these lines no 
strong surface waves are felt and the response of the medium 
decays very rapidly with distance at all times. This result per- 
haps gives a partial explanation of the fact that in seismograph 
recordings of some earthquakes, the Rayleigh surface wave is 
notably absent. 

3 In the steady-state solution, it can be observed that on the 
surface of the elastic half space, the quantity [u,/F cos 6], cor- 
responding to a tangential force on the surface, is equal to the 
quantity [u,/F], corresponding to a vertical force on the surface. 
Such a reciprocal relation is seen to be preserved for all time for 
the dynamic case by comparing the quantity [u,/F cos 6] of this 
paper to the corresponding quantity [u,/F] of reference [8]. 

4 The nonzero displacement component directly below the 
applied force is u, = u, cos 6 — ug sin 8; it is plotted in Fig. 6. 
It is seen that only two wave fronts are present in this case; 
namely, those corresponding to a pressure wave and a shear wave. 
At the shear-wave front, a finite jump of magnitude (F/2 myuz) 
occurs; thereafter the displacement approaches the static value 
asymptotically with 7;. 

5 In reference [8] the integral theorem 


2 " 
-( ) I f Kok ru)im(iu)du (76) 
us 0 


is used in connection with the inverse Laplace transformation. 
For the case of inverting the quantity (U; + U2) of this paper, 
this theorem does not seem applicable since the Bessel function 
of order two is involved. However, for the quantities (U; — U2) 
and U;, use of this theorem will lead to exactly the same results as 
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Fig. 4 Us-components of displacement on the Z = O surface versus non- 
dimensional time r = bt/r 
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Fig. 6 U.-components of displacement along the Z-axis versus nondi- 
mensional time 7, = bt/Z 


obtained here. In so far as the author is aware, however, this 
theorem was proved only by a numerical check at two specific 
points in reference [9], which is the work cited in reference [8] in 
this connection. Therefore it seems that the inverse-transforma- 
tion procedure given in the present paper is more general than that 
of reference [8]; furthermore, the work presented here may serve 
as the basis of an analytical proof of the integral theorem in 


question. 
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APPENDIX 


Following are some integral equalities which are used for 
These formulas can be ob- 


” second 


deriving equations (30) and (31). 
tained easily by the properties of Bessel function and the usual 
assumption that the integrand behaves properly at zero and in- 


finity as in reference [4]: 


i 


( o- l 
r ‘ 
or? r 
rF(r)J~(&r)dr 
F Dy , . : 
[ al ro | J \(£r)dr [ rF(r)Jo &r)dr 
0 or J0 
rF)J(trjdr = & [ rF J &r)dr 
F as : , 
J =r)dr é rFJ,(&r)dr 
» 
w/ VU 


é [ rFJ,(ér)dr 


. 


~) ; 
or (rF )J @ Er dr 
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The integral expressions of Bessel function to be used in equa- 
tion (50) is: 


‘ - 1 
J, (z) = ro > f (1 — y*)?~“*cosrydy (82) 


and in particular, by using the technique of integration by parts,* 
equation (82) can be expressed i. the form 


\ 1 
(R orl) if, gye*"1 — y*) 


where R and J indicate, respectively, the real and imaginary parts 
of the quantity following; the real part in equation (83) is used 
if y is even, and the imaginary if y is odd. Then for y = 0, I, 2, 


one may write 


/ 
J (2) = ‘dy 83) 


en 
‘dy ‘, 
f 


‘ 1 
I, ye*™(1 — y?)—" rays, gy) 
0 f 
f (1 — 2y*)e*X1 — y*)~ ‘dy 
0 


9 


gy) = (1 — 2y?*) 
> 


e*4(1 — y*) gy 


(86) 


* The number of required integrations by parts is y, which is here 
assumed to be an integer. 


SEPTEMBER 1960 / 56] 





K. KLOTTER 


Professor of Engineering Mechanics, 
Stanford University, 

Stanford, Calif. 

Mem. ASME 


E. KREYSZIG 


Professor of Mathematics, 
Ohio State University, 
Columbus, Ohio 


Introduction—Systems Treated 


- classical example of a system exhibiting self- 
sustained oscillations is the one described by the differential 


equation 
G — dq(1 — atg*) + xq = 0, (1) 


known as the “‘van der Pol differential equation.’’ This differen- 
tial equation cannot be solved in closed form. Properties of its 
solutions have been studied extensively, however, by various 
means and from different points of view. Sparked by a paper by 
Levinson and Smith [1 ]* dealing with 


G+ 914, 4 + f(g) = 0, 


a theory for this rather general class of differential equations was 
developed [2]. Because the assumptions made in that theory in 
regard to the coefficients of the differential equation are rather 
weak (in order to keep the conclusions general), no very specific 
results can be expected from it. Hence it seems desirable to in- 
vestigate special classes of differential equations, describing self- 
sustained oscillations, which can be treated more fully; preferably 
differential equations for which closed-form solutions, at least for 
the first integral, can be provided, if only in form of quadratures. 

One of the authors [3] has drawn attention to two such differ- 
ential equations, which may be called ‘‘modified”’ or ‘‘associated”’ 
van der Pol equations. They are 


G — (sgn g)(x*s)\(1 — B%g*) + x(q) = 0 (3) 


§@ — (sgn g)(6/2)g%(1 — ag?) + x*f(q) = 0 (4) 


Equation (3) has been treated by the authors in a recent paper 
[4], and Equation (4) in an earlier one [5]. The present paper will 
be concerned with a generalized form of (4), namely 


G — (sgn g)(6/2)g*h(q) + x*f(q) = 0, (5) 


1 The results presented in this paper were obtained in the course of 
a study supported by a grant from the National Science Foundation. 

? Numbers in brackets designate References at end of paper. 

Presented at the West Coast Conference of the Applied Mechanics 
Division, Stanford, Calif., September 9, 1959, of THe AMERICAN 
Society oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, June 18, 1959. This paper was not preprinted. 
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On a Special Class of 
Self-Sustained Oscillations 


This paper deals with the ‘modified van der Pol differential equations”’ 
(6/2)q? h(qg) + x*f(q) = 0, where h(q) and f(q) are suitable functions. It is shown 
that there exists a unique limit cycle 
bounds are established in the case of unrestricted values 5. 
limit amplitude can be calculated immediately. 


g — (sgn q) 


For the limit amplitude both lower and upper 
For small values 6 the 


with 6 > 0. Assumptions on A(q) and f(q) will be stated in the 
section, ‘‘Assumptions on Functions. . .”’ 

The second term in (5) governs the energy input and output. 
In a way familiar from the discussion of the van der Pol Equation 
(1), it can be shown that the oscillations obeying Equation (5) 
also tend toward a stationary regime, a limit cycle. To deter- 
mine the details of that limit cycle is the main objective of the 
present study. For example, upper and lower bounds for the limit 
amplitude will be derived in later sections. Also, in the final sec- 
tion, we shall apply our results to Equation (4), which is a special 
case of Equation (5). 

Physically, Equation (5) may describe electrical oscillations in 
a circuit containing active elements, or it may describe mechanical 
In the former case, g may denote a voltage or a 
Here we will 


oscillations. 
current; in the latter a displacement or a velocity. 
use “‘mechanical language’’ for interpreting the phenomena, and 
we will speak of g as a displacement. 


Transformation of Equation (5) 
If we introduce the dependent variable V = g? and use q as 
the independent variable, Equation (5) reduces to a first-order 


linear equation for V(q), 


lV 
— - (sgn g)dh(q)V = 
dq 


— 2x*f(q) 


For g < 0 this equation takes the form 


dV 
—+8h(q)V = —2x¥f(2 
dq 1 x” 


(7a) 


The oscillation that starts from a displacement q = Q, > 0 with 
zero velocity is governed by (7a). When the oscillating system 
reaches the next extreme displacement, denoted by Q:, the 
velocity changes direction and the subsequent part of the oscilla- 
tion will be described by 


dV 
dq 


— bh(q)V = —2x*f(q), (7b) 
until the following extreme displacement Q; is reached, and so on. 
If we split both functions, f(q) and h(q), into an even part (sub- 


script e) and an odd part (subscript 0), 


S=fet+h, h=h, +h,, 
and introduce the new variable 
for qg <0 


(8) 
for q>0 
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the motions in the two directions are described by 


IV : ae 
~— + 5h a) + h(a) ]9 
dq 


dV 


— + dfh(q) —hfq)|V 
dq 


= —2*[f(¢g) —S q )} for g¢>O 


respectively. If in particular A(q) is even and f(q) is odd, the two 
forms of (9) are identical; writing g again for g we have 


av 


+ b5h(q)V = 
dq 


~ 2«*f(q) 


Assumptions on Functions (4)o and (/) 


Physically, h(q) governs the energy exchange during the oscilla- 
tion, f(q) is proportional to the restoring force. We shall occa- 
sionally refer to these functions as the “energy function’’ and the 

restoring function.”’ 

It is clear that the various oscillations governed by Equation 
(5) may have almost no properties in common if we subject the 
and f(q) only to such conditions under which 


Here, 


however, we are primarily interested in self-sustained oscillations; 


functions h(q 
unique solutions exist for every choice of initial values. 


hence, we will impose conditions on h(q) and f(q) which single out 
self-sustained oscillations from all the types of solutions which 
may otherwise occur. The conditions will be chosen with regard 
to practical importance. This means we will avoid unnecessary 
generality which would yield more complicated formulas without 
adding new ideas to the discussion. We also will omit cases which 
are meaningless from the physical point of view. It will become 
clear that some of the restrictions imposed here could be lessened 
if this should prove desirable 

First, we will take advantage of the simplifications offered by 
requiring f(q) to be an odd function and h(q) to be an even func- 
tion. 

For the reasons mentioned we will also require: 


that 


is, a force that tends to decrease the absolute value of the dis- 


l 


(i) The function f(q) to represent a restoring force proper; 


placement q 

(ii) The function h(q) to be such that for small displacements q 
energy is fed into the system, while for large absolute values of the 
displacement energy is drained from it 


These requirements will form conditions on the behavior of h(q) 
in the vicinity of the origin and on the growth of both f(q) and 
h(q) for large absolute values of q. 

Hence we decide to require: 


l fi q) to be an odd polynomial satisi ying 


t(q) > 0 for q>0 (10) 


2 h(q) to be an even polynomial of a type that there exists 
a positive number a such that 


h(q)>0O for ¢qi<a 
(11) 

h(q) <0 for |qg|>a 

We will prove that under these assumptions there exists a 
unique limit cycle whose positive and negative maximum dis- 
placements have the same absolute value. Instead of “maximum 
displacement”’ we will use the term “amplitude’”’ forthwith. The 
amplitude of the limit cycle will be termed limit amplitude and 
will be denoted by Q*(>0). 
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The Amplitude Relationship 
Equation (9a) has the general solution 
2x* 


V(q) [k(q) + C} 
8(q) 


@ : 
k(q) = f s(xz)f(x)dz 
0 


s(q) = e’ 


j(q) = 4 ff, h(x )dz, 


and C denotes the constant of integration. 
If the oscillation starts from g = Q, > 0 with initial velocity 
gq = 0, the special solution is 


where 


(13) 


2x? 


8(q) 


[k(Q,) (14) 


This function describes the motion as long as the differential 
equation (9a) is valid; that is, until V(q) vanishes for the first 


time after the start. Hence the equation 


k(Qz) = k(Q,) (15a) 
determines the second amplitude Q, # Q,, the equation 
k(Q:) = k(Qs) 15b) 


the third, Q; # Q., and soforth. We shall find that Q, < 0, Q, > 0, 


ete. Equations (15) will be called the amplitude relationship. 


Properties of the Amplitudes 
We start by proving two propositions 


(A) 
(B) 


k(q) is bounded asq- 


k(q) —> oasq—- —« 


Because of our earlier assumptions in regard to the functions 


f(q) and h(q), we may represent f(q) in the form 


n 


fi q) = > eq™*! 


k=0 


with c, > 0: 


” 


and h(q) in the form 


m 


> a,q™ 


k=0 


h(q) = with m 2 landa,, <0 (17) 


From (17) it follows that there exists a value g = c > 0 such that 
h(q) < —q for all g (18) 


(Fig. 1 shows a special and very simple example.) Hence there 


exists a number C such that 


k(c) = C + f e€ *f(xr) dr 
0 ~ 


@g 
k(q) < C + f, e~*f(x) dz 


and forg > ec 


Therefore, because of (16) we obtain the result 


q 
lim k(q) << C + lim f e~*f(x)dx 


qo 


n 


=C+ > ce, (2k + 2) < @; 
&=0 


this proves proposition (A). 


(20) 
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Fig. 1 Example of function h(q) 





Fig. 2 Functions j(q) and s(q) 


Because of our assumptions on the function h(q) there exists a 
unique number q = b > 0, as the zero of the function j(q) of (13) 
(see Fig. 2 which refers to the example of Fig. 1), and we have 


iq) <0, 8(q)<1 for -—b<q<0 


(21) 


UG > 0, 8(q) > 1 for q < —b 


From these properties of s(q) it follows that there exists a number 


D > 0, such that 
=" 
Kd) = f, f(x)dx — D 


a 
> f I(z)dx — D for —q - 


Hence, because of (16 


370 


k(—q 


SEPTEMBER 1960 


Since h(x) is even, j(x) is odd; furthermore f(z) is odd. 


lim k(—q) = @; 
qr 
this proves proposition (B). 
Since 


O0<q<b 


s(q) > 1 for 


s(q)< 1 for —b<q<0 


and since f(q) is odd and satisfies (10), we have 


kiq)>k-q) for O<q sb (25 
Because k(q) remains bounded for g — © whereas k(—q) — « 
for g— ~, there exists a number g = 7 > bsuch that 
k(q)<k(-—q) for q2n (26) 
Using the theorem by Weierstrass on zeros of real functions which 
are continuous in a closed interval we find from (25) and (26) that 
the equation 
(27 


k(q) = k(—q) 


has at least one solution in the intervalb S q S yn. Because s(q) 
> 0 and in view of (16) we find that k(q) is a monotone function 
of q for 0 < q as well as for g < 0. From these facts we obtain 
the following intermediate results: 

1 If the oscillations start from rest at any positive amplitude 
Q, < b, the sequence of the absolute values of the subsequent 
amplitudes Q,, Q; . . . increases in monotone fashion and tends to a 
limit gq = Q,*. 

2 If the oscillations start from rest at amplitudes Q, 2 7, the 
afore-mentioned sequence decreases in monotone fashion and 
tends toa limit g = Q,* 2 Q,*. 

That is, every such solution has a limit cycle. In the next 
section we shall show that this is true for any value of the starting 
amplitude Q, and that consequently there exists exactly one limit 


cycle. 


Existence and Uniqueness of Limit Amplitude o- 
By definition of the limit cycle the limit amplitude Q* > 
satisfies the equation 


k(Q*) = k( —Q*) (28) 
From the considerations in the preceding section we know that 
this equation has at least one solution in the interval S given by 
b = q S&S 0, where b is the zero of the function j(q), Fig. 2, and 7 
Furthermore, all solutions of (28), are 

Now, we shall be able to show that (28) 


is sufficiently large 
located in that interval. 
has exactly one solution. 

Suppose that (28) has more than one solution. 
Clearly, both g,; and q: are situated 


Let q=% and 
q = q: be any two of these 
in S. Then, we have 


k nn) = ki — and k(q2) = k/ — 2); 


q? z —q? 
s(z)f(x)dxr — s(x) f(r)dz = 0 
qa: —a 


Hence 


qg 
k(—q) - f, e “2 f(x )dx (30 


Equation (30) tells that (29) is equivalent to 


f* sinh [j(z)]f(z)dx = 0 (31) 
q@i 
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0 in the interval S and since f(z) satisfies (10), the 


Since jz 
Hence q; = q is 


whole integrand in (31) does not change sign. 
the only solution of (31) in S. 

We may sum up our results as follows: 

Let f(q) be an odd polynomial satisfying (10), and let h(q) be 
Then for every choice of 
starting amplitude g = Q the self- 
sustained oscillations which tend to a unique limit cycle. The 
ibsolute values of the implitudes WV, Qs, qd i as 


an even polynomial satisfying (11 
describes 


Equation (5 
sequence ol the 


monotone 
and @, @ of 


starting from rest 


Furthermore, for the amplitudes Q,, Q . 


two different oscillations of the same system, 


it Y@, > Cand 7) > Y respectivel ve find 


Q > Q =2 


Bounds for Limit Amplitude o- 


4 lower bound for the limit amplituc 
(21), Fig. 3: 


> 0 is obtained im- 


mediately from 


a 


This bound cannot be improved ithout using spt cial proper- 


ties of f(g) and h(q) beyond the general assumptions made in 


regard to these functions. If we would specify such additional 
properties of f(g) and A(q), we might obtain better lower bounds 
by a procedure similar to that by which upper bounds will be 

derived in the following section 
Since Q* is defined as the positive zero of a function represented 
by an integral, it is obvious that lower as well as upper bounds for 
Q* can be derived by using familiar procedures of numerical inte- 
gration These lead to bounds of any desired degree of ac- 
Another way for obtaining bounds is to consider com- 
parison problems. Although this method may not yield results 
of the same degree of accuracy, it has the considerable advantage 
We shall, therefore, 


curacy. 


that its steps can be it terpreted phy sically 
proceed with this method 


Let H(q) denote a piecewise continuous function such that 


hiq) < H(q) for q< 4a 


| 


holds and that the integral 


ill finite values of 


eXists lor 


We use the notation 


K(y) 
Since f q) is odd we obtain 


| 


K(q) > k(q and 


for 

Hence, if the equation 
Kiq) = 4A 
has solutions g = UL > 0, the smallest of these solutions U is an 
upper bound for Q*, Fig. 4. Equation (36) has at least one solu- 
tion g # O if, and only if, the relation K(q) < K(—q) holds for 
> 0. This follows from (25), (35d), 
In particular, if we choose a function A q)W hich 


some value g and the con- 
tinuity of K(g 
satisfies (34a) and conditions of the type (11), say 
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Fig. 3 Functions k(q) 
and k(—q) 


Fig. 4 Functions k(q) 
and K(q) 


Hiq > lor q 
H(q <Q for q > a* 


then (36) has exactly one solution. In that case 
our approach amounts to replacing the given problem by a 
simpler comparison problem with a larger limit amplitude. 


In the following section we shall consider this procedure in 


where a* > a, 


more detail 


Methods of Determining Upper Bounds for Limit Amplitude 


The computational importance of the method, outlined in the 
preceding section, for deriving upper bounds of Q* lies in the fact 
that we may choose functions H(q) in such a way that K(q), de- 
fined by (35a) and (346), can be expressed by elementary or tabu- 
lated higher transcendental functions, whereas, in general, no such 
representations for k(q) exist. 

Let us follow up this idea. First we shall prove the following 
statement: 

For every polynomial A(q) satisfying (11), a function H(q) can 
be chosen so that the Equation (36) contains a finite number of 
elementary transcendentals and has exactly one solution, which, 
then, is an upper bound U for Q* 

Indeed, for every function h(q) satisfying (11) there exist posi- 
tive numbers A; and 4 such that the function (see Fig. 5 


< 


+A, for q 
H,(q) = 
A, for jq|> 
satisfies (34a). From this, we obtain 
—bAi(q + 24) for q 

for q 

q 24 for q 
Since H,(q) is even and f(q) is odd we find from (35a) 


— K(-q) =2 §, sinh |J(r)|f(2)dr (40a) 


K(q 


For the following we shall abbreviate the right-hand side by 


2A q), hence 
q 
A(q) = f, sinh [J(r)|f(2)dz 


10) and (39) the function A(q) increases in a mono- 
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Fig. 5 Functions h(q) and H;(q) 


From q = 24 it decreases in a monotone 
Hence A(q) has exactly one 
Furthermore, 


tone way for0 < q S 24. 
way and tends to 
positive zero and therefore (36) one solution g > 0. 
because f(q) is a polynomial, it is obvious from (39) that (36) in- 
volves only a finite number of exponentials and polynomials. 


—m asg— o, 


An example will be discussed in the last section. 

We proceed to deriving more accurate upper bounds for Q* by 
choosing other types of functions H, suitable to serve in (34a). 
The bounds will be obtained from equations involving higher 


transcendentals. The new functions are 


H.(q) = with A.>0O, B,>O (41) 


Az — 2B, qi, 
They are even functions and suitable for every even polynomial 
In other words: There exist constants A, 
From (41) we find 


h(q) satisfying (11). 
and B. such that (41) satisfies (34a). 


J(q) = 6(Asq — Bog?) for g 20, 
and from (40b) we obtain 
q 
A(q) = f, sinh (6Aer — 6B.r*)f(x)dx 
This equation leads to the estimates 


A(q) < sinh bAog ye cosh 6Bexr?f(xr) 


- i sinh 56B.r%f(x)dx (gq > 0) 


After inserting (16) for f(q) and setting 6B.r? = z, the resulting 
integrals can be integrated by parts. In this manner the expres- 
sion on the right-hand side of the foregoing formula can be ex- 
pressed by elementary functions and Fresnel integrals for purely 
For evaluating these integrals, tables are 
or else tables of the incomplete gamma 
functions for real arguments can be used. We do not discuss the 
procedure in detail but turn to a third choice for H which will 
prove more convenient. 

This third choice for H(q) is 


imaginary argument. 
given in [6] and [7], 


Hi(q) = A; — 3Biq*, As>0, B;>0 (42) 
Equation (42) means to say that there exist constants A; > 0, 
and B; > 0 such that (42) satisfies (34a) for all values of g. From 


(42) we obtain 
J(q) = 6q[As — Big?) (42a) 


We define a new function 


N(q) = ebAn | he e~ *Bir* ir) dr 
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From (36a) we find 


K(q) < N(q), K(-—q) > N(-@); ¢>0 (43) 
Since the function H;(q), defined by (42), satisfies a condition 
of the type (37) the equation K(q) = A(—g) has exactly one 
solution g > 0, as follows from the proof of uniqueness in an earlier 
section. 
Now we are going to prove that the equation 
N(q) = N(—@q) (44) 
has a solution g > 0; this solution, hence, is an upper bound for 
the limit amplitude Q*. Clearly, N(q) > N(—q) for sufficiently 
small values of g > 0, as follows from (35b) and (25). Since N(q) 
is continuous it suffices to show that there are values of g > 0 for 
which N(q) < N(—q), or equivalently N(—q) — N(q) > 0 
From (16) we see that there exists a positive number gq = 7 such 
that f(q) > 3A;6 for allg > 7. For g > o = +(3A;/B;)'’* we 
have B,qg' > 3Ayq. Now, let [ be the larger one of the two values 


Then, we find 


, = q i - 
_ N(q) — anf ei Brey dz 
0 y 
sin | * ,-sBarty 
— e* e S(z)dz 
0 


3sAet) 


0, T. 


N{( | 


> e ~ Ang[ebAx N( —{) 4 e2bAn -<¢ 


q 
- dan fi f(x)dx 
( 


From this it follows that for sufficiently large g > 0 
N( —q)— Ni(q) > 0 


N(q) can be expressed in terms of the incomplete gamma function 


z 
P(m;z) = f e~*y™— dy 
0 : 


Putting 6B,r* = z we find 


+ 6Biaq? 3 : 
N(+q) = (! »(6B;) ~ '/%e = 8A ¢ “| ( ) |? ‘dz; 
e 6b 


inserting (16) into this, Equation (44) takes the form 
eAuP 6Baq*) = Ps es 6B,q') 


where 

n . 

P(z) = >> ——*— P[k + 1)/3; 2] 

. £4 (6B:)** 1)/3 

In many cases the relation (45) can be simplified. For in- 
stance, if all the coefficients of f(q) in the representation (16) are 
positive, a function L(g) > N(q) (for g > 0) is obtained by re- 
placing the incomplete gamma functions in the expression for 
N(q) by the corresponding (complete) gamma functions. Further- 
more, in this case a function M(q) < N( —q) (for g > 0) can be ob- 
tained by using the techniques shown in [5] and [8]. Clearly, if 
the equation M(—q) — L(g) = 0 has a solution g > 0, this is 

an upper bound for the solution g > 0 of Equation (44). 


Small Oscillations 

Equations (15) express the amplitude relationship. We may 
insert the MacLaurin series of k(q) into (15). If, and as long as, 
the values |q| stay small, we may approximate the series by one 
of its partial sums consisting of a small number of terms. 

From (13) and (17) we find for s(q) the expression 
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+ 1 = ayg™* » 
oa) = DY MN [ 2 Ok + | 


A=0 
62a? §2 
= 1+ bag + — e+(2 at +) gt + 
< ) 


and for k(q) [ef. (13)] by integrating term by term 


6b 0 1 bay? 0 
Ka) =o |S 4+ at tad ee) e+...) an 


If k,(q) denotes the function given by the terms in (47) which are 
written explicitly, the zero g = qo( #Q,) of the equation 


k,(q) — k,(Q,) = 0 (48) 


is an approximate value for the amplitude Qs. 
For determining that zero, any one of the customary methods 
may be used. By applying Newton’s method and using the value 
q = —Q, as a first approximation gq, for Q., we obtain the second 

approximation gq: in the form 
aco. 8 


(} 3 )baoeo + (1/)8( ae, 3 3 + 6 ate) Q,? 


62 
a a) Q:* 


If the limit amplitude falls into the range of validity of the 
expression, a similar method can be used for determining an ap- 
Whether or not a manageable number of 


@ = —Q, — 2Q,? 
Co — bageoQ, + (< oe 


proximate value for it. 
terms will yield a satisfactory approximation will depend entirely 
on the coefficients in the representations (16) and (17). 


Examples 
We will illustrate our methods and results by an example. As 
such we use a polynomial for A(q) of smallest degree compatible 


with (11); namely, 


hiq) = 1 — a’*g’; a>o0 (49) 


By doing so Equation (5) reduces to Equation (4). This equation 
has been investigated earlier [5]. 

The quantities a from (11), b from the section ‘Properties of 
the Amplitudes,’’ assume values 


(50) 


Hence from (33) we obtain as a lower bound for the limit ampli- 
tude 
Q* > + V3/a (50a) 
It is worth noting that this bound is independent of both 6 and 
the function f(q). 
Upper bounds for the limit amplitude Q* can be obtained as 
described in the “Methods of Determining Upper 
Bounds. We may choose 


section, 


t 
H\(q) = (51) 


-} 


This function H, is of form (38) and satis- 
=g. The 


where @ = ++7/2/a. 
fies (34a). ‘The function f(q) we take as linear, f(q) 
equation A(q) = 0, with A(q) from (40) yields 

z cosh (2A — x) + sinh (2A — xz) = 2X cosh A (52) 


with A = 64 and z = dg. Its single root z constitutes an upper 
bound for the dimensionless limit amplitude 6Q*. For example, 
if \ = 1 we find from (52) 6Q* < 4.1. 
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A more accurate upper bound may be obtained as follows: For 
the sake of simplicity, we let h(q) of (49) coincide with H,(q) 
given by (42); this leads to A; = 1, and 3B; = a*. With these 
values and for f(g) =¢g, Equation (45) takes the form 


o') -P (+: Me “r) 
3 3 


For obtaining an approximate solution of this equation we may 
replace P on the left-hand side by I'(2/3); this will increase 
slightly the value of the bound. The integral on the right-hand 
side (denoting the dimensionless quantity a%5q* by r*) 


—r8 : rt . 
P(*/;; —r®) - ff, € # 7-1/3 dy _ f, etx /3dr (54) 


may be calculated by first determining its value for a small g > 0 
(using the MacLaurin series) and then applying one of the 
formulas for numerical integration. Thus we obtain an upper 
bound 


3°/te24ap (+1: (53) 


5Q* < 2.9 (55) 
The exact value is 6Q* = 2.2 (taken from [5] where it was ob- 
tained by numerical] integration). 

As has been mentioned previously, more accurate bounds can 
be obtained by applying procedures of numerical integration to 
the integral 


f, sinh [j(z)|f(r)dz 


whose positive zero defines Q*. 


Small Values of 5 in Equation (5) 

It should be kept in mind that up to this point we have not re- 
stricted the value of the coefficient 6 in Equation (5); this means 
the amount of energy exchanged during a cycle can be either large 
or small. All previous results pertain to that general case. If, 
however, that coefficient 6 happens to be small, very simple re- 
sults follow. For the limiting case of dg < 1 the amplitude Q* 
of the limit cycle can be calculated by using the standard pro- 
cedure known as the Kryloff-Bogoliuboff method [9]. 

That method leads to the following statements: If the solution 
of the differential equation 


@ + xq + ex*k(g, g) = 0, e<l (56) 


is assumed in the form 

q = Q(t) sin [xt + &(%)] (57) 
the functions Q(t) and @(t) are determined by the two first-order 
differential equations 
(58a) 


2r 
Q = - 1 «f k(Q sin z, xQ cos xr) cos x dx 
0 


2n 


] 2e 
6Q = + a « f k(Q sin z,xQcosz)sinzdr (58b) 
2Qar 
0 


Applying (58) to Equation (5) with dg< 1, we find 
1 & 


ieee (59a) 
2x 2 


Q= Q? f leos z/?A(Q sin x)dzx 
0 
and 
6=0 (590) 
The limit cycle amplitude Q* follows from the condition Q = 0, 
hence from 


1960 / 573 


SEPTEMBER 





f, cos x * h(Q* sin x)dx 
) 


This condition is independent of both 6 and x. 
We list the results for a few examples. The function 


1 — a*’g? leadsto a7Q*2?=5 or aQ* = V5 = 2.24 


aQ* = 35/3 = 1.84 


aQ* = 


atQ** = 35/3 
atQ*s = 21 


r aQ*)* = 


1 — a‘g* 


1 — ad ¥/21 = 1.66 


1 — actkgtk 


lorn even 


4 f(*/- 
cos" *!7 dr = 
7 0 


is a function frequently encountered in connection with the 
Kryloff-Bogoliuboff method or the Ritz method, see [10] and 
(11). 

It would be possible to write down explicitly the results for the 
general form (17) of function A(q). We refrain from giving the 
result in general terms and content ourselves with the three-term 


where 


®,, = 


example 


h(q) = 1 + aq? + aeg* with a, < 0 (62) 


After introducing (62) into (60) we find Q*? from the quadratic 


equation 
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(Q**)? —7, 2 5 / : 63) 


For the special case h q‘ this would lead to Q*? = 


4.79. 
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Random Excitation of a 
Loaded Nonlinear String 


This paper is devoted to the study of a chain of particles connected by a massless elastic 


string subjected to random excitation 


It is shown that, as a result of the additional 


stress induced by the stretching of the string, the mean squared deflection of every particle 
is reduced compared with that for the equivalent linear problem. 


= linearized problem of the oscillations of a light 
string loaded at equal intervals was first discussed by Bernoulli 
{1}! and later in more detail by Lagrange [2 In their treatment, 
the tension in the string was assumed to remain constant; how- 
ever, even for small deflections the tension in the string increases, 
giving rise to nonlinear effects These nonlinear effects have 
been studied by several authors [3-7 | in the case of the continuous 
mass distribution. The purpose of this paper is to analyze these 
nonlinear effects in the case of a loaded string subject to random 


excitation 


Formulation 


Consider an elastic string of length L, clamped at its ends, and 


carrying N equally spaced particles of mass m. The nomencla- 


ture used is as follows: 


transverse deflection of ith mass particle 
initial tension in string 
mass of each particle 
viscous damping coefficient on each mass 
cross-sectional area of string 
elastic modulus of string 
L = length of string 
AL L/N +1 
mf (1 force acting on ith mass particle 
If the deflections and slopes are considered to be moderately 
small (consistent with the string remaining elastic), the equation 
of motion of the ith mass particle is 


du, du ‘ EA 
+ 9 = 7 4 
dt dt 21 AL 


AL 


Subject to the boundary conditions 


ught) = Unyaill 


Numbers in brackets designate References at end of paper. 
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In the analysis which follows, it will be assumed that /,(¢) is 
a stationary, randomly varying, Gaussian variable with the fol- 


lowing cross correlation: 


Of At + 7) = (FAOSAt + 7) ove = 2D6, (7 3) 


where 


is Kronecker’s delta 
J 


It will be observed that equation (1) is quasi-linear; although 


nonlinear in the time variable, it is linear in the space variable; 
hence the eigenmodes for (1) will be the same as for the linear- 


ized problem obtained by setting A = Oin(1). Expressing u, and 
f, in terms of the eigenfunctions for the linearized problem, let 


\ 


kri 
= A,(t) si - 
u; p in Val 


k=1 


\ 
Bat kri 

> <t) sin = 
N+ 1 


k=! 
Consider the terms in the square bracket in (1 


N+1 


EA 
" OL AL 


C 


Substituting (4) into (5), 


N+1 


EA 
2L AL yD 


" ‘Tr . 87 
sin - ein " 
AN+1) AN+1) 


rm(27 — 1) 
cos ~ cos 
2(.N + 


Interchanging the order of summation in (7 


y 
“as , 
> A.A, sin - sin 
2N + 1) 2 


r,a@=1 


Es 2EA 
= To + 
rm(2j — 1) sm(2 
2.N + 1) 2N + 
575 
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a —1) — sm(2j — 1) 


Ay aN +1) AN +1) 


(see Hildebrand, reference [8]). Hence, 


- 
. , BAN+ DAL QS ., ore 
| | E + KML)" Do Asin aN + 5 (10) 


r=1 
Now (N + 1)AL = Let 
a 
~ TAAL)* 


Hence, 


(12) 
1) 


N 
T» E +a tl A,? sin? x = 


r=1 


bas 


N 


>> m(4y + BA,) sin and 
m(. A.) sin —— - 
\ A k a3 


Substitute (4) into (1) and make use of (12): 
k=! 
N 
l+a > A,* sin? 


oY 
a 2(N + 1) 
yA a ( = 1) «3 
_ -————— | ons - 
hand eit 6 6N 3 } 


Dividing through by m and setting: 


= mf;(t) 


27% 


* 7 


w,? * gin? -— = 
, mAL 2N + 1) 
Equation (13) becomes: 


4 ) ~. kri 
d | sin N+1 
= f(t) (15) 


N 
E + a’ a A,*w,? 


r=l1 


N 
a Ja, + BA, + w, 


k=1 


where 


~ STAAL (16) 


Multiply both sides of (15) by sin lri/(N + 1) and sum on i 
from 1 to N. Now the eigenfunctions of the linearized problem 
have the following orthogonality properties: 


N . 
ys : lri ; 
ain — sin 
—={ (N + 1) 


kri 
(N +1) | 


(see Hildebrand, reference [8 ]). 
Making use of the orthogonality conditions (17), equation (15) 
reduces to 


N 
—_ A; 
r=1 
N 
. > f<t) sin + 


1=1 


A, + BA, + iy + a’ 


= Bit) 


eae 
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N 


: 9 
Bit) = zt + 7 Ti Ly Mosing ro (19) 


Before proceeding to the solution of equations (18), it is neces- 
sary to calculate the correlation between the various B, and, in 
particular, to calculate the autocorrelation of the B,, for if this is 
known, it is a simple matter to calculate the power spectrum of 
the B,. 


Cross Correlation Between 8,(+) and 8, (+) 


The cross correlation between B,(t) and B,(t) is defined as: 


Rift) = BAOBAt + 7) = (B,(LBAt + 7))ave (20) 


The bar superscript denotes the time average, while the notation 
( )avg indicates the ensemble or stochastic average. For a sta- 
tionary process the time average and the ensemble average are 
the same. 

Using (19), equation (20) becomes: 


lri 
rl) = (5-25) > SAOf f(t + 7) sin N+) 


t,j=1 


Now, from (3), 


FAO) if ft - +1) = 2D6, 6(7) 


Hence, 


Ri(1) = 


2 N 
-) a hs 2D6,,4(r) sin 


j=l 


N : 
- 2» (= + 3) Hr) Do sin ey r 5 


i=] 


Using the orthogonality relationship (17), 
4D 


in + 7) 7b (24) 


R,{r) = 


Thus there is no cross correlation between the B,, and the auto- 
correlation of the B, is given by 


6(r) (25) 


1D 
R,(r) = 
WT) N+ 


The power spectrum bw) of Bt) is therefore given by 


8D / 
bw) = 4 R,(7) coswrdr = —— eyele (26) 
0 (N + ] / 


Method of Solving Equations (18) 


As there exists no technique for solving equations (18) ex- 
actly, approximate techniques must be used. A method which 
has been used successfully in the past for nonlinear differential 
equations with deterministic inputs is the method of equivalent 
linearization [9, 10]. In this method the original nonlinear dif- 
ferential equation is replaced by a quasi-linear differential equa- 
tion in such a way that the error (sometimes called the equation 
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deficiency), in so doing, is made as small as possible. The work 

of Klotter [10] shows that there is a very close parallel between 

the method of equivalent linearization and the Ritz-Galerkin 

method for solving linear equations. It will now be shown that 

by a slight modification of the technique, the method of equiva- 

lent linearization may be used to solve equations (18). 
Rewriting equation (18) in the form 


A, + BA, + w?PK,A; + 4A), As... Ay) = Bt) (27) 


where 


. 
a’ > Aras] 4, 


r=) 


w KA, + &€A, Ar... Ay) = wf E + 


If in (27), €( Aj, Aa, . . . Ay) is neglected, (27) is linear and can be 
solved readily. The smaller ¢(A;, Ao, . Ay) is, the smaller the 
error in neglecting it. The logical choice of K, is, therefore, that 
value of K, which minimizes €( A), As, .. . Ay). 

The choice of minimization procedure is somewhat arbitrary, 
but by analogy with the Ritz-Galerkin method, and for mathe- 
matical expediency, it is desirable to use the minimization of the 


mean squared error 


oT j 2 
l 
«i J-T 


(28) 


If the process is an ergodic one, then equation (28) may be re- 
eg | \ 
placed by the stochastic average. Further, since the B, are un- 


correlated, 


aif. —§ 
—o« N-fold —@ 


| pl A, dA, } 


(29) 


e N 
Yeast] a, 7 KA Il 


where p(A,) is the first probability density function of Aq ie., 
p(A,)dA, is the probability that A, lies in the range A; to A; + 
dA,;. If im (27) e Ai, Az, ... Ay) 
since B, is Gaussian. Thus, 


is neglected, A, is Gaussian, 


p(A,) = exp (— A ,?/2¢,?) 


(29) “a 


A? 


g/; = 
i 


Minimizing €* with respect to K, 


r @ ~ N -! 
Km] f f A? |] [nada | 
@ N-fold J —@ i=! 
wo 2 N 
l > & w,?A 2 A 2 
| e N-fold i) x | p> ; 


N 
II {p(A,dA,} 


i=l 


(31) 


Evaluating the integrals, using (30 
N 
K, =1+ a’ b w,*a,? + 2a | 
r= 
If in equation (27) ¢(. . .) is neglected, then 
A, + BA, + w?K,A; = Bt) 


The power spectrum a, of A, is therefore given by 
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a(w) = bw) | (w2K, — w?}*? + (wB8)*}- 


where 


8D 
b(w) = (N + 1) cycle 


The mean squared value of A; is readily computed from (34). 
Thus, 


gi=Ai= ji a,(co)deo (35a) 


2D 1 


= = 3 
(N + 1) Bw?K, ™ 


Then (36) becomes 
woP7K, = pb 
Substituting for K, from (32), 


: 
w/o ,? 1! + «| > w,2a,? + awe | = ps 


r=1 


\ 
a’ > oo% = § 


Therefore equation (38) may be written 
a’wo;7}1 + S + 2a'w;%o,} = pa’ 
Solving for a’w,*a,?, 
—(1 + S) + ((1 + S)* + Sua’) 
4 


(41) 


a'wo? = 


The negative radical may be eliminated, since a’w,*a,? is positive. 
Thus, 
—(1 + S) + [(1 + S)? + 8yua’]'” : 


a’wo? = (42) 


4 


Summing (42) on / from 1 to N, 


, 


: N 

S =a’ > w,20,2 = — {-—(1 + S) + [(1 + S)* + 8ua’}'“} 
r=] 4 

(43) 


tearranging terms and squaring 


4 2 
E + (1+ +) s| = (1 + S)* + Sua’ 


Solving for S, and retaining the positive square root: 


2\)]- 
{—1 + [1 + 4(N + 2)ya’]'/*} [2 (: + A’ (45) 
N } 


Substituting (45) into (42), o;7 may be calculated. It will be 
observed from (42) that w,*¢,* is independent of 1, hence there is 
the same strain energy in each mode. 


(44) 


S= 


Calculation of Mean Square Deflection U2 


Using equation (4), 
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iT kri 
lave = ( A, sin — 
, \ 2 N+ 
N 


= > AAD are sin i 7 
= AsAj)ove sin Fain (47) 


lk=1 


Owing to the particular cross-correlation function (3), the A, are 


uncorrelated. Therefore 


\ 
kri 
U? = o,? sin? — 
. N +1 
k=1 
Using equation (42), 
" 


(1 + S)? + 8yua’]'”2 ae kore 
ta f=1 V+1 


(49) 


—(1 + S) + 


In the linearized problem obtained by setting a’ = 0 in (15), 


\ 
v2 l = krt 
ot = > - on? — - 
7 o* N+ 1 


(50) 


—(1 + S) + ((1 + S)? + 8ya’]'” 
4a’ 


((1 + S)? + 8ua’(l + S) + 
< (1 + S + 4pa’)?]'/ 
<(1+ S + 4ya’ 


Therefore 
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—(1+ 8)+(1+S + 4ya’) 
Suc’ 


(53 
Thus the mean squared deflection of every particle is always less 
than the mean squared deflection in the equivalent linear string 


Conclusions 

From the foregoing analysis, it is clearly seen that the effect of 
the nonlinearity in the problem is to reduce the mean squared de- 
flection of every particle compared with the corresponding quan- 
tity in the equivalent linear problem. 
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When treating nonlinear oscillation problems by the Ritz-Galerkin method the approxi 
mating function is conventionally chosen as a sinusoid or a polynomial of sinusoids 


with their amplitudes as the open parameters. 
out that may be gained from choosing a nonsinusoidal approximating function that 


In this paper the advantages are pointed 


contains additional parameters related to the shape of the function. 


The “Parabolic” Approximation 


he titz-Galerkin method 


been found to be a 
Also, it has been applied suc- 


cessfully to nonlinear oscillation problemas [3, 4 
actual solution g(t), is 


or titz averaging 


2 has useful tool for solving 


method ] 
boundary-value problems [2 
Conventionally, 
q(t), approximating the 


the function 


chosen as a polynomial composed of the products of the open 


parameters and the co-ordinate functions trigonometric 


mostly 


functions 


sin nul lb 


Q, sin wl + @, sin 2wl 4 +, 
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The accuracy of the results, in general, increases with the number 
of terms used; hence it is possible to improve on the results by 
simply taking additional terms in (1). However, adding more 
terms greatly increases the computational work, especially in 
nonlinear problems. It is possible that a considerable ad- 
vantage can be gained by using more “‘flexible’ approximating 
functions W,*(t), individually capable of describing more closely 
the actual g-t relationship 

If, as is frequently the case, the curve representing the q-t re- 
lationship for a half cycle is symmetric about its mid-point, the 
quarter period, only one quarter of the curve need be described 
by the approximating function g(t). In the remaining parts of 
the period the curve can be described by its symmetry properties 
Thus nonperiodic approximating functions may be used. 
In this paper we propose to show the advantages gained by 


ising the parabolic function 
Q(t 


approximating function. 7 denotes a de-dimensionalized 


going from 0 to 1 during a quarter of the period 7. The function 
af ar=- 
v*(t 


a-] 





Nomenclature 


= differential equation in time 


= functional 
= integral of F 
= maximum value of 
function 
unknown parameter 
period of oscillation 
27 /w 
= known function of ¢ 
= known parameter in the fore- 
ing function 
= dependent variable 
= approximating function 
known functions of a (ref- 
erence Table 1) 
p/«* 
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known functions of @ and n 


forcing reference Table 1 


known functions of a and 8 
reference Table 1) 
unknown parameter 


known constant 


w/K)? 

known parameter in differen- 
tial equation 

function 
equation (16) 


yy)2 


(WK / 

known function of n 

de-dimensionalized time (rt = 
2wt /T ) 

function of n defined in 
reference [3] 

function of n defined in ref- 
erence [3] 


co-ordinate function 


unknown parameter 


) = circular frequency 
differentiation with 


to time ¢ 


respect 


differentiation with 
to de-dimentionalized time 


of n defined by respect 


dimensional constant T 
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has the properties (primes denoting derivatives with respect to rT) 


y*() = | 
g(1)=Q 


y*’(1) = 0; 
qg‘(1) = 0 


(3a) 
(3b) 


y*(0) = 0 
q(0) = O 


Q is a conventional, coefficient-type parameter (representing an 
“‘amplitude’’); a, however, is not; it determines the shape of the 
curve. The plot of the function Y*(a@, 7) is shown in Fig. 1 for 
parameter values a—~ 0, @ = 2,a@ = 4,a—> ©. As aapproaches 
zero the function ~*(a@, 7) — 1 and the graph of the function is a 
horizontal line from tr = 0 to r = 1. As @ approaches infinity 
yv*(a, rT) > 7, a straight line from 0, 0 to 1, 1. Thus ¥*(a, 7) 
assumes a shape bounded by the triangle (0, 0), (0, 1), and (1, 1). 

Not infrequently the problem arises as to which of the parab- 
olas, described by the values of the “shape parameter’’ a, will 
best represent a sinusoid. One way of determining the value a 
for such a best approximation is to require that the areas under 
the two curves, the sinusoid and the parabola, be equal: 


1 1 
_ UT 
sin > dr = 
0 2 0 


From (4) we find a 2.70. If an integer value of @ is desired, 
the value closest to 2.7, namely, a = 3, would be the appropriate 
one. Ina later section use will be made of these particular values. 


ar — Tr 
— dr (4) 
a-l 


The Ritz-Galerkin Procedure for Generalized Functions 


For problems where the integral 7, which is to be given a sta- 
tionary value, can be expressed as 


te 
I = f F(q, q, t)dt, 
fh 


the use of the conventional type approximating functions (la 
leads to the conditions [3] 


tz oF t 
f E\q lw, (tat + | n v0 | = “ (6) 
ti Og hi 


E|q| = Ois the 
If the limits 
t; and t, and the co-ordinate functions are chosen so that 


oF te 
—¥y,(t)] = 
| dg Ve | 


equations (6) simplify to 


te ~ 
f E\ q)W,(t)dt = (), 
ti 


Equations (7) are the Ritz-Galerkin equations for the conven- 
tional type of approximating functions (1a). 

If more general (nonconventional type) approximating func- 
tions, e.g. (2), are used, the Ritz-Galerkin procedure takes a 
somewhat different form. For 


a set of n-equations for the n open parameters C,. 
differential equation of the system under discussion. 


a eres - (7) 


m 


q = 


GA Virs Vir ++ +» Vins #) (8) 


(where m is the number of terms and n is the number of parame- 
ters per term) the Ritz conditions are: 


al ” dg oF ag 7” 

o ¢ 
-f Elq]) — a+| a ‘| = 0: 
OY ik th OY ik OG CVul nh 


,n 


There are as many such conditions as there are open parameters. 
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| mi 


e o2 o4 os ge 1° 


¥*(a, 7) 
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Fig. 1 Flexible appr 


It is seen that (9) reduces to (6) for the choice (1a) of approximat- 
ing function. 
For the parabolic approximation (2) conditions (9) become 


t: ~ . - ts 
~. Of OF o¢ 
f E|q] La +[ ; 4] 
ti ow og OC St 
ts ~ - te 
-. O oF 
f E{q] : dt + = ~, 
th oa Og Oa Jt, 
t; or T; can be chosen to be zero 
oO” og 
( Lo | T, = 0 
og oa 
For Tf; = 


and ¢, can be chosen equal to 7/4, r: = 1. 
0 for all differential equa- 


(10a 


1 it can 
be shown quite generally that 0F'/dg 
tions of the form 


G + Kf(q) = 0. (11 


By these appropriate choices of limits of integration and ap- 
proximating function, equations (10a) and (106) reduce to 


: 1 
-*, * on 
f Elqlw*(r)dr = 0 and f E(q] — dr =0. (12) 
0 0 da 


These are the two conditions for Q and a. 


Free Oscillations, Special Restoring Forces 

In order to be able to compare the results of the parabolic 
approximation (2) with exact or approximate results from other 
sources, we shall apply the parabolic approximation (2) to free 


oscillations, described by the differential equation 


G + Kf q) = 0, (13) 
for systems having 


(a) f(q) = u*~'q"; (6) f(q) = 


_ a” ig*. 
n 


(a) f(g) = w*—'g". Here (if de-dimensionalized with respect to 
time) the differential equation (13) becomes 


Wx? 


4w? 


q” + "1g" = 0 with §& = 


If (2) is chosen as the approximating function, the Ritz condi- 
tions (12) yield 
—r(a) + Ey"*-1Q9"—1u, (a) = 0 (14a) 


—F(a) + E%u*—1Q"— (a) = 0. 
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Table 1 


ria) =a [1 


Values of r(a), r(a), unla), Una), via,S), and v(a,8) 


ania | 
2a — 1 


(a — 1) 


(2a — 1)? 


l [$ 
1)L3 


uy ( a) 


uy a) 


ala — 1) 


(a — 1) 
2 (2a + 1)? 
( be l _ _ 3a? , - l ] 
Ae) @ TK iF La 6G t+) ) ~ Ba + 1) 


a 1 eigen bar 
me (a — 1 Lle + 9) (Ba + 1) 


3 2a aa — 1) 


== S + = 
4 (a + 3) + (a + 3)? 
ala — 1 


(a _ 


2Za+ 1 (3a + 


1) 
1)? 
6a? 4a 
4 = 
(2a + 3) (3a + 2) 


1 
r (4a + i] 


3a 
(a — 1)8 E + 4) “* (2a + 3) r (3a + 2) 
l a’ 3a?* 3a l 
sa = ee ™~ (9 a) t 7 9 
(4a + 1) 5 (a + 4) (2a + 3) (3a + 2) 
aa — 1) 3a%a — 1) 3ala — 1) (a — 1) 
(a + 4)? (4a + 1)? 


iia) = 


(2a + 3)? (3a + 2)? 


via, B) 


bn | [%e - 8 , a ; l ] 
“(@-1)L3 (+2) @+2)' @+et)D 


- l Bla — 1) 
Ka, B) = TH) (a + 2)? 


= (a — 1) 1 = l al 
(a + s+ 1)? (p + 2) (a + 8+ 1) 


These two equations for the two unknowns Q and a involve cer- 
tain functions of a and n; r(a), #(a), u,(a@), and d,(a). 
functions are listed in Table 1 for n = 1, 2, and 3. 

Using the ratio n? = (w/x)*, we may express the results (14a) 
and (14) in the forms 


These 


2 ui a) 


ue” Qn 7 2 


2 = 
” 4 ria 


wr? aja 
ige-! ° (15d) 
4 Ha) 

15b) must be identical; 
the fractions can be equated and a value of a determined. Table 
2 gives values of a forn = 0, 1, 2,3,...7. (Remember that the 
value of a determines the shape of the g-t curve.) With the values 
of @ established for the various values of n, equations (15a) and 
(155) can be expressed as 


7? = A(n)p*—1Q"-1 


and values of \(n) can be computed (Table 2 for n = 1, 2,3,...7)° 


For a given n the equations (15a) and ( 


(16) 


(b) f(q) = D pg". If the restoring force is represented 
n 


by a polynomial of the displacement, the differential equation 
becomes (with 7 as the independent variable) 
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Table 2 Valves of a and Mn) as a function of a 
a A(n) 
1.234 
1.000 
0.834 
0.713 
0.622 
0.551 
0.494 
0.448 


SA Om m Cobo bo 


a: See equation (2). 
\(n): See equation (16). 


q” + & Dd u*-ig" = 0 


If the approximating function (2) is used and the limits of in- 
tegration are taken as 7; = 0 and rT; = 1, the two Ritz conditions 
(12) for the determination of Q and a@ lead to 


— ria) + & yu 1" lu (a) = 0 (17a) 
n 


— Ha) + & Do p*'Q*-,(a) = 0. (176) 
n 
These equations correspond to (14a) and (146). 


As an example of the ‘‘polynomial’’ system we consider 
q” + Eq + wg’) = 0 
For this case equations (17a) and (17b) become 


mr? u(a@) " w* us(a) : 
a % 18a 
4 r(a) aie 4 r(a) ( ) 


nr? ,(@) 
4 Wa) 


x tia) 


. 18d 
4 Ka) ( ) 


7 = uQ? 


These two equations relate the quantities 7*, Q, and @. If any 
one of the three is known, the 7? — Q relationship and the g-¢ 
curve can be determined. 

As the maximum displacement Q becomes smaller and smaller 
we find from equations (18a) and (185) 


w* u,(a) m* a(a) 
and 7? = pr 


2 = 
7" 4 ra) 4 


Wa)” 

This result pertains to the linear system where (1) = 1.0 and 
a = 2.70 (best approximation of a sine function). When the 
maximum displacement becomes larger and larger the effect of 
the first term of (18a) and (18b) becomes negligible, the limiting 
condition can be written as 


m* aia) 
» a 2 
n 4 Ka) ud 


mr? ua) 
yp 2 
n 4 ra) uQ 


and 


This can be shown to be the same 9? — Q relationship as for a 
pure cubic spring [A(3) = 0.713 and @ = 4.11). 

From the foregoing consideration of limiting cases it has been 
shown that, depending on the maximum displacement Q, a has 
values between 2.70 and 4.11 and the 7? — Q relationship is such 
that »? approaches unity as the maximum displacement Q be- 
comes small and that it approaches 0.713 4*Q? as Q becomes large. 


Comparison With Results Available 


The comparison to be made here will be restricted to the sim- 
plest case, f(q) = u"~'g", because it does not involve extensive 
calculations and still yields representative results. Comparison 
will be made between (A) the exact solution, (B) the conven- 
581 
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Table 3 Values of the coefficients x(n), y(n), and \(n) and the percentage errors 


x(n) en) 
234 1.27: 
000 000 
837 S49 
719 750 

.628 679 
.558 625 
501 582 

0.455 547 


g{n) i 100 
x(n 
[ | 100 


tional, one-term sinusoidal approximation, (C) the nonsinusoidal 
parabolic approximation as presented in the foregoing, and (D) 
the conventional, two-term sinusoidal approximation. The re- 
sults of the first three methods (A), (B), (C) can be expressed as 


Per cent in ¢(n) = [ 


A(n) 


Per cent error in A(n) 
x(n) 


n* o(n)p" 'Qr-, (19 


where a(n depends on the method of solution used 
sents x(n) for the exact method (A) of solution [3], @(n) for the 
one-term sine-function approximation (B) [3], and A(n) for 
the parabolie-function approximation (C). Form (19) of the 
7? — Q relationship is inherent in the Ritz method when a one- 

7 the 
listed in 


o\n) repre- 


term approximation is used. For values of n = 0, 1 
values of the coefficients x(n), O(n), and A(n) 


Table 3. Also listed are the “percentage errors’ 


a(n) 
| - | 100 
x(n) 


for the two approximate solutions (B) and (C) 


are 


(Because the 
quantity Q appears in the same power for the three methods of 
solution considered, the error is independent of Q and depends on 
nonly.) By comparing the values of x(n), @(n), and A(n) we see 
that the methods (B) and (C) approximate the solutions quite 
3 the sinusoidal approxima- 


well for small values of n. Forn = 
tion (B) is within 4.4 per cent of the exact result (4) and the 
parabolic approximation (C) is within 0.8 per cent. Furthermore, 
it can be shown that the two-term sinusoidal approximation (D) 
is within 0.27 per cent of the exact result. However, when n is 
large, €.g., m 7, the sinusoidal approximation (B) slips to 20 
per cent error while the parabolic function approximation ((C’) 
stays within 1.5 per cent of the exact answer. For the two-term 
sinusoidal approximation the error becomes 2.6 per cent. 

It might seem unfair to compare the one-term, one-parame- 
ter sinusoidal approximation with the one-term, two-parameter 
parabolie approximation. It is readily admitted that the para- 
bolic approximation involves more work than that required for 
However, it is equally unfair to compare 
the ‘“parabola’’ Not 
only does the two-term sinusoid involve integrating products of 
sine functions, but also the resulting 9? — Q relationships are deter- 
The parabolic 


the one-term sinusoid. 
to a two-term, sinusoidal approximation. 


mined by lengthy, nonlinear algebraic equations. 
approximation, on the other hand, involves integrating powers of 
@ and solving a high-order polynomial in @. Therefore a fair 
comparison weighing closeness of results againts efforts expended 
is rather difficult to make. 

Figs. 2 and 3 are plots of g versus 7 and approximating error 
versus time for n = 3 using the results of the three methods 

1, B, C) under consideration. They clearly show the superiority 
of the parabolic over the one-term sinusoidal approximation. 
The high degree of accuracy of the parabolic approximation is 
due to its ability to better represent the shape of the q-t relation- 


ship. The one-term sinusoidal assumption is compelled to ap- 
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A(n) 


l 
1 
0 
0 
0 
0 
0 
0 


Per cent error 
in A(n) 
0 
0.0 
—0.4 
—O.8 


Per cent error 
in ¢ (n) 

234 3.2 

OOO 

834 4 

713 4 

622 8.1 

551 l 

494 

448 


-1 
1 

i 
_1 


proximate the actual curve by an adjustment in the maximum 
value only. 

For the case where f(g) is a polynomial, a comparison has been 
carried out for limiting cases of f(q) = q + w*q*. The details are 
omitted here; they may be found in [5]. It will suffice to say that 
the comparison yields a graph quite similar, both qualitatively 


and quantitatively, to Fig. 3. 
Forced Oscillations 

In regard to forced oscillations, results have been obtained for 
the two sample systems 


+p 


8 - 


G+ K°q + alee tt, 


+p 


a 


(Br — r*), (206) 
l 


with B 











9 sinusordal 


4 
06 


in 
aS 
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Fig. 2 Displacement-time curves for system j + «*u°g' = 0 
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Fig. 3 Error-time curves for system jj + 
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\ parabohe forcing function has been chosen instead of the tions probleme der mathematischen Physik,” Crelles Journal fir die 


. . : ine 1 . . . ‘ 909 ; ; 
customary sine function. In the realm of nonlinear differential ”¢ “4 angewandte Mathematik, vol. 135, 1909, pp. 1-61. 


equations the advantages of the sinusoidal forcing function dis- _2 1. 8. Sokolnikoff, “Mathematical Theory of Elasticity,’ Me- 
ae 1 ‘ . Graw-Hill Book Company, Inc., New York, N. Y., 1956, pp. 404-411. 

ippear. Therefore, use of such a parabolic foreing function is not 

The choice of B 3 was completely arbitrary, 3 K. Klotter, “Nonlinear Vibration Problems Treated iby the 

3 . Averaging Method of W. Ritz Proceedings, First U. 8. National 

but 3 happens to be the nearest integer to the best value (8 Congress of Applied Mechanics, New York, N. Y., 1952, pp. 125 

2.70) for a parabolic approximation of a sine function with the 131 


unreasonable 


same quarter period 4 K. Klotter, “Steady-State Vibrations in Systems Having Arbi- 
Comparisons wit! the conventional Ritz results have been trary Restoring anc Arbitrary Damping Forces,"’ Proceedings of the 

earried out for certain limiting cases of (20a) and (20b). They too Symposium on Nonlinear Circuit Analysis, New York, N. Y., 1953, 

will be found in [5 Their results again indicate the advantages pp. 234-258, 

gained by the use of a parabolic approximation 5 K. Klotter and P. R. Cobb, “Nonlinear Vibration Problems 
Treated by Extensions of the Ritz Averaging Method,” Technical 
Report 109, Division of Engineering Mechanics, Stanford Universit, 
Stanford, Calif., 1957. (Report available from Division of Engineer 

we A Cher ei neu thode zur Lésung gewisser Varia- ing Mechanics, Stanford University 
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Stress-Displacement Relations for Shell 
Membranes in Oblique Co-Ordinates 





G. D. GALLETLY' 

In this note the relations between the internal forces in a shell 
membrane and the corresponding deformations are derived for shells 
with oblique rectilinear planforms. The derivation is an extension 
of that previously given for rectangular planforms. 


Introduction 

The membrane equations of equilibrium for thin elastic shells 
in either orthogonal or oblique rectilinear co-ordinate systems are 
well known. The corresponding stress-displacement relations are 
not quite so well known, having been derived quite recently for 
orthogonal rectilinear co-ordinates by both Reissner [1]? and 
Fliigge and Geyling [2]. To the author’s knowledge, the cor- 
responding stress-displacement relationships for oblique recti- 
linear co-ordinates have not been derived. Since the use of shells 
with oblique rectilinear planforms is by no means unheard of, 
there seemed to be some merit in determining the stress-displace- 
ment relations for these shells. This objective is the purpose of 
the present Note. To make the presentation self-contained the 
equilibrium equations are also recorded, although they are not 


derived. 


Mathematical Preliminaries® 

An element of the shell under discussion, together with its 
projection on the ry-plane, is shown in Fig. 1. The angle between 
the z and y-axis will be denoted by 2¢ and the z-axis will be taken 
perpendicular to the zy-plane (i.e., vertically downward). 

Unit vectors along the z, y, and z-axes will be denoted by a, b, 
and ec. These vectors satisfy the following relations:* 


a-b = cos 29, bec=c-a=0 (1) 


aX b =csin 2¢ 


b X ¢ = acse 26 — b cot 26 | 


c X a = bese 2 — a cot 2¢) | 


The radius vector to the point A on the middle surface of the 
shell is 


! Shell Development Company, Emeryville, Calif. 

? Numbers in brackets indicate References at end of Note. 

* The relations in this section follow directly from simple vector 
analysis. 

* The usual vector notation is employed. 

Discussion of papers in Brief Notes should be addressed to the 
Secretary, ASME, 29 West 39th Street, New York, N. Y., and will 
be accepted until October 10, 1960, for publication at a later date. 
Discussion received after the closing date will be returned. 

Manuscript received by ASME Applied Mechanics Division, Febru- 
ary 15, 1960. 
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Fig. 1 Shell element and its projection on the xy-plane 


r= za + yo + ze 
and the two vectors s and t, tangent to the surface, are 


) 
$ = 0r/Or =a + 2,€ | 
> (4) 
t = dr/dy = b + z,¢ | 


where the subscripts z and y denote, as usual, partial differentia- 
tion with respect to those variables. The lengths of s and t are 


s = |s-s|'/? = (1 + 2,2)'/ | 


- yf (5) 
jt-t) 7? = (1 + 2,2)? 


t= 
A vector normal to the surface is obtained from 
n=sxXt 
From Equations (2) and (4) one finds 


1 1 
-- (z, — 2, cos 2d)a — 
sin 2 


z, — z, cos 26)b 


(2 
sin 2¢  ” 


+ sin 2¢e (7) 


The length of n is found from n = |n-n|'/, utilizing Equation 
(1). This gives 


n = sin 26 V2 (8) 


Q = 1 + esc? 2(z,? + 2,2 — 2z,z, cos 2) (9) 


Thus the unit inward normal vector to the surface at the point 
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x, y, z has the following direction cosines with the co-ordinate 
axes: 


2 —~ #, COs 2) esc? 2¢ 
— z, cos 2d) csc* 2 


These relations are useful when considering loadings other than 
purely vertical. 

The angle w between the two tangent vectors s and t is obtained 
from 
(11) 


s-t = si cos w 


Thus 


cos WwW 


The element of surface area dA is given by dA = st sin w dz dy. 
Thus from Equations (5) and (13) 


dA = 2’ sin 2 dz dy 


Equations of Equilibrium 
The forces per unit length acting on the shell element will be 
denoted by N,, N,, and N,,.§ 


As usual, horizontal 


Vv cos a 
= cos 8)’ 


. cos & ; _ 
N, ( = N, ) and N,,(= N,,).6 The components of the 
cos a 


their horizontal components per unit 


length of the z and y-axes will be designated by N, ( =! 


external load, in the z, y, and z-direction, per unit projected area 


(dz dy = 1), will be denoted by p,, p,, and p,. 


As is known, the equations of equilibrium assume the form 
ON, . oN, 
Ox oy 


+ p, sin 2¢@ = 0 
ON, ON,, 


- + sin 2¢ = 0 
oy ox Py ? 


os ; 0s : 
oe (N 2. t+ Negty) + dy (NW 4, + Nagle 
+ p, sin 2@ = 0 } 
The introduction of the Airy stress function F defined by 
sin 2@ JS p,dzx 
sin 2¢ JS p,dy 
= -F,, 

satisfies the first two equations of Equations (15) identically and 


reduces the third to 


z,,F 


zz” yy 


(17) 
where p is given by 


p = sin 29(—p, + z,p, + 2,p, 
+ 2,, S p,dz + 4, JS p,dy) (18) 


5 The subscript z and y on the quantities N or ¢ indicates direction 
and not partial differentiation. 

*N,, Ny, Nz, Ny include both normal and shearing stresses as the 
parametric curves are not orthogonal. N,, = Ny represent shear 
stresses only. 
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Fig. 2 Displ ts and the strains «2, €,), 7 


Stress-Displacement Relations 
Instead of employing Reissner’s variational theorem, the stress- 
displacement relations will be determined herein in the traditional 
manner (cf. [2]). The middle-surface displacement components 
along the co-ordinate axes z, y, z will be denoted by u, v, and w, 
and a positive shear strain of the shell element will be defined 
as a decrease of the angle w in the first quadrant of the z, y-system 
(see Fig. 2). The original and final lengths of the sides of the ele- 
ment are then 
AB = adr +cdrtana 


(19) 
AB’ = a(l + u,)dz + bv,dz + e(tan a + w,)dz 


AC = bdy + cdytan 8 
AC’ 


(20) 
au,dy + b(1 + v,)dy + e(tan B + w,)dy 


Defining extensional strain in the usual engineering manner; 
i.e. 


Final length — original length (21) 
€= — 21) 
Original length 
then from Equations (19) and (20) and using the relation [from 
Equations (1) and (3)] 


° 


r2 = peer) = x? + y? + 2? + 2zry cos 20 


one obtains, to the first order in u,, and so forth: 


€, = (u, + v, cos 2¢) cos* a + w, sin @ cos @ 


€, = (v, 


; + u, cos 2d) cos? B + w, sin 8B cos 8 


The shear strain ¥ is found from the relation 


AC’-AB’ = (AC’)(AB’) cos (w — ¥) 
= (1 + €,)(1 + €,)dzdy cos (w — y) + cos a cos 8 


From Equations (19) and (20) there also follows 


AC’-AB’ = dz dy|(1 + u,)u, + (1 + vv, + vu, 

+ (tan a + w,)(tan B + w,) + (1 + u, (1 + v,) cos 26) (26) 
Equating the relations (25) and (26), utilizing Equations (23) 

and (24), setting cos y = 1, sin y = , and retaining only terms 

of the first power of one of the derivatives of u, v, w, one finds: 


1 ; = 
Y= are [(u, cos a cos 8 — u, cos*a sin a sin 8 + v, cos acos 8 


— v, cos* 8 sin a sin 8 + w, cos* a sin 8 + w, cos* 8 sin a) 
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+ cos 2@(u, sin? @ cos @ cos 8B + v, sin? 8B cos a cos 8 
— u, cos? 8 sin a sin 8 — v, cos* a sin @ sin B 
w, cos? a sin a cos B — w, cos* 8 cos @ sin B) 

— cos? 2¢(u, cos* 8 cos a + v, cos* a cos B)] 

For @ = 45 deg (i.e., rectangular Cartesian co-ordinates) Equa- 
tions (23), (24), and (27) reduce to the expressions previously 
found by Fliigge and Geyling. 

Having the strain-displacement relations, it is now necessary to 
determine the stress-strain relationships in oblique co-ordinates. 
Fortunately, these are available in reference [2]. The differential 
shell element will appear as a parallelogram in a plane tangent to 
the middle surface (see Fig. 3) and the relations between V_, V 
V_, and the strains €,, €,, y are given by 


2 V. cot Ww 


+ N, sin w(cot? w — v)] 


, cot w + N, sin w(cot? w — v)) 


. [NV, cos w + 2N,, + NV, cos w]) 
Eh 5 ; 

where h is the shell thickness and v is Poisson’s ratio. 

The stress-displacement relations in oblique rectilinear co-ordi- 
nates are then obtained by equating the expressions (23) and (28), 
24) and (29), (27) and (30). This step will not be carried out 
here, although there is obviously no difficulty in so doing. Instead, 
attention will be restricted to shallow shells, for which the stress- 
(A shell is de- 
can be neglected in comparison to 


displacement relations are much less complicated. 
fined as shallow if z,?, z,?, z,, 
unity. Reissner [1] suggests that if z,, z, < '/2 then shallow-shell 
theory should be accurate enough for practical purposes. ) 


For shallow shells, one has therefore: 


cos B 


tan @ 


cos a = 
sina = 
sin 8 = tan 6 = 


Cos WwW = 


cos 29 .. w = 2g 


in Equations (23), (24), and 
(27), substituting the resulting expressions in Equations (28), 


Utilizing the approximations (31 
29), and (30), neglecting the quadratic terms of the slope com- 
ponents z, and z,, and setting 
V, 
one obtains 


° [V, + 2N,, cos 2 


N (cos? 26 — v sin? 2@ 
2¢ 
Eh 


+ N,(cos? 2 — v sin? 2¢)] 


[N, + 2N,, cos 26 


(33) 


+ v,) sin? 26 + (w,z, 22) — (w,z, + w,z,) cos 2] 


(1 + v) sin 2¢ 
Eh 


[N,(cos 2 + 2N,, + N, cos2@)] (34) 

Equations (32) to (34) are the stress-displacement relations in 
oblique rectilinear co-ordinates according to linear shallow-shell 
membrane theory. For @ = 45 deg they reduce to those given 
previously by Reissner. 
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Fig. 3 Projection of shell element onto plane tangent to the middle 


surface 


Final Note 


It is not clear whether the membrane deformations, in eithe: 
rectangular or oblique co-ordinates, adequately portray the de 
formation picture for shells of negative Gaussian curvature (e.g., 
reference 


hyperbolic paraboloids). In connection with this, see 


2). It is also of interest to note that Vlasov [3 ! states that mem- 
brane theory cannot be applied to such shells. 

The author is indebted to the reviewer of this note for drawing 
Unfortunately, the author 


his attention to references [4] and [5] 


has been unable to obtain a copy of [4]. In [5], Riidiger derives 
two second-order partial differential equations for shells with 
oblique rectilinear planforms using the tensorial formulation of 
differential geometry. One of these equations is in terms of dis- 
placements, the other in terms of a stress function. This latter 


is equivalent to Equation (18) of this Note 
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A Note on the Stability Problem of 
Shallow Translational Shells 





KRISTOFFER APELAND' 


REISSNER’s procedure for determining buckling loads, origi- 
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nally apphed to hyperbolic paraboloid shells of eq ial and Op- 
posite principal curvatures in reference [1],* will be generalized to 
The explicit solu- 


(2) which 


the case of any shallow translational surfac« 
tions obtained are based on Marguerre’s equations 
have been suitably amended by inclusion of a curvature parame- 


ter 


Basic differential equations 
We consider a class of shallow translational shells, the middle 


surface of which is defined by 
where 
into Marguerre’s nonlinear bending equations 


Introduction of (1 


vields 


vr 


DV *u y f 
‘z JS q,dz ‘sz 
w,, S 4,44) = 


component, and the 


where w is the transverse displacement 


stress function Fi Zy)is defined by 


= S q.42, N yo F S 4,dy : _~ F iis 


0 


_e F, 


All symbols used have the usual meaning of the theory of shells 
We note that the 
cylinder, or a hyperbolic parabol 


For load in the du tion 


middle surface of the shell is an elliptic parab- 


oloid oid according to y < 0, 
¥ 0,ory > 0 


specialized as follows 


only, (2) can be 


Nonlinear bending theory 


V'F 


Linear bending theory 


Vik — Ehk 
DV tw + kel fF 


N. i = 


VF — Eh|kiu 





theory 
— yw,,,) 
ks 


Linear membrane theory 


ko Pree — YF 


2 Solution of a particular boundary-valuve problem 
For constant uniform load on the shell the linear membrane 
theory equation (7) has a solution of the following form: 


=n — (zx? — yy’), w = 0. 
2k(1 + y?) 


By inspection it may be seen that the expressions (8 also satisfy 
the equations (4). Therefore for any translational shell the linear 
membrane theory solutions (8) are also a solution of the boundary- 
value problem of the more complete nonlinear bending theory, 
i.e., the particular case when the boundary conditions are directly 

For a rectangular shell bounded by 
0, b), solution (8 


satisfied by the solution. 


lines z (0, a) and y satisfies the following 
boundary conditions: 


2 Numbers in brackets indicate References at end of Note. 
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encountered ih pra 


solution (8 


These boundary conditions are seldom 
tice. However, we 
investigating effects not influenced sig- 
nificantly by the boundary conditions. Hence the foregoing 
solution may serve as a basis for the study of a wider range of 


The range of applicability of the foregoing solution 


are interested in the mainly as a 


basis for which are 


problen s 
will be studied (see section 4). Although not explicitly stated i 


reference [1] were implied 
Reissner’s derivation of the buckling load for hyperbolic parabo- 


loid shells 


the boundary conditions (9 


3 A stability problem approach for uniformly loaded shells 
of th ‘ 


itions (4 


Following Reissner [1] we investigate the solution (8 
boundary-value problem given by the differential eq 


ind the boundary conditions (9 To determine if other so 
nertions 


tions of the problem are possible, we add incremental f 


itions (8) for w and F 


to the sol 


Introducing (10, into the differential equations (4) and ret 


only the linear terms results in the following equations 
Vib — Ehkilu . = 0 
7®,,,) 


Equations 11) are satisfied by a solution of the following form: 


w A sin (ax) sin (By 


(12) 
® = B sin (az) sin (By) 


where A and B are constants, and @ and £8 are defined by 


mr nT 
, 12a) 
a b 


Introduction of the expressions (12) into the equations (11) gives 
I 1 \ £ 


the following equations for the unknown coefficients A and B 


Ehk a? — yB?)A + (a? + B*)B = 0 


: 2 hn ss Se TE 
| p wo+ Bs (ya? — Pa + | A 


— k(a? — y8*)B = 0. (13) 


The determinant of the system (13) must vanish for nontrivial 


solutions. From this condition the admissible values of a uni- 


form load q, — po are given by the expression: 


D (a? + oY) (a? — y8*)? 
82 on ya? 


Po 
kl + ¥?) 


+ Ehks?- 


(14) 


Equation (14) gives the admissible values of the load py for any 


shallow translational shells. Special cases are as follows: 
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(a) Hyperbolic paraboloid shell having equal and opposite 
principal curvatures (y = 1): 


(a? + 8)? 8? — a? 


Ehk;? : (15 
B? — a? + . (a? + B?)? ) 


DG 
MY =D 
Qke 
which except for notation is identical to the formula presented by 
Reissner [1]. 
(b) Rotational paraboloid shell (y = —1): 


oe as D(a? + B?) + Ehk:? (16) 


1 
2k, a + BY 


Replacing k2 in the expression (16) by 1/R we find an approxi- 
mate formula for shallow spherical shells, viz.: 


Eh | h(a? + 8B?) + 2 

RL 61 — v*) R%a? + B*) | 
which is a well-known formula from the classical buckling theory 
see, for example, Girkmann [3], Equation 


Po = (17) 


of spherical shells; 
no. (13106) 


Parabolic cylindrical shells 
(y = 0): 
Po 24 B? )2 a‘ 


= D + Ehk,? - ; 
ko 82 si wa BX a? + B?)? 


(18) 


> 


Replacing k2 in the expression (18) by 1/R, 
mate formula for shallow circular cylindrical shells, viz.: 


we find an approxi- 


Eh r h(a? + B*)? at ] 
Po = ag (19) 
R | 1201 — v*)B? 2a? + B*)2B? 
For very long cylindrical shells we may set a ~ 0. The formulas 
18) and (19) then reduce to buckling formulas for vaults, 
including snap-through buckling. See, for example, Timoshenko 
[4] 
4 Discussion 

It should be emphasized that the procedure used in develop- 
ing the buckling formula has the same limitations as the classical 
stability theory approach. Moreover, it is limited by the shallow- 
ness restrictions, that is, the assumptions that (z,,)*, (z,,)*, and 
(z,,2,,) are negligible in comparison with unity. This limitation 
on the application of the shallow-shell theory is discussed by 
Reissner [1], who states as a general rule that shallow-shell theory 
will be more than sufficiently accurate as long as (z,,), (z,,) < 
1/8 and often accurate enough for practical purposes as long as 
(2,2), (24) S 1/2. 

As was pointed out in section 2, we will determine when the 
derived formulas will have physical significance other than for 
the particular boundary conditions (9). It can be seen by inspec- 
tion that the second term on the right of Equation (14) expresses 
the coupling of the &-effect to the w-effect. 
the possible values of the load py for a given set of values of a and 
8. If we consider the special case when the second term is zero, 
we find that the smallest possible value of pp is obtained for a = 0, 
that is, for infinitely long buckling length in z-direction. We in- 
troduce the half wave lengths l, and l, defined by the equations 


This term increases 


(20) 
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As was pointed out by Reissner [1], a finite value of the buckling 
length /, will only modify the solution but will not change its 
character. We therefore study the simple case a = 0. Then the 
Equation (14) reduces to 


° 2 


0 T AY 
P =D + Ehk,*y? (21) 
kal l + ¥?) “* a 
From Equation (21) we obtain the following value of the buckling 


length /, which makes po smallest, i.e., 


T lh 
-e-q—. 
430 — ¥?) V.. 


; is lh 
* W120 — y?*) Vi. 


where 


Se; 
vk: = ky = — (22a) 
a? 
and ¢, is the rise of the shell over the length a in the z-direc- 
tion. If we set the length a equal to the width b, we see that for 
sufficiently small values of h/c; the half wave length /, is apprecia- 
bly smaller than the width of the shell. This means that, when 
h/e, < 1, a large number of nodes will be formed. Therefore, 
when h/c << 1, the effect of the boundary conditions on the solu- 
tion tends to become insignificant and consequently (14) gives 
the possible values of the load po for any boundary conditions on 
such a shell 
If we identify the half wave length l, with the finite length a of 
the cylindrical shell, we may write Equation (18) in the following 
form: 


By inspection it can be seen from Equation (23) that, for h/c< 1, 
the first term on the right will be negligible in comparison with the 
second term as long as n is a small number. Therefore the small- 
est value of po will occur for large n values, which means that for 
cylindrical shells of ordinary side length ratios the criterion for 
application of (14) is also h/e< 1. 

However. we see from expression (18) that for a = 0, that is, 
for the infinitely long cylindrical shell, we obtain the buckling 
formula for the shallow vault, including snap-through. This 
special case is therefore limited to the boundary conditions (9), 
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Transient Response of Linear 
Viscoelastic Plates’ 


G. E. MASE® 


Tue governing equation for the dynamic response of linear 
viscoelastic plates based upon small deflection theory has been 
given by Biot.* This equation, developed from the associated 
elastic plate equation by means of the principle of correspondence 
relating equations in the two fields, is taken here in the form 





Bi V+w(2z, y, t) + php*w(z, y, t) = f(z, y, t) (1) 
in which 
= the deflection of the middle surface of the plate 
= the plate density 
= the plate thickness (assumed constant 
= the plate loading per unit area 
= a linear differential time operator 


° 
= the operator 
ot 


In the notation of the Biot reference,’ the operator B, is given 


as 


WQ3BKP + Q) 
3P(3KP + 4Q) 


for a plate material which responds elastically under hydrostatic 
I I ) ) 
pressure. Here K is the bulk modulus of the material, and P and 
Q are linear operators of the form 
I 


E FP 
—~ Qo" o" 
P aad > a, 9 Q = > b. 
ot" ot" 


n=O n 0 


From this it is evident that B, may be written 


in which R(p) and S(p) are polynomials in the operator p. 

If Equation (1) is subjected to a Laplace transformation with 
respect to time, it is observed that the resulting transformed 
equation has the same form as the equation governing the static 
deflection of an elastic plate of the same shape, resting upon an 
elastic foundation and having essentially the same boundary 
conditions. Thus Equation (1) becomes upon transformation 
(bars denote transforms of unbarred terms), 


R(s) . 
= V‘ w(z, y, 3) + phs*u(z, y, 8) = f(z, y, 8) (4) 
(8) 


for a plate which is initially at rest in its undeflected position. 
Rearranging, this may be written 


S(s) ; phs*S(s) 
j=- u 


(5) 
Ris os R(s) : 


Vw = 


1 The results presented herein were obtained in the course of re- 
search sponsored by the Division of Engineering Research, Michigan 
State University, East Lansing, Mich. 

? Associate Professor of Applied 
University, East Lansing, Mich. 

3M. A. Biot, “Dynamics of Viscoelastic Anisotropic Media,” 
Proceedings of the Second Midwestern Conference on Solid Me- 
chanics, Purdue University, September, 1955, p. 94. 

Manuscript received by ASME Applied Mechanics 
October 15, 1959. 
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Fig. 1 Rectangular plate 
which is observed to have the exact form in the space variables 
of the elastic foundation plate equation (see Timoshenko‘). 
Therefore, using the literature of known solutions to the 
static elastic equation, transformed solutions of the dynamic visco- 
elastic solutions are obtained and these inverted directly by the 
usual operational procedures to give the desired result. 

As an example, consider a simply supported rectangular plate 
of the dimensions shown in Fig. 1 assumed to be made of a Kelvin 
type material which is designated by 


P=! 
Q = 2G + 2np 


where G is the shear modulus, and 7 the coefficient of viscosity. 

Let a uniformly distributed load of intensity fp be suddenly ap- 
plied at time? = 0. Then 

f(z, y, t) = fU() 

in which U(t) is the unit step function. Equation (5) for this 

case becomes 
hs*w 
v9 = — , (6) 


ie) hi 
(G + ns)s (G + ns)s 


the solution of which (see Timoshenko‘) is given as 


_ maz 
a sin sin 


l6f << o b 
w= 7? > > (7) 
m=1,3,5 n } 


ny 


1=13,.5 mns (2GA,,, + 2nA,,,8 + phs*) 


in which 


rth? ( m? n? \2 


6 a’ b? 


Formal termwise Laplace inversion of this series gives 


idea 


l 
a 73.5 ™" Ans } 


5 ( [9GA,._ A..." 
ag sin - 
ph pth? 


:+ 


uw(z,y,t) = 


_ mre nTy 
sin sin (8) 
a b 


‘S. Timoshenko, ‘“‘Theory of Plates and Shells,”” McGraw-Hill 


Book Company, Inc., New York, N. Y., 1940, pp. 248 and 24% 
§ Ibid., p. 252. 
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2gph 
where y = tan ‘y l— = - 
An 
It is of interest to note that as /—> © the plate deflection becomes 


. mmr nt yy 
sin sin 
b 


“yy > ; 
Tr? rs ; ae Gh* ( m? n? \? 
a a ma ee 
3 


a’ b? 


Thus the transient response in this case is a decaying sine vibra- 


tion about the terminal elastic deflection position 


A Note on the Hydrodynamic Pocket 
Bearing 


C. F. KETTLEBOROUGH' 


U'sing relaxation methods, acc 





irate solutions are presented for the 
hydrodynamic pocket bearing. These are compared with an ap- 
proximate solution. It is found that the latter gives quite accurate 


results with a considerable decrease in time and effort 


Nomenclature 
= width of bearing 

side land width 
length of pumping land 
friction function 
load function 
Cr/Cy = fL/h 
end land width 
length of pocket 
coefficient of friction 
friction force 
width of pocket 
outlet film thickness 
film thickness over pumping land 
film ratio he/h, 
length of bearing in direction of motion 
pressure 

’ ; Gul L 
nondimensional pressure (> ar r) 
pocket pressure 
velocity of moving surface 
effective pocket perimeter = (2E + G) 
total load 
co-ordinates 


nondimensional co-ordinates 


ir« 
Lu 


= Viscosity of oil 


Introduction 

The hydrodynamic pocket thrust bearing was first discussed by 
Wilcock 
reported by Kettleborough [2]; in the discussion to this paper, 


[1}.? Further results, usin 1e electrolytic tank, were 
1}.2 Further result g the el Ivtie tank 


Wilcock improves on his approximate solution but points out 
that his computations and those obtained by the electrolytic tank 
differed considerably. In order to check the relative accuracy of 
! Professor of Mechanical Engineering, University of Auckland’ 
New Zealand. 
Numbers in brackets indicate References at end of Note. 

* These symbols are illustrated in Fig. 1. They are all nondimen- 
sional in terms of length L. 

Manuscript received by ASME Applied Mechanics Division, July 
17, 1959. 
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Fig. 1 
per unit length 





REGIONI. 























Plan view of pocket bearing, showing components of oil flow 
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Fig. 2 Load function for different lengths of pumping land 
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Fig. 3 Friction function for different lengths of pumping land 


the results, the governing equations have been solved by relaxa- 


tion methods. 


Theory 

Because the oil-film boundaries are parallel surfaces, Reynolds 
equation reduces to Laplace’s equation. Thus over each parallel 
section the pressure distribution is given by V*p = 0 with the 


boundary conditions that p is zero (relative to atmosphere) 
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around the edges of the bearing and the continuity equation for dX dZ I dX dZ 
the pocket (see Fig. 1) which is oe ) WF iw Region 1 ~ 5% Region 2 


+; m . a; ‘ . G 
} jf hs ! he ( oP dz = pUh ™ hy ( op ) | dz — 3k - 1 f P,-dZ 
: {2 i2u \ dr J 24 {2 i2u \ or /,h 


rE ys op For k = 1.88,b6 =d = 0.1,G = O38, results are given in Figs. 2 
2 . ( ) dr (1) and 3 to show the influence of the length of the pumping land. 

. aps as Wilcock’s approximate solution is modified so that (a) the end 
land width d is not necessarily equal to the side land width; (b) 
the effective pocket perimeter w equals (2E + G); (c) corrections 
are made to Wilcock’s equations (29) (reference [2], p. 542) 


oP ) ( oP ) ! 7 . ( x) ix The operating characteristics are 
OX /s ox if 02 fi . W\ fhe? 6d(k — 1)G > b 


( = = nl 
. (")( “2 a(Gb + 2Ed + k*KGdb - Ctnh KB) 


The equation for the pressure distribution is F h, GB - 
C; = ) = = + 2b + Gd 
Vp =0 (3) pl Ll? | 


Using the substitutions defined in the Nomenclature this equa- 


tion takes the nondimensional form 


For a given pad geometry equation (3) is solved by relaxation where 
techniques in a similar manner to that described in reference [3 ; 
In applying the continuity equation (2), the slopes are determined i (“ . °) ) inh KB —csch KB + K (x 4 
by finite difference formulas at the edge of the pocket along each a K ! 
mesh line and the integration carried out numerically. 
IXnowing the nondimensional pressure parameter, the operating 


characteristics are a 2 ) 
k*bG 


Ww h,? 1 i/L ‘o- 
(, = ( ( ) = 6 ff. f P dX dZ : - 
pl’ L 0 J0 Computations have been made using these formulas and are 


REGION.|. 
a ° . . . . . . . . . - + . 


° a « 
'S2 230 BI eres $76 679 792 920 1068 [239 (265 1296 '297 '287 '247 1100 $50 


Ep ° 
oo 
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also presented in Figs. 2 and 3 together with other curves given 
in Fig. 11 (reference [2]). From these graphs it is clearly evident 
that Wilcock’s simplified approach yields relatively accurate 
figures. The C; curve is closer to the relaxed curve when the third 
component of friction force is considered, i.e., the component due 
to the oil film pressure: 


Vo l(Z\(m) I, aig 
= (E(B) {evan 


G 
+ —(k - 1)-@- Cyt (6) 


Figs. 4 and 5 show two typical pressure parameter distributions 
and indicates to what extent the approximate solution is at error. 
The main assumptions for the latter are: (a) The pressure does not 
vary in the z-direction across region 2; (b) the pressure falls 
linearly from the pocket across region 1; (c) in the case of Fig. 5 
the pressure is constant along that portion of the step labeled AB. 


Conclusions 

Wilcock’s approximate solution for this bearing configuration 
yields accurate results when compared with the relaxed solutions; 
at the same time the difference in time required to reach operat- 


ing figures bears no comparison. As the electrolytic tank figures 
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are no longer available for analysis, it is impossible to ascertain 
the source of error. 

Some trial solutions using a resistance network analog give re- 
sults of a similar magnitude to those obtained by relaxation. 
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NOTE: In checking over the proofs, a numerical error was 
detected. Referring to Fig. 2 and using equation (4), the value 
of Cy is actually 0.0825 and not 0.0721 when B = 0.9. As C, 
= C,/Cy, this affects the corresponding points in Fig. 3. With 
B = 0.9 the value of C, derived using equations (5) and (6) 
should be 8.06 and 9.00, respectively. The over-all effect is to 
show that Wilcock’s analysis gives good results over the full 


range. 
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Analysis of a Nonlinear Mechanical 
System With Three Degrees of Freedom’ 


F. R. ARNOLD.” The author’s interesting application of the 


Duffing method to the study of this steady-state behavior of 
nonlinear systems having three degrees of freedom leads to some 
interesting points for discussion. These concern the relation 
of the solutions presented by the author to solutions obtainable 
by other methods, the physical significance of the approxima- 
tions, the number of solutions or behavior modes to be expected 
corresponding to each disturbance frequency, and finally a proce- 
dure for manipulating the necessary algebraic equations in a 
manner which avoids graphical constructions in the determina- 
tion of amplitude values 

Equations (5) as presented by the author are exactly the same 
as those obtained by a so-called Fourier-series approach of his 
reference [2] or by the Ritz averaging method of his reference [6]. 
The only differences are in procedure for obtaining the equations 
By the Duffing 
and the Fourier approach, terms involving higher harmonics of 
The 
ing method does not yield any terms to be neglected. 

Although the philosophy behind the Duffing or Fourier ap- 
proach is such that there is some hope of correspondence between 


and the apparent significance of their solutions 


the disturbance frequency must be neglected. titz averag- 


the approximate solutions and the quite complicated exact be- 
havior of a physical system, the approximate solutions so ob- 
tained will be exactly the same as those to be found by the Ritz 
averaging method. We may, therefore, attach the same physical 
significance to the values of the coefficients found for the ap- 
proximating functions of equations (4); namely, the values of A, 
B, and C will be those which make the approximate solutions 
come as close as possible to satisfying the same ‘‘minimum princi- 
ple’ as the exact solutions must precisely satisfy—regardless of 
whether or not the minimum principle is known. 

From an examination of the response diagrams in Fig. 3 of the 
paper, as well as the description of the procedure used for solving 
equations (6), it is believed that several modes of behavior have 
not been detected. It is observed that if one assigns a value to A 
in equation (6d) for the purpose of establishing a value for K, 
there will generally be two additional values for A that will also 
vield the same K. These other values will lead to many more, but 
definitely corresponding, values for B and for C. 

In order that much more information may be made available 
as a result of the algebraic manipulations necessary to solve 
equations (5) or (6), it is recommended that the equations be 
made dimensionless before the solution is attempted. This will 
simultaneously lead to simpler coefficients for the unknowns, and 
a single curve on a corresponding response diagram will represent 
As an example of a 
dimensionless result obtained by operating on equations (5) of 


solutions for an infinity of physical systems. 


the author, the following corresponding equations are obtained 
if, for convenience, the symbol y? is used in place of the author’s 
us: 

1 By S. A. Hovanessian, published in the December, 1959, issue of 
the JouRNAL or AppLiep Mecuanics, vol. 26, Trans. ASME, vol. 81, 
series E, pp. 546-548. 

2 Associate Professor of Mechanical Engineering, Stanford Uni- 
versity, Stanford, Calif. Assoc. Mem. ASME. 
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Discunriow 


+ A* — iien*B — mC = 3 
mn*B - kc - B) 
- afi C — By =0 


— nA + — kB — A) — k.™%B — A) = 


where 


mm); Me = m2e/m; Ms = m;/m 


ky = ke/hi; ka = fa/ki 


(3 mA; B = (3/,)'/*,B; Cc = (3 s)'7,C 


; = (3/,)'/*4u.( Fo ky); Ms? = (ps fy)? = fs/Miauthor 


fi.* = (Me ‘ty )? = [e/ Miauthor 


It wiil be noted that signs of 77? terms change for softening spring 
nonlinearity; also that the first three terms in each of equations 
(5’) constitute a dimensionless form of the author’s K which will 
be designated X in the following prescription for solution which 
avoids the need for any graphical approximations; all calculations 
will result in usable data: 


1 Do not prescribe a value for the dimensionless disturbance 
magnitude § at this point, but assign a value 7,* to the dimen- 
sionless frequency 7%, and a numerical value 4, to dimensionless 
amplitude A. If one then represents the first three terms of 


equations (5’) by K so that 
(1 — 9)A + A* = KR, 


the insertion of the numerical values n2 and 
numerical value X,. It is a simple matter to find at most the 
two additional values of A, symbolized by Ay: and Ay that would 
also satisfy the value X,. 

2 By means of equation (5c’), at most three values may be 
found for (B — A) corresponding to each value at A,; in the 
foregoing so that values for B result which may be given identify- 


Aw will yield a 


ing subscripts as B;,, where 
i 


J 
k 


in order to tie them properly to the A-values and the 7? to which 
they belong. 

3 Equation (5b’), where the first three terms are simply K; 
numerically, may now be solved for at most three values of 
(C — B) corresponding to each value of B,, previously found. 
Values of C may thus be determined which may be identified by 
subscripts such as C,,,,,, Where 


2 


m 


4 Finally, equation (5a’) may be used to solve for the dimen- 
sionless disturbance-amplitude values which also may be identi- 
fied by subscripts as §,,;,,. 

5 The resulting data may be displayed in the form of response 
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CISCUSSION 


diagrams where A, B, and C are plotted against 5 for constant 
values of 7?. Such a diagram differs from that usually employed 
for one and two-degree-of-freedom systems, but may be re- 
plotted in the form of conventional amplitude versus frequency 
for constant-disturbance amplitude if desired, as probably would 
be preferred. 

For the specific examples chosen to be illustrated by the author, 
the dimensionless equations (5’) have very simple coefficients 
and their solutions could be simply applied to all physical systems 
having similar mass or spring-characteristic ratios regardless of 
the absolute values involved. Solutions obtained by hand can 
be quite straightforward but involve tremendous amounts of work 
so that any device which adds to increasing the range of applica- 
bility of a type solution is very worth while 

Of particular interest would be the free-vibration behavior 
ind conditions for which forced oscillations of one or the other of 


the masses are small. 


Effect of Shear Deformations on 
the Bending of Rectangular Plates’ 


ENRICO VOLTERRA.’ 
obtained by E. Reissner [1, 2, 3],* in his theory of bending of 


Equations which are very similar to those 
thin elastic plates (by taking into account the transverse-shear 
deformation of the plate and by an application of Castigliano’s 
theorem of minimum energy), and which equations were used by 
the authors of the paper under discussion, can be derived directly 
by applying the second approximation of the method of internal 
constraints to the static problem of bending of rectangular plates. 

Let the components of the elastic displacement in the X, Y, and 
Z-directions of the rectangular plate of sides a and 6b, shown in 


Figs. l(a) and 1(b), be: 


Ur, Y, 2) = 22, y) 
Wr, Y¥, 2) = zy,(z, y) 


u(r, y, 2) = vz, y) + 


‘The normal stress ¢, is given by: 


re) Ou, 
o, = rz 44 
or oy 


f ] + 2G2f 


where A (Lamé’s constant) and G (modulus of rigidity) are con- 
nected to Young’s modulus E and to Poisson’s ratio v of the ma- 
terial of the plate by the well-known relationships: 


vE E 


> ' 
(1 + v\(1 — 2p) 2(1 + v) 


A = 


By satisfying the requirement that ¢, = 0, the following rela- 
tionship for the unknown function f(z, y) is obtained from equa- 


v Our, y)  Om,(z, y) 3) 
T (< 
(Il — p) ox oy 


The terms containing second-order powers 2? in the expressions 


tion (2): 


fizi,y)=- 


' By V. L. Salerno and M. A. Goldberg, published in the March, 1960, 
issue of the JoURNAL Or AppLIED Mecuanics, vol. 27, Trans 
ASME, vol. 82, series E, pp. 54-58 

? Professor of Engineering Mechanics, The University of Texas, 
Austin, Texas. Mem. ASME 

3’ Numbers in brackets indicate References at end of discussion. 
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for the components of strain will be neglected in comparison with 
linear terms. In view of the foregoing assumptions and in view 
of equation (3) the components of strain are given by the follow- 
ing expressions: 


On, ; ( Ou, . OM, 
On ~ \ dy or 


Ou, 
OY 


>) 


: ( Ou, Ou, ) 
y- Or OY 


The potential energy of the plate LU’ is given by the expression 


. G ; ; 
Qe? + ¢* + €3) 4 y.2+ Ky 
‘ > y 


+ Ky,,? | drdydz 


The factor A is 


introduced into equation (5) to take into account the nonlinear 


In equation (5) V is the volume of the plate. 


distribution of shear stresses over the cross section of the plate. 
It has the same significance as the well-known Timoshenko shear 
coefficient, and in this specific case should be [4] K = 1/1.2 
0.833. 

By substituting into equation 


5) equations by integrating 


H/2 H? 
f 2*ldz = where H is 
H/2 12 


the constant thickness of the plate and A the area of the surface 
of the plate, the following expression for the potential energy of 


with respect to z, and calling / 


the plate is obtained: 


$ E ra) 2 
o= | taal! (+R) 
Ja (2(1 — pv?) Or Oy 
Ou, OM, 
Or Oy 


Ou, \? Dé, OM 
/ ( af + 2/ 4 
Or oy or 


E re) : 
[ ( =) 
4(1 + vp) o77) 


. . ov, \? ; ov, ; 
+ KH(py)? + KH ;: + 2KH pw, — + KA(y,)? 
OY oy 
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In the following the function v, which represents the vertical 
displacement of the middle surface of the plate will be indicated 
by the letter wo 

The condition of internal equilibrium of the plate is furnished 
by the Principle of Virtual Displacements [5]. In faet, by ex- 
pressing that the variation of the elastic potential is equal to the 
work of the external forces, and since the work done by the ex- 
ternal distributed force p(z, y) acting on the middle surface of 


the plate in a virtual displacement div» is given by the following 


L= fm: 
wa 


then the equations of equilibrium 


expression ~ 


j bu ilrdy 


O74, l+yp o? l 
D a D = 
or? ‘ Oroy 


EHK 2 


ind the 


boundary conditions 


for OS r<b 


OM : 
} af ou, = 0 
Oy 


» obtained 


In equations (6 and (7) D ' 
> 


is Laplace’s two-dimensional operato 
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The shear forces T, and 7, the bending moments M, and M,, 
and the twisting moments M,, and M,, per unit length of the 
plate (see Fig. 2) are defined by the following expressions: 


eH /2 H/2 
| r., 1 de GKy,, | dz 
. H « H/2 
EKH (= ) 
+ pw, 
21+ yp or 
GKy,, 1 dz 


EKH (= ) 
+ my 
: + V) oy 


v ° ° 
D( Pe 4 =) (10 
Oy Or 
and (10), equations (6) can be 


In view of equations 8). (9 


written: 


OM 


£ rw T 


OM 
du oy 


z 


OM, oM, 


Oz Oy 
a... OF, 
4 = p 
or Oy 
By differentiating the first of equations (6) with respect to z, the 
second with respect to y, and then by adding them together, the 
following equation is obtained: 


EHK re) EHK 
DA - ( Me + Hr) = Aw 12 
21+ v) or oy 21 + v) 


Ou, , OM, 
or oy 


By eliminating the term ( 


) between equation (12) 


and the last of equations (6), the following equation is obtained: 


r H? 
1 — ,y) 
| 6(1 — v)K a] mm © 


From equations (8) and (9) the following equation is obtained: 


H? oT, vH? ‘& oT ) 
v,-— - -+— 
6K or 6(1 — v)K or oy 


O72 
= -p( : 
oz? 


DAAuw = (13 


~) 
v 
oy? 


O*wo 
v (14 
oy? 


and in view of the last of equations (11) one obtains: 


2 T " 2 
a, Say ot 


O*wWo 
z - \Er = —D + 
6K oz 6(1 — v)K or? 


In the same way for M, one obtains: 
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M, - 


O0*wo 0*wo 
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By combining equations (8) and (10) one obtains: 
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and finally: 
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By substituting in the first of equations (11) the values given 


by equations (14) and (16) for M, and M,, and in view of the last 
of equations (11), one obtains: 
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In the same way for 7’, one obtains: 
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In the case of a very thin plate H — 0, and the foregoing 
equations reduce to the following: 
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of the classical theory. 
The corresponding equations of Reissner’s theory are: 
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E. Reissner, in his theory of bending of thin elastic plates, 
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starts from appropriate and rational assumptions regarding the 
variation of stresses across the thickness of the plate, i.e., the 
bending stresses vary linearly while the transverse shear stresses 
vary parabolically, and the normal stress a, is different from zero. 
Making use of Castigliano’s theurem of minimum energy to in- 
troduce the conditions of compatibility in the analysis, he reaches 
equations which, although more accurate, are extremely close to 
the ones which are derived in the present discussion by applying 
the second approximation of the method of internal constraints. 
The application of both theories to problems of plates subjected 
to uniformly distributed loads, such as the ones considered by 
the authors of the paper under discussion, leads to almost the 
same numerical results. 

NOTE: The material presented in this discussion is based on 
an investigation which is being conducted under the sponsorship 
of The National Science Foundation, Washington, D. C., and is 
presented with the permission of The National Science Founda- 
tion. 
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Authors’ Closure 


The authors wish to thank Dr. Volterra for his presentation 
of the plate equations by an approximation of the method of 
internal constraints. 

Since Dr. Volterra indicates that his equations are extremely 
close to the more accurate ones of E. Reissner, and since the ap- 
plication of both theories to problems of plates sustaining uni- 
formly distributed loads leads to almost identical numerical re- 
sults, the authors believe that Dr. Volterra’s contribution does 
not affect the results obtained by them in their recent paper. 


Stresses in an Ellipsoidal Rotor 
in a Centrifugal Force Field’ 


A. RUBIO.” The effect of Poisson’s ratio on the stresses and 
stress distribution in an elastic body has often been a matter of 
conjecture. This question becomes especially important when 
evaluating stresses secured by photoelastic methods since the 
birefringent test materials used possess a Poisson’s ratio of 0.5 as 
opposed to 0.3 of steel. It has been generally supposed that es- 
sentially plane stress structures were portrayed accurately in 
photoelastic work and the extremely few analytical results availa- 
ble support this view, generally to within 7 percent. For the 
1 By M. A. Goldberg and Michael Sadowsky, published in the De- 
cember, 1959, issue of the JouRNAL or AppLiep Mecuanics, vol. 26, 
Trans. ASME, vol. 81, series E, 1959, pp. 549-552. 

2? Development Engineer, Large Steam Turbine-Generator Depart- 
ment, General Electric Company, Schenectady, N. Y. Assoc. Mem. 
ASME. 
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three-dimensional object, even fewer analytical cases are availa- Poisson's ratio errect 
ble and these become very important because of the advances in : ON CENTER | AXIAL STRESSES | 
. , es if A SOLID ROTATING 
frozen-stress techniques in photoelasticity. LL 1PSD1DAL ROTOR 

The excellent analytical work on a solid rotating ellipsoidal ; ; ; ; 
rotor presented by the authors provides another opportunity for 
testing of our thoughts on the role of Poisson’s ratio. Professor 
Sadowsky forwarded the original stress equations used to secure 
the curves in his paper. From these, the tangential and axial 
stresses at the center of a rotating ellipsoid were calculated for 
v = 0.5. The comparisons are shown in the curves, Figs. 1-3 of 
this discussion, for various values of one of the shape parameters 
The first curve shows the center axial stresses and how these fol- 
low very closely at ratios of a/b between 0 and 0.4 and diverge 
drastically outside this range. The axial stresses can get as high 
as 25 per cent of the tangential stress for v 0.3, and as high as 
50 per cent for vy = 0.5. 

The second curve shows the difference between the tangential 
stresses at various shape ratios with Poisson’s ratio at 0.3 and 
0.5. The variation of this difference with shape is shown on the 
third curve. The variation between the curves at the two plane- 
stress conditions, located as points on the second curve, is 
7 4.0.5)/0 go.) = 1.061, which is exactly what the usual plane-stress 
theory predicts. However, as the third curve shows, medium to 
long models show a difference of about 1.18. This means that 
the correction for photoelastically (v = 0.5) determined tangen- 
tial stresses for medium to long bodies is about three times those 
normally used. Fortunately, the stresses found photoelastically 
are higher than the stresses for a material (such as steel) with a 











vy = 0.3 so that conservative stresses are being quoted. = + 3+ m1 (b* a ye 
8 ‘ 


Authors’ Closure 7 
8 (3 + v)b? — (1 


The authors thank Mr. A. Rubio for his interesting comments; 
these have definite bearing on photoelastic anlaysis. 


One point should be re-emphasized: the exact plane stress solu- rs 


tions, evaluated in the equatorial plane, are numerically equal to With z = 0, the foregoing reduces to the usual two-dimensiona 
the values obtained from the two-dimensional theory. This can results. 
b\? 4n(1 + v) “—_— . a bake 
be seen from the field equations. W hen ( - *S. Timoshenko and J. N. Goodier, “Theory of Elasticity,” 
a (1 — vyX3 + v), McGraw-Hill Book Co., Inc., second edition, 1951, p. 71. 
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Elastic Flexible Cable in 
Plane Motion Under Tension’ 


F. O. RINGLEB.” This paper is of particular interest in gen- 
eral and to the writer in particular because of his own work 
in this field and because of his affiliation with the Naval Air 
Material Center in Philadelphia, where all of the Navy’s aircraft 
arresting gears are developed. The unusually severe use of a 
cable in an aircraft arresting-gear system (the cable manufac- 
turers call it misuse) has presented for many years a large num- 
ber of cable-dynamics problems of practical as well as of scien- 
tific interest. 

The author is to be congratulated for a most valuable con- 
tribution to the field of cable dynamics. Compared with what 
has been published by other authors, his is the most general treat- 
ment of the subject. His assumptions concerning the properties 
of the cable are not restricting. The cable mass per foot can vary 
along the cable, and the local stress can be any arbitrary function 
of the strain, a function which, moreover, can vary along the 
( able. 
the cable are totally hyperbolic and can be solved using the 
method of characteristics as the author shows in general and dis- 


For this most general case the equations of motion of 


cusses in special cases of particular interest. 

It is appropriate, however, to add a few remarks concerning 
the position of this paper within the historical framework of 
development of cable dynamics during the past decade. Un- 
fortunately, its history has been somewhat obscured by security 
regulations, and even more by the recent custom of the industry 
to distribute valuable scientific papers in private editions only, 
which are, therefore, usually not listed as references in other pub- 
lications or reference works. The author was apparently unaware 
of an investigation by Frank E. Marble, entitled “The Motion of 
a Finite Cable,’ privately distributed in 1954 by North American 
Instruments, Inc., Altadena, Calif. This paper contains the 
characteristics theory of the moving cable in considerable detail 
ind covers most of the author’s results. The writer wishes to 
emphasize, however, that this statement in no way diminishes 
the author's independent performance. More important than 
any priority question is the existence of a well-written and easily 
accessible publication of the characteristics theory of a moving 
We are indebted, therefore, to the author for having 
provided such a publication. 


cable. 


The Melting of Finite Slabs’ 


E. M. SPARROW.” $~The authors are to be commended for their 
continuing efforts in generalizing the heat-balance integral to in- 
crease its utility. In the present paper, as well as in its predeces- 
sor, attention is focused on a plane geometry. It would be de- 
sirable to know something about the utility of the heat-balance 
integral in another geometry. For example, one might apply the 
method to the transient heat flow in an infinitely extended solid 
through which there passes an infinitely long cylindrical hole 


' By Wen-Hsiung Li, published in the December, 1959, issue of the 
JOURNAL OF Appiiep Mecuanics, vol. 26, Trans. ASME, vol. 81, 
series E, pp. 587-593 

Woodbury Heights, N. J. 

! By T. R. Goodman and J. J. Shea, published in the March, 1960, 
issue of the JouRNAL oF APPLIED MECHANICS, vol. 27, Trans. ASME, 
vol. 82, series E, pp. 16-24. 

> Professor of Mechanical Engineering, University of Minnesota, 
Minneapolis, Minn, Assoc. Mem. ASME 
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Suppose that the initial temperature throughout the material is 
T,, and then at ¢ = 0, the temperature at the surface of the hole 
is raised to a level 7’;. The “exact’’ solution is given by Jakob* 
in Table 13-4. 

In applying the heat-balance integral to this problem, the 
writer found that after a brief initial period of time the predic- 
tions of the surface heat flux were of low accuracy. It is sus- 
pected that this inaccuracy was connected with the choice of a 
polynomial approximation for the temperature profile 

If the authors are planning further generalizations of the heat- 
balance integral, the writer would encourage them to consider the 


cylindrical geometry. 


Authors’ Ciosure 

The authors would like to thank Professor Sparrow for his 
comments and for his interest in the method of the heat balance 
integral. With regard to his suspicions concerning the use of a 
polynomial profile when there is cylindrical symmetry, at the 
present time we can neither confirm nor invalidate this. Neverthe- 
less, we can point out a paper by van der Velden and Schaffers‘ 
in which a freezing problem with cylindrical symmetry is solved 
using what is essentially an integral method. Logarithmic pro- 
files were assumed by analogy with the cylindrically symmetrical 
problem without freezing, and the results, according to the 
authors, differ by only a few per cent from more exact results 
This example does not rule out the possibility that a polynomial! 
profile would work just as well, and it would be interesting to 
know more of the details of the problem Professor Sparrow worked 


out and for which he obtained low accuracy. 


A Theory of Lubrication With 
Turbulent Flow and Its 
Application to Slider Bearings’ 





EDWARD SAIBEL.? In the paper by Y. T. Chou and the writer, re- 
ferred to by the author as reference [5], only fully developed 
turbulence is treated; consequently, there is no direct connection 
between the pressure distribution and viscosity. This being the 
case we draw no such conclusion as is attributed to us in the last 
paragraph of the present paper, nor do we think such a conclusion 
can be drawn from our work, 


’ 

Author's Closure 
To clarify the misunderstanding, the following statement from 
the last paragraph of the paper [5] by Dr. Chou Prof 
“Tt is clear that the turbulence increases the 


and 
Saibel is quoted: 
pressure cistribution and the load-carrying capacity of slider- 
bearing lubrication. However, the power loss also increases.’ 
On the other hand, the author’s analysis shows that the pressure 
distribution and load-carrying capacity of a slider bearing with 
turbulent flow can be either larger or smaller than the corre- 
sponding laminar lubrication depending on the choice of the 
lubricant. “Hence the author concludes, “This differs from the 
conclusion of Chou and Saibel [5].’’ 
§ Max Jakob, ‘“‘Heat Transfer,”’ vol. 1, John Wiley & Sons, Inc., 
New York, N. Y., 1949, p. 267. 

4H. A. van der Velden and W. J. Schaffers, *‘Das Berechnen der 
notwendigen Kalteleistung beim Abteufen von Gefrierschachten,” 
Glickauf, vol. 20, 95th year, 1959, pp. 1237-1244 

' By L. N. Tao, published in the March, 1960, issue of the Journat 
or AppLiepD Mecuanics, vol. 27, Trans. ASME, vol. 82, series E, pp 
1-4. 

2 Polytechnic Institute, 
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Servomechanisms 


Servomechanisms and Regulating System Design. Volume 1, Second 
Edition. By Harold Chestnut and Robert W. Mayer. John 
Wiley & Sons, Inc., New York, N. Y., 1959. Cloth, 6 & 9'/¢ in., 
xvii and 680 pp. $11.75. 


REVIEWED BY JOHN R. WARD 


Tuts book is so well known that littl 
In this second edition sections 


said here to de 


need tx 
scribe its contents and philosophy 
on root loci and analog computers have been adde d, and some re- 
organization and extension have taken place in the sections relat 
ing to Bode plots and error coefficients—the latter with an un- 
fortunate typographical omission of a complete line of text. 
The authors have aimed at a wide and comprehensive coverag: 
of the technology of lumped parameter linear svstems at a rather 
In fact, the 


chapters on complex numbers and on the 


elementary level reviewer cannot but feel that the 


classical solution o 


linear differential largely redundant and could 


either have been omitted entirely or relegated to a short appendix 


equations are 


It is also felt that the introduction of the root-locus method should 
have made possible a rather tighter integration of the allied con- 
cepts of transient and sinusoidal response in terms of the poles 


and zeros of the transfer functions. ‘There is, however, little 


doubt that this text will be as popular as the previous edition, in 


view of its wide and now updated coverage 


Thermodynamics 


An Introduction to the Physical Theories of Equilibrium Thermostatics 
and Irreversible Thermodynamics. By Herbert B. Callen. John 
Wiley & Sons, In New York, N. ¥ 960. Cioth, 5’/5 kK 9 
in., xviand 376pp. $8. 

REVIEWED BY J. KESTIN 
1 thermodynamics 


Tue flow of new text and reference books 


continues without interruption, testifying to the elusive sub- 
tlety of the subject and the prevalent dissatisfaction with those al- 
ready available. However, the present book does not belong to 
the category in which the author provides vet one more permuta- 
tion on the theme of a course of z credit-hours during y semesters 
Its appearance constitutes that rare event, a fresh concept of the 
whole basis of the subject, arrived at after a sustained and sue- 
cessful intellectual effort 


Dis book 


he calls the 
his former teacher, Pro- 


Professor Callen has adopted in what 


postulational approach conceived by 
fessor Laszlo Tisza of the Massachusetts Institute of Technology 
In doing so, he drives to their logical conclusion some of the ideas 
first incorporated in E. A. Guggenheim’s ‘“Thermodynamics”’ 
North Holland, 1957). The postulational approach leads to a 
direct and logically simple development of fundamentals and 
endows them with a quality which can only be described by the 


nonscientific word—elegance. Nevertheless, this kind of ap- 


! Professor, Division of Engineering, Brown University, Provi- 


dence, R. I. 
? Professor, 


dence, R. I. 


Division of Engineering, Brown University, Provi- 


Journal of Applied Mechanics 


proach is not without its shortcomings. The inherent difficulty 


in adopting a postulational approach is, first, to choose postulates 
which, as the author says ‘‘can be made plausible and instinctive,”’ 
and, second, to demonstrate that the postulates are truly “‘justi- 
fied by a posteriori success rather than by a priori proof.’’ The 
reviewer, perhaps unconsciously influenced by the classical and 
nonetheless elegant expositions of M. Planck and A. Sommerfeld, 
prefers the methods of formulating (and suitably generalizing 
easily derivable principles from properly selected critical experi- 
ments. This is largely a matter of scientific temperament and 
taste The second aspect, the a posterior’ justification of the 
postulates, in the reviewer’s opinion, has not been given adequate 
weight in the book, and one gains the impression that a non- 
specialist student is expected to take too much on trust 

To quote one of the author’s own examples, the postulational 
to the 


presentation of thermodynamics is analogous study of 


nonrelativistic mechanics conceived as a derivation of the con- 


sequences of Lagrange’s or Hamilton’s formulat 
basis of Newton’s The former 


generality and elegance but the latter keeps the student in much 


rather than 


ions 
on the laws. results in great 
closer touch with physical reality 

lhe book begins with a study of Basic Concepts and Postulates 
Chap. 1 
science is based on more postulates than the four 
Although the 
concepts, the 


during which, as is proper, it is discovered that the 
laws’’ of 


thermodynamics (zeroth, first, second, and third 
postulates are phrased in terms of macroscopic 
microscopic point of view is-skillfully woven into the canvas 
But this intimate intertwining of the two points of view, without 
the full statistical apparatus, begs many questions and is very 
Once again, the reviewer's 


hard on the nonspecialist reader. 


instinct would cause him to prefer a clear-cut distinction and a 

separate study of the two approaches in the traditional manner. 
The reviewer wishes to criticize somewhat the author's formula- 

tion of Postulate I Although suitably cir- 


cumscribed in a preceding section, the statement is apt to be mis- 


the Second Law 


leading if read out of context, in that insufficient stress is put on 
the fact that it applies to adiabatically enclosed systems only. 
Similarly, the choice of a dimensionless unit for entropy, per- 
feetly correct in itself, puts a good deal of strain on the student 
who may later concentrate on applications and may find himself 
‘ompelled to use dimensional analysis. 

Chaps. 2 and 3 continue the exposition with a penetrating study 
of the Conditions of Equilibrium and Some Formal Relationships, 
including the Euler equation and the Gibbs-Duhem relation, but 
not the Maxwell Relations which receive a chapter all to them- 
selves (Chap. 7 

In Chap 
tion is made between quasi-static and reversible processes, the 


+ (Processes and Thermodynamic Engines) a distine- 
need for which is not clear to the reviewer. A quasi-static process 


is defined as a succession of equilibrium states (a reversible process 
in the usual terminology), but it is not made clear to the reader 
that, in general, a quasi-static process involves the exchange of 
A reversible process is defined as 


It is clear that the 


heat with the surroundings. 
one for which the entropy increase vanishes 
distinction, to use conventional language, is a matter of choice of 
from the 


system and depends on whether the transfer of heat 


sources to the system is reversible or not. Again, the reviewer 


feels that for a nonspecialist reader and for one who studies the 
subject because of its applicability to real processes, the distine- 
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tion is not a useful one. It has some merit only if it is decided to 
analyze all processes in terms of closed systems confined within 
adiabatic walls. 

Chap. 5 on Alternative Formulations and Legendre Transforma- 
tions and Chap. 6 on the Extremum Principle in the Legendre 
Transformed Representations are beautifully written and impart 
to the reader a real sense of perspective and a deep understanding 
of the equivalence of alternative formal schemes in thermody- 
namics. Chaps. 8 and 9 constitute masterful expositions of 
stability and phase transitions and include a general formulation 
of the Le Chatelier-Braun principle. Chaps. 9 and 10 conclude 
the treatment of fundamentals and complete Part I of the book. 
They deal with the Third Law (Chap. 9) in a convincing way and 
provide a summary of principles (Chap. 10). 

Parts II and III (Chaps. 12 to 17) deal with Representative 
Applications (II) and Fluctuations and Irreversible Thermody- 
namics (III). Together they occupy less than half of the book 
and are necessarily sketchy. They analyze selected topics in an 
authoritative way and the reviewer regrets that they are so short 

particularly Chap. 16 on Irreversible Thermodynamics, a 
subject of which the author is a recognized master. The science 
of Thermodynamics, or, as the author prefers, of thermostatics, is 
applicable to so many and varied phenomena, ranging from very 
low temperature physics to internal-combustion engines through 
thermoelasticity, chemical, electrochemical, and magnetic phe- 
nomena, that every author is forced to make an “agonizing ap- 
praisal’’ and concentrate on topics for which he has a particular 
liking or whose importance he regards as overwhelming. This 
aspect is, perhaps, the one most responsible for the long string of 
books on the subject. The present, all too short, treatise stands 
out as a unique example of rare mastery. No serious thermo- 
dynamicist will omit to accord it pride of place on the shelves of 
his library and to devote a good deal of time to its careful study. 


Photoelasticity 


Einfuhrung in die Spannungsoptik. By Albrecht Kuske. Wissen- 
schaftliche Verlagsgesellschaft MBH, Stuttgart, Germany, 1959. 
Cloth, 9'/2 X 7 in., xi and 220 pp., illus. 38 DM. 


REVIEWED BY ROSCOE GUERNSEY, JR.’ 


Accorp1NG to the preface, it is the intent of this book to stimu- 
late increased application of photoelasticity to practical prob- 
lems. Emphasis is therefore placed on surveying the types of 
problems that can now be solved, and the more recent methods 
available for their solution. 

The early chapters are devoted to an exposition of the funda- 
mentals of stress analysis in two and three dimensions, and the 
optical principles employed in photoelasticity. The optical be- 
havior of polariscope and model is explained by means of the so- 
called j-circle method developed by Dr. Kuske. This graphical 
procedure for analyzing transmitted polarized light will probably 
be unfamiliar to most American readers. Two chapters are de- 
voted to a description of photoelastic apparatus and a rather 
complete survey of the properties of available photoelastic 
plastics. 

The last six chapters cover the application of photoelasticity 
to a variety of two and three-dimensional problems. Among the 
topics treated are conventional two-dimensional methods with an 
extensive treatment of singular points; solution of plate problems 
by*means of the two-sheet method and the superposition method; 
the stress freezing method of three-dimensional analysis using 
conventional stress patterns and also convergent light patterns; 
solution of three-dimensional problems with transmitted light 


5 General Electric Company, Schenectady, N. Y. 
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and the j-circle procedure; and brief introductions to scattered 
light methods and dynamic problems. 

In each case, the theory of the method is explained, and proce- 
dures for determining interior stresses as well as boundary stresses 
are covered in some detail. Illustrations of the application of 
these methods to practical problems are given by means of ex- 
amples taken from Dr. Kuske’s work over the past 20 years. For 
the most part, the illustrations are treated qualitatively, rela- 
tively few quantitative results being given. 

American readers may be most interested in the treatment 
given to the study of plates and shells. The discussions of scat- 
tered light and dynamic problems are too short to be of much 
value. The remainder of the book covers material which is rather 
well known. 


Flames 


Radiation and Temperature. Second Re- 
G. Gaydon and H. G. Wolfhard. The 
Cloth, 8'/, & 5'/: 


Flames, Their Structure, 
vised Edition. By A. 
Macmillan Company, New York, N. Y., 1960. 
in., xiii and 383 pp. $14. 


REVIEWED BY S. S. PENNER‘ 


Tus second edition constitutes a somewhat revised and 
slightly enlarged version of the text that first appeared six years 
ago. Some of the more recent literature is covered through ad- 
dition of about 200 new references. The chapter arrangement in 
the second edition is as follows: Chap. I (6 pp.): qualitative in- 
troductory remarks concerning flames; II (34 pp.): premixed 
flames; III (15 pp.): flow patterns and flame shapes; IV (27 pp.): 
measurement of burning velocities; V (45 pp.): mechanism of 
flame propagation; VI (27 pp.): diffusion flames; VII (14 pp.): 
unstable flames; VIII (35 pp.): solid carbon in flames; IX 
(24 pp.): radiation processes in flames; X (22 pp.): flame tem- 
perature measurements by use of the spectrum-line reversal 
method; XI (27 pp.): other methods for measuring flame tem- 
peratures; XII (19 pp.): calculation of flame temperatures; 
XIII (21 pp.): ionization in flames; XIV (27 pp.): combustion 
processes of rocket-type fuels; XV (5 pp.): recent progress on 
some flame problems. 

Reference to the spatial distribution shows, for example, that 
roughly one third of the total volume of the book deals specifically 
with temperature measurements and radiation studies, whereas 
less than 8 per cent of the available space is devoted to a dis- 
cussion of diffusion flames. These figures may serve to under- 
score the fact that books tend to refiect the tastes and preferences 
of authors rather than the topical material that is of most vital 
importance to the “‘average’’ reader. This type of individual 
topical selection is present not only in the broad outlines of the 
text and in the quoted references, but it is also carried over into 
the analytic treatment of specific topics. The informed reader 
may perhaps question the authors’ judgment in presenting in 
1960 lengthy discussions of thermal and diffusion ‘‘theories’’ of 
laminar flame propagation and, at the same time, dismissing the 
more complete and necessarily more complex analytical work as 
“beyond the scope of this book.”’ 

The book of Gaydon and Wolfhard constitutes a useful, intui- 
tive first introduction to combustion phenomena. The discussion 
is not encyclopedic and the description of physical phenomena 
tends to be oversimplified. Nevertheless, the viewpoint of the 
authors should be stimulating to laymen and informed readers 
alike since it represents one of the classical approaches to combus- 


tion phenomena. 


4 Professor of Jet Propulsion, Division of Engineering, California 
Institute of Technology, Pasadena, Calif. 
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Turbulence 


Turbulence. By J. O. Hinze. McGraw-Hill Book Company, Inc., 
New York, N. Y., 1959. Cloth, 9 X 6 in., lx and 586 pp. $15. 


REVIEWED BY M. S. UBEROI® 


PuysicaL properties of turbulence, statistical averages, and 
techniques used to measure them are described in the first two 
chapters. Hot-wire anemometry is fully discussed. The next 
two chapters deal with the kinematics and dynamics of isotropic 
turbulence, isotropic scalar fields, pressure fluctuations, and ani- 
sotropic turbulence. The last three chapters are devoted to trans- 
port processes in turbulent flows, free shear flows (jet and wakes), 
and wall shear flows (channel flows and boundary layers). Any 
statistical theory consists of two parts. The first is devoted to 
defining suitable averages which invariably exceed the number of 
equations relating them. In the second part one complements 
the equations by assuming certain relations among the average 
quantities so that the determinate set of equations can be solved 
The main difficulty is in finding these relations guided by ex- 
perimental facts or intuition. Some have confused statistical 
formalism with real progress in turbulence. The author avoids 
this pitfall to a large extent 
clearly explained 
The 
author includes older inexact but irreplaceable mixture length 
theories of shear flows which have fallen into contempt with 
some of the elite \ fairly complete set of references is given 
at the end of each chapter. The book 
workers in the field of turbulent flows, heat transfer, and dif- 


Throughout the book, basic concepts are 
and analysis compared with latest experimental results. 


is of real interest to 


fusion 


Combustion 


Design and Performance of Gas Turbine Power Plants. W.K. Hawthorne 
and W. T. Olson, Editors. Princeton University Press, Princeton, 
N.J., 1960. Cloth, 9'/: X 6 in., xiii and 563 pp., illus. $15. 


REVIEWED BY A. G. SMITH® 


Vo.tume XI of the Princeton “High Speed Aerodynamics and 
Jet Propulsion,” the book under review, is a very useful volume 
saddled with a slightly misleading title. The book deals with only 
a part of the field implied by its title, and the Editor’s preface 
shows that vol. X, “Aerodynamics of Turbines and Compres- 
sors,’’ is intended as a “companion piece.’’ Readers will possibly 
want to survey parts of vol. XII as well, before they feel that 
they have covered “Design and Performance of Gas Turbine 
Power Plants.” 

The present volume devotes 342 of its 563 pages to Combus- 
tion. The book is laid out in 4 “parts.’’ 1—TIntroduction, 4 
pages; 2—Combustion chamber design, 342 pages; 3—Mechan- 
cal and metallurgical aspects, 107 pages; 4—turbine powerplants, 
90 pages. 

Nine authors have contributed “sections” to part 2, treating 
“Requirements and Processes’ (Peter Lloyd); ‘Experimental 
Techniques’ (Hoyt C. Hottel and Glen C. Williams); ‘Fuel In- 
jection’ (Alec Radcliffe); “Flame Stabilization’’ (J. Howard 
Childs); “Mixing Processes’ (Charles C. Graves and Wilfred FE. 
Scull); ‘Fuels for Aircraft Gas Turbine Engines’’ (Louis C. Gib- 
bons); and “Combustion Chamber Development” (Walter T. 
Olson). 


5 Professor, Department of Aeronautical and Astronautical En- 
gineering, The University of Michigan, Ann Arbor, Mich. 

6 Professor of Aircraft Propulsion, The College of Aeronautics, 
Cranfield, Bletchley, Bucks, England. 
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BOOK REVIEWS 


This part of the book cannot fail to be valuable to combustion 
engineers and research workers. The 398 cited references, with 
few exceptions, date up to 1956, which is about as late as can be 
expected for an authoritative book with a large number of con- 
tributors. 

Part 3 has two sections: ‘Mechanics of Materials for Gas 
Turbine Applications” (Egon Orowan and C. Richard Soderberg), 
and “Flutter Problems in Gas Turbines” (Jan R. Schnittger). 
The first of these sections provides both a conventional intro- 
duction to basic dislocation ideas, which cannot be said to do 
justice to modern thought on the application of the theory to 
creep and fatigue, and also a review of the engineering formula- 
tion which, though of some value, omits reference to the im- 
portant cases of varying stress and temperature. The Flutter 
section is a useful survey of work up to about 1957, and the author 
has made the best of the unenviable task of explaining the di- 
verse and intractable phenomena of blade flutter. As the author 
prudently predicted, important contributions have been made 
since he concluded his survey. 

Part 4 has a single section titled ““Performance’’ by Dennis H 
After a treatment of the ther- 
gas genera- 


Mallinson and Sidney J. Moyes. 
modynamics of the compressor-combustor-turbine 
tor’ on a semiperfect gas basis, the section proceeds to an ex- 
position of the complex interactions of intake, compressor, com- 
bustor, turbine, and propelling nozzle in producing the equilib- 
rium running condition. Engines up to ‘double-compound” com- 


“ 


plexity are considered. 
The book as a whole is very useful and obviously an essential 
‘ 


acquisition to any library with “gas turbine’ customers. 


Gas Dynamics 


Handbook of Supersonic Aerodynamics, Section 16, Mechanics of 
Rarefied Gases. By S. A. Schaaf and L. Talbot. Aerodynamics 
Handbook Staff of The Johns Hopkins University, Baltimore, 
Md., 1959. 


REVIEWED BY G. N. PATTERSON’ 


Tuts section of the new edition of the Handbook of Supersonic 
Aerodynamics has been prepared by two authors whose outstand- 
ing contributions to the subject of rarefied gas dynamics make 
them well qualified to prepare a review. The subject is intro- 
duced by a quantitative description of the flow regimes and a 
discussion of the present state of our knowledge of the interaction 
of gas molecules with surfaces in so far as the requirements of the 
aerodynamicist are concerned. Emphasis is naturally placed on 
free-molecule flow for which an extensive literature now exists. 
The authors then proceed with a consideration of slip flow, the 
regime of moderate rarefaction, leaving out the little-understood 
transition region. The article is illustrated with curves 
showing such data as aerodynamic forces and heat transfer for 


well 


simple geometrical shapes in both free-molecule and slip flow. 

It is possible that some empirical data from the transition re- 
gime might have been included. However, the authors do provide 
references to research in near-free-molecule flow, a recent de- 
velopment of considerable importance to the designer. 

No mention is made of the important subject of free-molecule 
probes. It is likely that this subject has been left to other sec- 
tions of the Handbook although it properly forms part of the 
theory of free-molecule flow and should be of considerable in- 
terest to designers. This criticism is relatively minor, however, 
and does not detract from the excellence of this section of the 
Handbook. 


? Director, Institute of Aerophysics, University of Toronto, 


Toronto, Canada. 
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Cylindrical Shells 


Calcolo delle Volte Cilindriche Circolari Sottili. Prepared by the Istituto 
Nazionale per le Applicazioni del Calcolo. Edizioni Cremonese, 
Rome, Italy, 1960. Cloth, 5*/4 X 73.4 in., xvii and 322 pp., illus. 


Lire 3500 
REVIEWED BY M. G. SALVADOR! 


Unper the direction of G. Krall, the Italian National Comput- 
ing Laboratory of M. Picone has prepared the most complete 
set of tables for the evaluation of membrane and bending stresses 
in thin eylindrieal shells with circular cross section available to 
date. This book has the same purpose as the Manual of Engineer- 
ing Practice No. 31 of ASCE, Design of Cylindrical Concrete 
Shell Roofs, but differs in the type of tables presented and in the 
kind of information given both qualitatively and quantitatively. 

The Italian manual gives the complete derivation of the formu- 
las used in the tabulations, which consider a rather general type 
of loading of which the dead load, the snow load, the wind load, 
and the hydrostatic pressure load are particular cases. Only two 
types of shells are considered: long shells with a/L = 0.36 and 
h/L = 0.0025 (type 1), and short shells with a/L = 2.7 and h/L 

0.0081 (type II). The bending solutions are obtained by means 
of one or two terms of the corresponding Fourier expansions. 
The eighth-order differential equation used is Fliigge’s equation. 
Its solution is obtained by the iterational approach of A. A. 
Jakobsen. The solution procedures and the evaluation of the 
characteristic roots are thoroughly discussed. 

Tables for all the stress resultants, the displacements, and the 
cross-sectional rotation are given essentially for the dead load 
and include the membrane and the bending resultants. The dead 


* Professor, Department of Civil Engineering and Engineering 


Mechanics, Columbia University, New York, N. Y. 


load equivalent to a snow load is indicated to avoid unnecessary 
The classical antisymmetrical wind load is 


duplication of tables. 
The stress 


considered for type I shells of small opening angle. 
resultants are computed and tabulated for the following longi- 
Simple without 


conditions: 1 support 


2 Fixed boundary; 


tudinal boundary 
longitudinal displacement; 
with longitudinal displacement permitted, 4 Free boundary; 
Two equal shells in contact; 6 Two shells in contact, one with 90, 
the other with 60-deg openings; 7 Single shells with boundary 
beam; 8 Equal adjoining shells with boundary beams. The 
values of the main stress resultants for these conditions are also 
tabulated for increments of 5 degrees of the colatitude, for open- 
ing angles of 90 and 60 degrees for the dead load, for opening 
angles of 45 degrees for dead load and wind, and of 25 degrees for 
a shell with boundary beam under dead load. 

Tables for the evaluation of stress resultants (under other 
boundary conditions and other values of the opening angles) at 
any point in the shell are also given which greatly facilitate the 


3 Simple support 


computations. Bending stresses at transverse boundaries are con- 
the corresponding fourth-order equation is set up and 
Tables for the 


are given for 


sidered ; 
solved and the corresponding solutions tabulated. 
evaluation of stresses in complete cylinders (tanks) 
a/h 5, 10, 15, and 20 

Poisson’s rv.tio is assumed equal to zero throughout, the equa- 
tions are set »p without assuming that the twisting moments on 
longitudinal and transverse sections are identical (but proved to 
be such numerically), and all the tabulated coefficients are given 
with 6 decimal figures 

This book is the result of the collaboration between a great de- 
sign engineer and a group of powerful applied mathematicians for 
a period of over 7 years It may be considered both a treatise 
on cylindrical thin shell theory and the most complete manual on 
cylindrical shells available to the design engineer today 


Preliminary Announcement 


The field of Experimental Mechanics will be covered by two international conferences during 
the week of October 29-November 3, 1961. 


An International Symposium on Photoelasticity will be held on October 20-31 at the Illinois 


Institute of Technology, Chicago, III. 


Manuscripts should be sent to 


Dr. Paul D. Flynn, Secretary 
International Symposium on Photoelasticity 
Illinois Institute of Technology 


Chicago 16, ill. 


An International Congress on Experimental Mechanics will be heid on November 1-3 in New 


York City. Manuscripts should be sent to 


Dr. Roscoe Guernsey, Jr., Chairman 
Publications Committee, SESA 
General Engineering Laboratory 
General Electric Company 
Schenectady 5, N. Y. 


Papers for these conferences should be submitted before January 31, 1961 
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cording Force-Time Curves. 

Forced Torsional Vibration of Systems With Dis- 
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Frequencies of a Flexible Circulor Plate and 
Light Elastic Holf-Space. 

Analytical Design of Disk Cams by Independent 
Position Equations. 

Stress Distribution and Plastic Deformation in 
Rotating Cylinders. 

Transient and Residual Stresses in Heot-Treated 
Cylinders. 

The Nonlinear Bending of Thin Rods. 

Stresses ond Defiections in Circular Plate Loaded 
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